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Problem 1.

(a)
AUB = {17273}U{27334757677} = {17273a4a5a6a7}

(b)

(AUC)— B ={1,2,3}U{7,8,9,10} — {2,3,4,5,6, 7}
={1,2,3,7,8,9,10} — {2,3,4,5,6,7}
= {1,8,9,10}

AUuB-0C)=({1,2,...,10} — A) U ({2,3,4,5,6,7} — {7,8,9,10})
={4,5,6,7,8,9,10} U{2,3,4,5,6}
={2,3,...,10}

(d) No, A, B and C do not partition S since 2,3 € A as well as in B. 7 is also in both B and C.

Problem 2.
(a)
[6,8]U[2,7) = [2,8]
(b)
[6,8]N[2,7)=16,7)
(c)
[0,1]° = (—00,0) U (1, 00)
(d)
6,8] —(2,7) =[7,8]
Problem 3.

(a)

(AUB)—-(ANB) =
=(AUB)N(ANB)°
= (AUB)N(A°U B°),

—~

where I have used De Morgan.

(b)
B-C=BnC"

(c)
(ANC)U (AN B)

(C—A-BYU(ANB)—C)



Problem 4.
(a)
A= {(H7 H), (H7T>}
(b)
B = {(H7 1), (T7 H), (T, T)}
()
C= {(H,T), (T, H)}
Problem 5.
(a) |Az|is half of the numbers from 1 to 100, so |A2| = 50. To solve for |A3| note that there are 2

numbers between each pair of elements in Az where A3 is assumed to be pre-sorted (e.g., 4, 5
are between 3 and 6). There are also |A3|—1 of these pairs, and thus |As|+2(] A3|—1)+3 = 100,
where I have added 3 to account for the numbers at the beginning and end of the sequence
which are not divisible by 3 (1, 2 and 100). Thus, I find that |As| = 33. |A4| is exactly half
of |Ag|, and thus |A4| = 25. Finally, to solve for |As| we may use the same method we used
to solve for |As|: |As] + 4(|As| — 1) + 4 = 100, from which we find that |A5| = 20.

By inclusion-exclusion:
’AQ U Az U A5’ = |A2‘ + ‘A3| + |A5‘ — ’AQ N Ag‘ — ’Az N A5‘ — |A3 N A5‘ + ‘AQ NAszN A5’

Note that ‘AQ mA3’ = ’AG‘ = 16, ‘AQ ﬂA5’ = ’Al()’ = 10, ’Ag N A5‘ = ‘A15‘ = 6, where ’Al()’
and |A;5| were found by counting (since there are very few elements in these sets), and | Ag|
was found by the same method I used to compute |As|. Lastly, the intersection of all 3 sets
is given by the set of multiples of 30, so that |42 N A3 N As| = |{30,60,90}| = 3. Therefore:
|AgUA3U A5l =50+334+20—16—-10—-6+3 = 74.

Problem 6. From the following figure, it is clear that |B| = 10 + 20 + 15 = 45.

S

A, Ay Ay

Problem 7.

(a) A is a subset of a countable set, N, and is thus countable.

(b) As shown in the book, if we can write any set, S in the form:

S = J Ulast (1.1)

i€Bjec
where B and C are countable sets, then S is a countable set. It is easy to see that we may
re-write B as:
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B = U U{az + bj\/i}, (1.2)

i€QjeQ
where ¢;; = a; + b; V2, and thus B is countable.

(¢) C is uncountable. One way to prove this is to note that for all € [0,1], (z,0) € C, so that
C D [0,1], i.e, C is a superset of an uncountable set and is thus uncountable.

Problem 8. I first prove that A, C A,+1 (a proper subset) for all n = 1,2,.... To do this, it
suffices to prove that (n —1)/n < n/(n+ 1), which I do with proof by contradiction. By assuming
(n—1)/n > n/(n + 1), after a little algebra, one concludes that —1 > 0, which is clearly a
contradiction and therefore (n — 1)/n < n/(n + 1). Thus the union of all the A,s is given by the
largest set in the sequence, which is Ay (= limy, 000, "T_l)) After applying L’hopitals rule, one
can show that A = [0,1), and thus:

A= [j A, = [0,1).
n=1

Problem 9. As with the previous problem, one may show that A,y C A, foralln =1,2,... by
proving that 1/(n + 1) < 1/n. This is somewhat obvious, but if you really want to be formal, you
can prove it with a proof by contradiction. Therefore, the intersection of all the A,s is given by
the smallest set, Awo, which is lim,, [0, 2) = [0,0) = {0}, and thus:

‘n

A= 4, = {0}

DL

n=1

Problem 10.

(a) To motivate the bijection (the one-to-one mapping between 2N and C) we are about to
construct, note that for every set in 2V, a natural number n will either appear once, or not at
all. Therefore, it is convenient to indicate its presence in the set with a 1 and its absence with
a 0. For example {1,3,6} will get mapped to the sequence 101001000... (this is implicitly
assuming that we have pre-ordered the elements in the particular set from 2V). In general,
the bijective mapping we use f : 2N — C, is given by:

flz)=11€x)1(2€x)...,

where 1 is the so-called indicator function which is 1 if its argument evaluates to true and
0 otherwise. To prove that this mapping is bijective, we must prove it is both injective and
surjective.

To prove it is injective, I use a proof by contradiction. Assume it is not injective. Under this
assumption there exists x, 2’ € 2, where x # 2/ such that f(z) = f(2/).  and 2’ can either
have the same cardinality, or they can be different. Without loss of generality, if they are
different, let us call z the one with the larger cardinality. Since x # 2’ there exists at least 1
natural number n in z which is not in /. Therefore in the sequences f(z) and f(z'), there
is at least one value in the sequences which does not match up, namely the value at position
n, and therefore f(x) # f(z'), which violates our original assumption.

The proof of surjectivity is also straightforward.



(b) Any number in x € [0, 1) always has a unique binary expansion given by & = by /2+by/22+ ...,
and therefore we can construct a bijective mapping between z € [0,1) and C' by computing
b1/2 +by/2% + ..., and then by dropping the 0. at the beginning of the sequence. Since there
is a bijection between 2% and C' and a bijection between C and [0, 1) (and given the fact that
the composition of 2 bijections is a bijection) there is thus a bijection between 2V and [0, 1).
Assuming (correctly so) that the interval [0, 1) is uncountable, then so too is 2.

Problem 11. Asshown in the previous problem, there is a bijection between [0, 1) and C. There-
fore, if C' is uncountable, then so too is [0,1). We can use what is known as Cantor’s diagonal
argument to prove that C' is uncountable.

Let us try to search for a bijective mapping between C' and N. Suppose, for example, that the
first few mappings are given by:

1 — 0000000...
2 — 1111111...
3 — 0101010...
4 — 1010101...
5 — 1101011...
6 — 0011011...
7 — 1000100...

Let us now construct a new sequence, s € C' by enumerating the complement of the elements
along the diagonal of the mapping (which I have highlighted in boldface above), s = 1011101.. ..
By construction, s differs from every proposed mapping since the n' digit in s is different than
the n'" digits in all of the mappings. Thus, no natural number gets mapped to s, and hence
the proposed mapping is not surjective. The mappings I chose for illustration in this example for
1,...,7 were arbitrary, and this argument applies to any potential mapping. Therefore, there is
no bijective mapping between N and C', and hence no bijection between [0,1) and N. Thus, the
interval [0, 1) is uncountable.

Problem 12.

(a) The domain is {H,T}? and the codomain is NU {0}

(b) range(f) =1{0,1,2,3}

(¢) « can be all triplets that contain exactly 2 heads: (H, H,T), (H,T,H) or (T, H, H).
Problem 13.

(a) The universal set is partitioned by the events a, b, d, and thus P(b) = 1 — P(a) — P(d) =
1-0.5-0.25=0.25.

(b) Since the events b and d are disjoint, by the 3rd axiom of probability, P(bUd) = P(b)+ P(d) =
0.25+0.25 = 0.5.

Problem 14.

(a) By inclusion-exclusion: P(ANB) = P(A)+ P(B)— P(AUB)=04+0.7—-0.9=0.2.
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P(A°N B) = P(B — A)
= P(B) - P(AN B)
= 0.7-0.2
=0.5

P(A - B) = P(A) — P(AN B)
=04-0.2
=0.2

(d) By drawing the Venn diagram, one can see that

P(A° — B) = P(S) — P(AU B)
=1-09
~ 0.1,

where S is the universal set.
(e) By drawing the Venn diagram, one can see that

P(A°UB) = P(S) — P(A— B)
=1-0.2
~0.8.

P(AN(BUA®)=P(ANB)U (AN A9)
=P((ANB)UD)
= P(ANB)
=0.2.

Problem 15.

(a) The second roll is independent of the first, so we only need to consider the second roll, in
which case P(Xy = 4) = 1/6 since this is a finite sample space with equal probabilities for all
outcomes.

(b) The sample space is {1,2,...,6}x{1,2,...,6}, which has a cardinality of 36, and the possible
outcomes corresponding to the event that X; + Xs = 7 are given by the set
{(1,6),(6,1),(2,5),(5,2),(3,4),(4,3)}, which has a cardinality of 6, and therefore P(X; +
Xo=17)=6/36=1/6.

c) Listing out the tuples that satisfy the second condition in a matrix-like representation, we
g
have:
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(6.4) (6.5) (6.6)

of which there are 3 x 6 elements. However, the first condition does not allow the elements
(2,4), (2,5), (2,6), and thus the total size of the event space is 3 x 6 —3 = 15. Thus
P(X1#2N X9 >4)=15/36 =5/12.

Problem 16.

(a) The formula for a geometric series will be useful here: Y 2%, cr® = a/(1 —r) for |r| < 1. To
solve for ¢, we can use the normalization constraint:

and therefore ¢ = 2.
(b)

P({2,4,6}) = P({2} U {4} U {6})
P(2) + P(4) + P(6)

5 1+1+1
32 3+ 36

182
729

This answer may also have been computed 1 — P(1) — P(2).

Problem 17. Let us write down what we know in equations. Let a, b, ¢, d represent the events
that teams, A, B, C and D win the tournament respectively. Then as stated in the problem,
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P(a) = P(b), P(c) = 2P(d) and P(a Uc) = 0.6. Since the events partition the sample space,
P(aUc) = P(a) + P(c). We know one more equation, which is that the probabilities must sum to
one: P(a)+ P(b) + P(c) + P(d) = 1. We therefore have a linear system with 4 equations and 4
unknowns, and it will thus be convenient to write this in matrix notation in order to solve for the
probabilities:

1 -1 0 07 [P) 0
0 0 1 =2 |P®)]| _|o0
1 0 1 0| |Pe]~ |06
1 1 1 1] |P@) 1
_—
P@] [1 -1 0 077'To
P o 0 1 -2 0
Pyl |1 0 1 0 0.6
P 11 1 1 1
(2 1 -3 2770
11 =3 2o
-2 -1 4 21| |06
-1 -1 2 -1 |1
0.2
o2
~ |04
0.2

Notice that, as required, the probabilities sum to 1.
Problem 18.

() P(T<1)=4

(b)

Problem 19. The solutions to the quadratic are given by the quadratic formula:

¥ — —1:|:\/;A— 4AB7 (1.3)
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Figure 1.1: area of unit square resulting in real solutions

which has real solutions iff the condition 1 —4AB > 0 is satisfied. We therefore seek the probability
that P(1 —4AB > 0) (in the unit square), which, since the point (A, B) is picked uniformly, is the
fraction of area in the unit square which satisfies this constraint. Therefore points which satisfy
the following inequalities contribute to this probability:

11>
a\z) =Y

r<1

and
y <1,

where the last 2 inequalities follow since the randomly drawn points must lie within the unit square.
The area in the unit square which satisfies these constraints is shown in Fig. 6.2.
It is clear from the figure that the area is given by:

1 1/t
P(real solns.) = 1 + / —dx
1
1

Problem 20.

(a) To solve this problem, note that:

A=JAi=A1U (4 — AU (45— Az) U,
=1

where in the figure, A; is the innermost circle, (A2 — A;) is the “annulus” around Al, (As—Asg)
is the next “annulus” and so-forth. It is clear that the union of A; and all of the annuli results
in A, and that each of these regions are also disjoint. I utilize the previous equation in the
desired proof:
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Figure 1.2: Venn diagram of events A1, Ao, ...

P(A) = P(A1) + ZP(Az’ — A1)
i—2

=P(A) + ’"}L%OZZP(AZ — A1)

= P(A;) + lim Z [P(A;) — P(Ai—1)]

P(Ay) + lim {[P(Az) = P(A1)] + [P(A3) — P(A2)] + [P(A4) — P(A3)]
s [P( ) P(A,-1)]}
(A1)+ m [P(A,) — P(A1)]
= lim P(A ) [

n—oo

(b) Redefining A: A = (;2, Ai, we seck to find P(A). If A, As,... is a series of decreasing
events, then A{, AS, ... must be a series of increasing events, and we can can therefore utilize
the results of the part (a) on sequence of the complements (as well as De Morgan):

({4 -+() -

A few more steps completes the proof:

Proof.

P(A)=1-P(A°
=1— lim P(AS)

n—oo

= lim [1 — P(A%)]

n
n—o0

= lim P(A,) [

n—o0
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Problem 21.

(a) Let us define new events, B;, such that By =A;, By = Ay — Aj, B3 = A3 — Ay — Ay, .... Note
that the B;s are disjoint. Also note that:

UBZ‘:A1U(AQ—Al)U(Ag—AQ—Al)U...U(An—An_l—...—Al)
=1
=A1UAUA3...UA,

= CJ Ai’
=1

and for the same reason |J;2; Bi = ;= Ai. Using these facts, the proof is now straightfor-
ward:

Proof.

~
—
INE:

ES
N——

[l

~
h
NG

s
N———

1=

= lim Y P(B;)

n—00
i=1
B,)
AZ) .

(b) The prove this second result I use the previous result as well as De Morgan (twice):

e)-+(0)
=1 =1
= nli_)rgoP (ﬁ A,;) |

=1

= lim P

n—oo

= lim P

n—oo

N

< PN
TC-ics

Proof.

Problem 22. Let A, s be the event that a customer purchases coffee and A4 be the event that a
customer purchases cake. We know that P(Acorf) = 0.7, P(Acake) = 0.4 and P(Acoff, Acake) = 0.2
Thus, the conditional probability we seek is:

P(AcoffaAcake) . 0.2

=— =0.5.
P(Acake) 0.4

P(Acoff‘Acake) =
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Problem 23.
(a) P(ANB 0.1+0.1
P(A|B) = (P(B) - 01701 :—r01 005 7007
) P(CNB 0.1+ 0.05
P(C1B) = (P(B) ) - 01401 j: 01+0.05 = 048
“ P(BN(AUC 0.1+ 0.1+ 0.05
PBIAVC) = (P(A(U C) ) 0.1 +0.2¥oj%oﬁ¥o.05+0.15 ~ 056
@ P(BN(ANC 0.1
P(BIA,€) = (P(A(m C) ) 01ro01 07
Problem 24.
(a) X
P(2<X<5):1—0:03
(b)
P(X§2]X§5):§:0.4

PB<X<8NX>4) 4 2
PB<X <X >4) = XS D —==1

Problem 25. Let ON denote the event that a student lives on campus, OF F' denote the event
that a student lives off campus and A denote the event that a student receives an A. Given the
data I compute the following probabilities:

200 1
PON)~ oo =
pay~ 20 L

600 5
1 80 1
P(A N)=P(A)— P(A FF)~ - — — = —
(ANON) = P(A) = P(ANOFF) ~ ¢ — 0 = 1=

If the events ON and A are independent, then P(AN ON) = P(A)P(ON). Looking at the
probabilities above, we see that the data suggests this relationship, and thus the data suggests that
getting an A and living on campus are independent.

Problem 26. Let N7 be the number of times out of n that a 1 is rolled, Ng be the number of
times out of n that a 6 is rolled and X; be the value of the " roll. Then:
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0.8 0.9 0.72
1
0.3 0.06

0.7 0.14

Figure 1.3: Tree diagram for problem 27.

PNy 21N Ng=21)=1-=P((N1 21N Ns > 1))
—1— P(N, = 0UNg =0)
1 [P(X1 AL, Xo £ 1, Xn £ 1)+ P(X1 #6, X0 £6, ..., X, #6)
CP(X1 A1, Xe £, X A1) (X1 #£6,Xs £6,..., Xy #6))]

. <2>+ <2>R—P(X1751,X1#6,X27é1,X2#6,---,Xn751Xn7é6)

—1- :2 <5>n —P(X1#1,X, # 6)”]

6
-1-(3) - (5) ]
N

In the second line I have used De Morgan, and I have also used the fact, several times, that the
outcome of roll ¢ is independent of the outcome of roll j. Testing for a for values of n, I find that,
when n = 1, the probability is 0, which makes sense because at the very minimum we would need
at least one 1 and one 6, which cannot happen if we have only rolled once. The probability then
monotonically increases, which also makes sense because it becomes more and more likely that we
roll at least one 1 and at least one 6 the more rolls we throw. Note that as a sanity check, one can
show that lim,_,oc 1 — (2(5") — 4™)/(6™) is 1, so that our formula for the probability is bounded
between 0 and 1. Also note that this formula can also be obtained more easily with combinatorics,
which will be introduced in Chapter 2.

Problem 27.
(a) Refer to Fig. 5.4
(b) P(E)=P(ENG)+ P(ENG° =0.08+0.06 =0.14

c GNE* .
(o) P(GIE°) = P55, = 12452, ~ 0.84.
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Problem 28. Let A; be the event that the it (i = 1,2, 3) unit of the 3 picks is defective, while
the other 2 are not defective. Note that A;, Ao and As are all disjoint, since it is impossible for any
unit to be both defective and not defective simultaneously. The probability we seek is therefore:

P(Al U Ay UAg) = P(Al) +P(A2) +P(A3)

(i) (50) (50)+ (o) () () () () ()

Problem 29. Let F' be the event that the system is functional, and C; be the event that component
1 is functional.

(a) P(F) = P(C1,C,C3) = PP P3
(b) By inclusion-exclusion:

P(F) = P(Cl U Cy UCg)
=PI+ Po+P3s— PP~ PP — PoPs+ PLPPs

P(F) = P((C1,C3) U (Cq,C3))
= P(C1,C3) + P(C2,C3) — P((C1 N C3) N (C2 N Cs))
= P1P;+ P,P3s — P(C1,C4,C3)
=PiPs+ Po,P3; — PIPoPs

(d) P(F) = P(Cl, Cg) + P(Cg) =PPb+ P3s— P PoPs

(e) P(F)= P(Cy,Cy,C5)+P(C3,Cy,C5)—P(C1,Co,C3,Cy,Cs) = Py PoPs+P3PyPs— Py Py P3Py Ps

Problem 30.

(a) The region in the unit square corresponding to set A can be made more clear if we write the
absolute value as a piecewise function:

r—y < if x> >l ify<z
Y= 2y . {y 2 —3 ys

1
r—y < - = .
| y\_2 { y<itaz ify>ua

N[ D=

y—x < ite<y

This piecewise function, along with the fact that A must be bounded in the unit square leads
to hashed-in region in Fig. 5.6. The region corresponding to set B is just the are in the unit
square above the 45° line (corresponding to the gray shaded region in Fig. 5.6).

(b) Using a little geometry, I find: P(A) =1-2(3) (3) (3) = 2 and P(B) = 3.
(c) Again, using some geometry, I find: P(ANB) =4 — (3) (3) (3) = 2. Since P(A)P(B) =

(%) (%) = %, the 2 events are indeed independent.

Problem 31.
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Q<Q
N X
v 2
1 Y
)
S /Q
<
V2
)
0
0 1
xr

Figure 1.4: The unit square for Problem 30. The shaded region represents the set B and the hashed
region represents the set A

(a) Let s be the event that the received email is spam and r be the event that the received email
contains the word refinance. From the problem statment, we know that P(s) = 0.5 (so that
P(s¢) =0.5), P(r|s) = 0.01 and P(r|s) = 0.00001. Using Bayes’ rule:

P(r|s)P(s)
P(r|s)P(s) + P(r|s®)P(s°)
(0.01)(0.5)
~ (0.01)(0.5) + (0.00001)(0.5)

~ 0.999

Problem 32.

(a) There are 4 possible paths from A to B: 1 to 4 (path 1), 2 to 5 (path 2), 1 to 3 to 5 (path
3), 2 to 3 to 4 (path 4). Let P; be the event that path i is open. Only 1 path needs to be
open for event A to occur, so the probability of A is given by the probability of P; or Ps or
P3 or Py. We expand this probability with inclusion-exclusion, making sure to enumerate all
unique pairs and all unique triplets:
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P1rUP,UPsUPy)

P(P1) + P(P2) + P(P3) + P(Pa)

— P(P1NPy)—P(P1NP3)— P(P1NPy) — P(P2NP3) — P(PoNPy) — P(P3NPy)
P(PiNPyNP3)+ P(P1NP2NPy)+ P(P1 NP3sNPy)+ P(PaNP3NPy)
P1NPaNPsNPy)

Bin By) N (BaN Bs)) — P((By N Ba) N (By N Bs N Bs)) — P((By N Ba) N (Bs 1 By N By))

By N Bs) N (B1 N BsN Bs)) — P((ByN Bs) N (Ba N By N By))

N (B2 N B3N By))

N(B2NBs) N (BN B3N Bs)) + P(

N (B1NBsN Bs)N(B2N B3N By))

N (B1 N BsN Bs)N(B2N BN By))
N (Ba N Bs) N (B1 N B3N Bs) N (By N B3N By))

= P(B1NBy)+ P(BaNBs)+ P(BiN B3N Bs) + P(BaN B3y N By)

(BiNByN By N Bs) — P(B1NByN B3N Bs) — P(B1 N ByN By N Bs)

(BoNBsNB1NB3g)— P(BaNBsNBsN By) — P(B1 N B3N Bs N By N By)

(B1 N By N B3N By N Bs) + P(By N ByN By N By N Bs)

+ P(BiNByN B3N BysN Bs)+ P(By N By N B3N By N Bs)

— P(B1 N By B3N By Bs)

=PIPy+ PoPs + PLP3Ps + PoP3sPy — PLPyPo Ps — PLPyP3Ps — PLPy P P

— PoPsPIPy — PoPs P3Py + 2Py Py P3Py Py

= PiPy(1 — PoP5s — P3Ps — PoP3) + PoPs + PLP3Ps + Po P3Py

— PoPsP1P3s — PoPs P3Py + 2P P P3Py Ps

&
»
&
D
52

(B N By) N (ByN Bs) N (By N B3 N By))

- P
- P
+ P

As a sanity check, if bridge 3 does not exist (i.e., if P3 = 0), then there are only 2 paths and
by inclusion-exclusions, P(A) = Py Py + PyP5; — Py PyP>P5. In the limit that P3 = 0, we see
that, indeed, the above formula matches this probability.

To solve for P(B3|A) I use Bayes’ rule:

P(A|Bs)P3

P(A) has already been calculated. To solve for the probability of A conditioned on B3 we
need only to condition each probability term in P(A) on Bs, which effectively turns all the
P5 terms in the formula for P(A) to unity. Therefore,

P(A|Bs) = PLPy(1— PoP5s — Ps— P2) + PyPs+ P Ps+ PoPy — PyPs Py — PyPs Py + 2P, PPy Ps,
and we can insert P(A|B3) and P(A) into Bayes’ rule to obtain the answer:

P(A|B3) =
PiPyP3(1 — PyPs — Ps — Py) + P3Py Ps + P3P\ Ps + P3Py Py — P3Py Ps Py — P3Py Ps Py + 2P Py P3Py Ps
PyPy(1 — PoP; — PsPs — PyPs) + PyP5s + Py PsPs + PyPsPy — PyPs Py Py — PyPs P3Py + 2Py PoP3 Py Ps’
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Problem 33. Without loss of generality, let us call the door that you picked door 1, and let us
arbitrarily denote the remaining doors by 2 and 3. Let C; denote the event that the car is behind
door ¢ and H; denote the event that the host opens door i. The original probability that you
guessed the door with the car is P(C7) = 1/3. Since the host will not open door 1, and he will also
not open the door with the car behind it, we have the following probabilities:

LR
B E
S 3
1 Il

I
S R O FH O O NnRNIR O

L
S

~— — ' ~— ~— ~— ~—
I

If the host opens door 3, we would like to know P(C3|Hj3), because if this value is higher than
1/3, it is in our interest to switch to door 2. Likewise if the host opens door 2, we would like
to know P(Cs|Hs) to know if we should switch to door 3. Given the symmetry of the problem
P(Cy|H3) = P(C5|Hs), so I only need to compute the probability once, which I do using Baye’s
rule:

P(H3|Cy)P(Cs)

P(Cs|Hs) = P(Hs3|Cy)P(C1) + P(H3|Cq)P(Cy) + P(H3|C3)P(C3)

It is therefore in your interest to switch to door 2 if the host opens door 3 or to switch to door 3 if
the host opens door 2.

Problem 34.

(a) P(A) = 1/6, P(B) = |{(1,6),(2.5),(3,4), (4,3),(5,2), (6,1)}|/36 = 1/6, P(A, B) = 1/36.
Since P(A)P(B) = 1/36 = P(A, B), the events are indeed independent.

(b) P(C) =1/6, so that P(A,C) = 1/36, and P(A,C) = 1/36 and therefore they are indepen-
dent.

(c) P(B)P(C)=1/36, P(B,C) =1/36, so yes, they are independent.

(d) The events A, B and A, C and B, C are pairwise independent. We also need to check if
P(A,B,C) = P(A)P(B)P(C). The probability of P(A, B,C) equals 0 since those events
cannot all occur at once, whereas P(A)P(B)P(C) # 0. Therefore, the events A, B and C
are not independent.
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Problem 35. Let X; denote the outcome of the first roll, W denote the event that I win, and let
the probability of tails be ¢ (= 1 — p). From Bayes’, the probability that the first roll was heads is
given that I won the game is:

P(W|X, = H)P(X; = H)
P(W)

P(X,=H|W) =

I first calculate the probability of winning:

P(W) = P(HH) + P(THH) + P(HTHH) + P(THTHH) + ...
= P(HH)+ P(HTHH) + ...+ P(THH) + P(THTHH) + . ..
=P+’ + ..+’ + PP+
=(@p+ap®+..)p+ (@ P +ap*+..)q

Note that since P(W) = P(W|X1 = H)p+ P(W|X; = T)q, the first term in the parentheses in
the above equation represents P(W|X; = H) while the second term in the parentheses represents
P(W|X; =T). I solve for both of these seperately:

PW|X1=H)=qp+qp*+...
= (qp)°p+ (qp)'p+ ...

[e.9]

=p>_ ()"

k=0
p

C1—qp’

while

PW|X1=T)=q¢"p*+qp*+...
= (qp)’p* + (qp)'P* + ...

00
2

=p*) ()
k=0
p2
1—qp’

where I have used the formula for a geometric series. Thus we can compute the probability of
winning as

P(W)=PW|X1=H)p+ P(W|X; =T)q
_ r’q
L—gp 1—qp

Finally, we can plug all of these formulas into Bayes’ equation:
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Problem 36. Let H,.; denote the event that the (n + 1) flip is a head, H...H denote the
event of observing n heads and F' denote the event that we pick the fair coin. We would like to find
P(Hu41|H ... H), and we know that from the law of total probability P(H,,+1) = P(Hp+1|F)P(F)+
P(H,41|F€)P(F°). By conditioning all of the probabilities on H ... H, this equation gives a formula
for the probability we desire:

PHp+1|H...H)=PHp1|F,H... H)P(F|H...H)+ P(Hyp4.|F°,H...H)P(F°|H...H).
(1.4)
The terms P(Hp+1|F,H ... H) and P(H,11|F° H ... H) are conditionally independent of H ... H
given F' (or F¢) and therefore these probabilities are 1/2 and 1 respectively. We may obtain
P(F|H ... H) from Bayes’ rule:

P(H...H|F)P(F)
P(H...H|F)P(F)+ P(H...H|F°)P(F°)
(3)" 3
(3)"3+3
1
1427

P(F|H...H) =

Thus:

1 1 1
P(Hp|H...H) = <2> 1+2n+<1_1+2n>
1

2(1+2n)

We can check this formula for the extremes that n = 0 and n — oo. In the first case, if n = 0, we
can calculate the probability of heads directly: P(H) = (1/2)(1/2) + 1(1/2) = 3/4, which matches
what the formula predicts when n = 0. When n — oo, we would expect that the coin is probably
unfair, so that the probability of the next flip landing heads is 1. Indeed, this is what the formula
predicts in the limit that n — oo.

Problem 37. Let X; denote the number of girls for the i** child. Note that X; can only take on
values 0 or 1. We seek the probability P(X; = 1,...,X,, = 1|X; + ...+ X,, > 1). This can be
re-written with Bayes’ rule:
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P(Xl—l-—I—Xn21|X1:1,,Xn:1)P(X1:1,

P(X1=1,..., X, =1X1+.. +X, > 1) = Tt T X ST
X, >

(1.5)
In the numerator, the first term is just 1 since X; + ...+ X, is guaranteed to be at least 1 if
all Xi,...,X, are equal to 1. The second term is (1/2)" since all boy/girl events are independent.

To calculate the denominator, it is easier to consider its complement: P(X; + ...+ X, > 1) =
1-PX1+...+4X,=0=1—-P(X; =0,...,X,, =0) =1 —(1/2)". Putting all of these into
Bayes’ rule, I obtain:

1
2n —1°

PXi=1,....X,=1X1+.. + X, >1) =

We can test this formula for low values of n. For n = 1, P(X; = 1|X; = 1) = 1, which the
above formula predicts. For n = 2, by listing out the boy/girl event space, it is not difficult to
determine that P(X; = 1, Xo = 1| X1+ X2 > 1) = 1/3, which also what the above formula predicts.

Problem 38. Let L be the event that the family has at least 1 daughter named Lilia, G...G be
the event that the n children are girls, BG ... G be the event that the first child is a boy and the
following n — 1 children are girls, GBG ... G be the event that the first child is a girl, the second
is a boy and following n — 2 children are girls, etc.... We are interested in P(G...G|L) which we
can obtain with Bayes’ rule:

P(LIG...G)P(G...G)
P(L)

P(G...G|L) = (1.6)

The denominator is given by:

P(L) =1 - P(L%)
=1-P(G...G)[P(L|G...G) + P(L°|BG...G) + P(L°|GBG...G) + ...+ P(L°|B ... B)|
—1-PG..O[1-a)"+(1-a)" +(1-a)" 4.+ (1—a)

n

:1—P(G...G)Zk!(nn!k!)(1—a)k
=0

=1-P(G...G)(2—a)"

In the third line I used the fact that to have no daughters named Lilia given n daughters, the
daughters need to be not be named Lilia n times, which occurs with probability (1 — «)”. In the
fourth line, I used the fact that the total number of sequences of BG...G, GBG...G, ..., is given
by the number of permutations of n elements (n!) divided by the number of repeats for any element
(which for the Gs is k!, where k is the number of Gs in the sequence, and which for the Bs is
(n — k)!). This is a simple combinatorics problem which will be discussed in the following chapter.
Finally, to solve the summation, I used the binomial theorem.

We need one more probability, which is P(L|G...G) = 1 —- P(L°|G...G) = 1— (1 — o)™
Sticking in all of these probabilities into Baye’s rule, I obtain:
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where I have used a Taylor expansion to simplify the polynomial terms since @ < 1. The case of
n = 2 corresponds to Problem 7 of section 1.4.5 in the book. Evaluating my formula with n =21
find that P(GG|L) = (2 — o) /(4 — @) ~ 1/2 which is the same formula as the answer to Problem
7 of section 1.4.5.

Problem 39. Let R be the event that a randomly chosen child is a girl, and G ... G be the event
that the family has n girls. We seek to find P(G...G|R), which we can get from Bayes’ rule:

P(R|G...G)P(G...G)
P(R)
R is certain to happen conditioned on G...G, P(G...QG) is simply (1/2)" and the probability
of randomly choosing a girl from a family without any prior information about genders is 1/2 as
shown for the n =1 (S = {G,B}) and n =2 (S = { BB, BG,GB,GG}) cases below:
n=1:

P(G...G|R) =

P(R) = P(RIG)P(G) + P(R|B)P(B) = 1 <;) 40 <;> _ %
n=2:

P(R) = P(R|BB)P(BB) + P(R|BG)P(BG) + P(R|GB)P(GB) + P(R|GG)P(GG)

RORBIOROIGNG

Therefore P(G...G|R) = 1/2"1.
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Problem 1. We can use the multiplication principle, making sure to enumerate all the cream/-

sugar/milk possibilities:
3 3 3 3
4-3. —4.3.8=96. 2.1
- [(0) () G) + ()] -a-s-m e

Problem 2. Let N be the number of unique permutations of the 8 people in the 12 chairs. The 4
empty chairs are indistinguishable, so, for any given unique permutation, the permutations amongst
those 4 chairs do not count toward the number of unique permutations, N. We know that the total
number of permutations (including the non-unique permutations is 12!), and therefore 12! = N4,

so that
12!

7 = 19958400. (2.2)

Problem 3.

(a) Let B represent the set of the 20 black cell phones, {b1,ba,...,ba}, and W represent the set
of the 30 white cell phones, {w;,ws,...,wso}. Let B be the set containing all possible sets of
the 4 distinct black cell phones that were chosen (without replacement) from the 20 black cell
phones, B = {{b1,ba,bs,bs},{b1,b2,b3,b5} ...{b17,b1s,b19,b20}}, and W be the corresponding
set for the 6 white cell phones. Therefore, the sets of sets representing all unique ways to
obtain 4 black cell phones and 6 white cell phones is given by {B;UW;, BiUW, . .. Bz UW 1,

whose total cardinality can be seen to be |B||W|. |B| is clearly (240), and |W]| is clearly (360),
so the size of this set is (%?) (360). The sample space for this experiment is all possible unique
sets of size 10 that can be chosen from BUW. Therefore, the probability of obtaining exactly

4 black cell phones is given by:

20\ (30
() ()
50
(10)
In this problem I somewhat laboriously spelled out how to obtain the proper number of
sets from the sample space with exactly 4 black cell phones. I did this for the purpose of

illustration since this type of situation arises commonly in combinatorics problems. In the
future I will typically be typically be more terse.

P(4 black phones) = ~ 0.28. (2.3)

P(NB <3) :P(NB =0UNB=1UNgp :2)
= P(Np=0)+P(Np=1)+ P(Np=2)
_ @G, G, G)E)
(7o) (f0) (7o)

~ 0.14

+

Problem 4.

(a) The sample space is all possible sets of length 5 chosen from the 52 cards, and the events we
are interested in are all possible sets of size 5, one of which is certainly an ace. Therefore:

~ 0.30.

povs = 1= D)

(¥)
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(b) Let N4 > 1 be the event that the hand contains at least 1 ace. It will be easier to consider
the complement of this event:

P(Ny>1)=1—P(N4 =0)

Problem 5. It will be convenient to use Bayes’ rule so that we can move N4 > 1 to the first slot

of P(+]):

P(NA > l‘NA = 2)P(NA = 2)
P(N4>1) '

We have already computed the denominator in the previous problem. In the numerator P(N4 >

1|N4 = 2) = 1 since the probability of obtaining at least 1 ace is unity if we already know there
are 2 aces. The probability of obtaining exactly 2 aces is

() (5)

P(Np=2|Ny>1) = (2.4)

P(Np=2)= =~ 0.04,
(5)
and therefore: 1.0.04
P(Np=2|Ny > 1)~ 0 ?;4 ~ 0.12. (2.5)

Problem 6. Let Cj be the event that C' receives exactly 4 spades. Each player has 13 cards, and
between players A and B, we know there are 7 spades, and 19 non-spades. This leaves 6 spades
and 20 non-spades to be chosen amongst players C' and D. If the 26 cards are first dealt to A and
B, and another 13 are dealt to C, then the probability that C' obtains exactly 4 spades is:

6 (20
(2) ()
26
(i3)
Problem 7. Let J be the event that Joe is chosen and Y be the event that you are chosen. By

inclusion-exclusion:

P(Cy) = ~ 0.24.

P(JUY) = P(J)+ P(Y)— P(J,Y).

There are (}) (ﬁ) different ways Joe can be chosen and the same number of ways you can be chosen.
There are (g) (%g) different ways both you and Joe can be chosen, and thus:

(1) _ (is)
P(JUY) =242 — 21 ~ 0.51.
(s) ()
Problem 8. In general, for a sequence with n elements, r of which are unique, the number of
unique permutations is given by:

n!
e 2.6
nilng! ... n,’ (2:6)
where n; is the number of repeats of the i** unique element in the original sequence. This can
easily be shown, since the number of total permutations must be equal to to the sum of each
unique permutation, times the number of times each element in the unique permutation can be

permuted amongst themselves, n! = Nnilns!...n,!. For example, one unique permutation of the
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word “Massachusetts” is Massachusetts itself. We see that the “a’s can be permuted 2! ways
amongst second and fifth position, while still forming the word Massachusetts. Likewise, the
“s”s can be permuted 4! ways and the “t”s 2! ways, resulting in 2!4!2! permutations of all letters
which result in this unique permutation. Thus, the total number of ways of arranging the word

“Massachusetts” is:

n! 13!
nalns!ng! 214121

N = = 64864800. (2.7)

Problem 9.

(a) Using the formula for the binomial distribution, I find:

20 _
ok

P(k=28)=

r=9=(§

(b) Since both the number of heads and number of tails must be > 8, the possible observed
number of heads (tails) can be 9 (11) or 10 (10) or 11 (9). These are disjoint events, so the
total probability we are interested in is

P({k=9,k=10k =11}) = P(k = 9) + P(k = 10) + P(k = 11)
_ (290>p9(1 _ )09 4 Gg)pm(l _p)20-10 (??)pn(l _p)20-ul

= <290>p9(1 —p)? [1—2p+2p*] + (fg);om(l —p)1.

Problem 10. Let u denote a move up and r denote a move to the right. A path from (0,0)
to (20,10) can be represented by a sequence of us and rs. Note that in every possible sequence,
there must be 10 us and 20 rs because we always need to travel 10 units up and 20 units to the
right regardless of the path. Therefore, the problem reduces to ascertaining the number of unique
sequences with 10 us and 20 rs, which, from Problem 8 we can see to be:

30!

Problem 11. Let A denote the event that the message passes through (10, 5) on its way to (20, 10).
To reach the point (10,5) on the way from (0, 0) to (20, 10), the first 15 entries of the sequence must
have exactly 5 us and 10 s. This may occur in any number of the unique permutations 15!/(10!5!).
To reach (20,10), the remaining entries must also contain exactly 5 us and 10 rs, again giving
15!/(10!5!) unique permutations from (10, 5) to (20, 10). The total number of unique permutations
starting at (0,0) and going through (10, 5) on its way to (20, 10) is therefore (15!/(10!5!))2, so that
the probability that the message goes through (10,5) is:

Problem 12. Let A denote the event that the message passes through (10,5). This occurs if, out
of the first 15 entries of the sequence there are exactly 5 us and 10 rs in any order. For a binary
outcome experiment, the probability of obtaining 5 us with probability p, is given by the binomial
distribution:
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P = (7 )sia-p

Problem 13. Let p; be the probability of flipping a heads for coin i (i € {1,2}), let C; be the
event that coin ¢ is chosen. Using the law of total probability and the binomial distribution, I find:

2
=Y " [P(Ny = 3|C3)P(C;) + P(Ny = 4|C;)P(C;) + P(Ny = 5|C;) P(C)]
=1
I (5) PN ap oy s (2,5
—2;[<3>p1(1 i) +<4)pz(1 pz)+<5>pz]
~ 0.35.

(b) From Bayes’:
P(NH > 3‘02)13(02)
P(Ny >3)

where P(Ng > 3) has already been solved, P(C3) = 0.5 and

P(02|NH > 3) =

5
P(Ny >3|Ca) =Y < >p2 (1—p)® 7 ~0.21.
7=3

Therefore, the probably we are interested in is

0.21-0.5
P(Co|Ng >3)~ —— =0.3.
(CalN 28) ~ =55
The fact that this probability is less than 0.5 makes sense, since more heads were observed
than tails, and so it is more probable that coin 1 was chosen since the probability that it

lands heads is higher.

Problem 14. There are (3 5 5) different ways Hannah and Sarah can be arranged on the same
team. However, we do not care about players being assigned to a particular team name, we just
care about the number of possible divisions. Therefore, to avoid over-counting, we must divide
this value by 2!. Likewise, there are (5 5 5) total ways to construct 3 teams of 5 each, and we must
divide by 3! since we only care about the number of possible divisions:

1/ 13
P(H and S in same division) = 21 (31555) ~ 0.29.
3l (5 5 5)
Problem 15. We would like to find P(N; > 1UNy > 1U...UN; >6) =1— P(N; < 1,N; <
1,...,Ng < 1). For the first roll, we therefore have 6 allowable options, for the second 5 allowable
options, .... Therefore the probability is:
6-5-4-3-2
P(Ny >1UNy;>1U...UN; >6)=1— ———— =~ 0.91.

65
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Problem 16.

(a) Let A be the desired event. If the first 15 cards are to have 10 red cards, then there are (150) Gg)
different possible groups for the first 15 cards, of which we can arrange in 15! possible ways.
There are (g) possible groups for the remaining 5 cards, of which we can arrange 5! possible

ways. Finally, the total number of permutations of the 20 cards is 20!, and therefore:

P(A) — (150) (182);'5'(2)5‘ ~ 0.02.

(b) Let A’ be the event we desire. This problem is almost identical to the first:

iy - BGOSR,

Problem 17. Let B; be the event that I choose bag i (i € {1,2}) and N, = 2 be the event that I
choose exactly 2 red marbles out of the 5. Using Bayes’

P(N, = 2|B,)P(B1)
P(N; = 2|B1)P(B1) + P(N; = 2|B2)P(B2)

P(Bi|N, =2) = (2.8)

The probability of choosing either bag is 1/2 and the probability of N, = 2 conditioned on choosing
bag 1 is
6\ (10
() (3)
16
(5)

while the probability of IV, = 2 conditioned on choosing bag 2 is

P(N, =2|By) = ~ 0.41,

P(N, =2|B,) = () (3)

o1 ~ 0.34.
(5)
Sticking all relevant probabilities into Bayes’, I arrive at
0.41-0.5
P(Bi|N, =2) = ~ 0.55. 2.9
(Bil )= 04105103405 (2:9)

Problem 18. Let E°€ denote the event that an error has not occurred for the th trial. We seek
the probability of all sequences of length n, ending in E°, where the 1st n — 1 entries can be any
sequence, provided they contain exactly k — 1 E°, which I denote by A,_1. The probability we
desire is P(A,—1,X,, = E°) = P(A,—1)P(X,, = E°) by independence. I note that P(A,_1) is a
binomial distribution, and therefore:

n—1\ ,_ 1) (h— n—1 e
P(An_l,Xn:Ec) _ (k_1>pk 1(1_p)( D—(k 1)p: (k_1>pk(1_p> k

Problem 19. Let y; = x; — 1 fori =1,...,5, and therefore all y;s can take on values {0,1,2,...}.
The equation for which we are trying to find the number of distinct integer solutions then becomes:

Y1 +y2+ys +ys+ys =95, (2.10)

which has (5+g§71) = (gg) integer solutions.
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Problem 20. It is not difficult to explicitly to enumerate the total number of solutions when
x1 =0,1,...,10. The total number of integer valued solutions is thus the number of solutions for
when x1 = 0, plus the number of solutions for when x1 = 1, ... plus the total number of solutions
for when z1 = 10. In each one of these instances, we must find the number of integer solutions for
the equation

To + x3 + x4 = 100 — 1,

(where x9,z3,24 € {0,1,2,...}) which has (3+188:§_1) solutions. Therefore, the total number of

integer solutions for this equation, N, with x; € {0,1,...,10} is:

10 .
34+100—7—1
N =
(i)

10
1 .o
= 52[10302—203z+z]
i=0
11-10302 203 1
= 51271.

Problem 21. Let A; = {(z1,x2,x3) : 1 + 22+ x3 = 100,21 € {41,42,...}, 29,23 € {0,1,2,...}},
and let Ay and As be defined analogously. By inclusion-exclusion, the total number of possible
unique integer solutions to this problem is then:

|A1 UAyU A3| = |A1| -+ |A2| + ’A3| — |A1 ﬂA2| — |A1 ﬂA3| — |A2 ﬂA3| + |A1 NAsN A3|
= 3|A1‘ — 3|A1 N A2| + |A1 N As ﬂA3|,

where the second equality follows from symmetry. The cardinality of |A; N A2 N As| is 0 since it is
impossible to have all x;s > 40 and constrained to add to 100.

The cardinality of |A;| can be found by letting y3 = x1 — 41, so that y;,x9, 23 € {0,1,2,...}:
y1 + xo + 23 = 59, which has (3+gg_1) = (gé) solutions. The cardinality of |A; N Az| can be found
by letting y; = x1 — 41 and y2 = x2 — 41 so that y1,y2, z3 € {0,1,2,...}: y1 + y2 + x3 = 18, which
has (3+18_1) = (fg) solutions. Therefore, the total number of solutions to this problem is:

18
61 20
ApUAs U As| = — = 4920.
|A1 U Ag U As| 3(59) 3<18> 920
The following bit of python code confirms what we derived theoretically:

In [1]: i=range(101); j=range(101); k=range(101)
In [2]: tups = [(x, y, z) for x in i for y in j for z in k]
In [3]: len([x for x in tups if x[0]+x[1]+x][2]==100

)

...: and (x[0]>40 or x[1]>40 or x[2]>40)]
Out [3]: 4920
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Problem 1.

(a) Rx ={0,1,2}
(b) P(X >15)=P(X =2)=1/6
() PO<X<2)=P(X=1)=1/3

(d)

P(X=0NX<?2)
P(X < 2)

P(X =0)

P(X < 2)

12

T 1/2+1/3

3

5

P(X=0X<2)=

Problem 2. From the set-up of the problem, we have that:

p forx =0
p forx=1
Px(x)=<p forz=2
p forz=3
0 otherwise,

\

as well as the following equation P(X =1 or X =2) = (1/2)P(X =0 or X = 3), so that p = p'/2.
Finally, we know that the PMF must be normalized, leading to the following coupled equations:

2 +2p=1
p=3p,

which, when solved for results in p = 1/6 and p’ = 1/3. Thus, the PMF for this problem is:

% forz =0
% forx =1
Px(z) = % for z =2
% forx =3
0 otherwise,

which can easily be verified to be normalized.

Problem 3. The range of both X and Y is {1,2,...,6}, so that Rz = {—5,4,...,4,5}. We may
find the PMF by conditioning and using the law of total probability:
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6
=Y P(X =k+Y|Y =y)P(Y =y)

6
=Y P(X =k+y|Y =y)PY =y)

y=1
6
=Y P(X =k+y)P(Y =y)
y=1
6 1

6
1 1
:fE -1{1 <k <6

where the fourth equality follows since X and Y are independent, and where 1{-} is the so called
indicator function which is equal to 1 if its argument evaluates to true, and 0 otherwise. By explicitly
evaluating the sum for all k, I find that P(Z = —5) = 1/36, P(Z = —4) = 2/36,...,P(Z = 0) =
6/36,P(Z =1)=5/36,...,P(Z =5)=1/36, which can be conveniently written as:

6 — ||

P(Z=k) =",

(3.1)
and which can explicitly be checked to be normalized.
Problem 4.

(a) Since X and Y are independent:

ngzygmzmx 2)P(Y < 2)
(1) + Px(2)][Py(1) + Py(2)]

gi ) (+3)

(b) By inclusion-exclusion (and also using independence):

P(X>2U0Y >2)=P(X>2)+PY >2)—P(X >2Y >2)
- P(X >2) 4 P(Y >2) - P(X > 2)P(Y > 2)
(3) + Px(4)] + [Py (3) + Py (4)] — [Px(3) + Px(4)][Py(3) + Py (4)]

gé )+ (5+3) - (+2) G+3)

(c) Since X and Y are independent, P(X >2|Y >2)=P(X >2)=1/841/2=5/8.
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(d) I use conditioning, the law of total probability and independence to solve for this:

I
B

P(X <Y) P(X <Y|Y =y)P(Y = y)
yzl
=Y P(X <yly =y)P(Y =y)
y=1
4
=) PX <yPY =y)
y=1
= P(X <1)P(Y =1) + P(X < 2)P(Y =2) + P(X < 3)P(Y =3) + P(X < 4)P(Y =4)
=P(X=1)P(Y =2)+[P(X =1)+ P(X =2)|P(Y =3) + [P(X = 1)
+ P(X =2) 4 P(X = 3)|P(Y =4)
11 /1 1\1 /1 1 1\1
167" <4+8>3+<4+8+8>3
1
=3

Problem 5. Let X; denote the number of cars that student ¢ owns (which can be either 0 or 1).
We then seek the probability P(X; + X2 + ... + X509 > 30), where the probability that X; = 1
is 1/2 for all 4. In other words, we seek the probability of obtaining at least 31 successes out of
50 Bernoulli trials. We may obtain the probability of 31 successes out of 50 Bernoulli trials by
evaluating a Binomial(50, 0.5) distribution at 31, the probability of 32 successes out of 50 Bernoulli
trials by evaluating a Binomial(50, 0.5) distribution at 32, etc ... . Therefore:

P(X1+X2+...+X50>30): Z <k> <2> (2)

k=31
1\ & /50
() (%)
k=31
~ 0.06,

where the summation has been evaluated numerically.

Problem 6. The formula for P(Xy = 0) was derived in the book and is given by:

1 1 N1
I will need this formula in my answer below. Let 4; (i = 1,..., N) be the event that the it" person

receives their hat. Therefore, for Xy = 1:

P(XNZI):P(Alu 57 §77A?V)+P(AE7A27A§77A?V)++P( §7 57 §77AN)
— N P(Ay, AS, A5, ..., AS)
= NP(A1)P (A3, Zc’nvAﬁV)
1
=N—-P(Xny_1 =
NP (Xn-1=0)
= P(Xy_1 =0),
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where I have used symmetry in the second equality, independence in the third and the fact that
the probability that person 1 gets their hat out of N hats is 1/N.
For Xy = 2:

P(Xy=2)=) P(A;,Aj)P(Xy_2 =0)

i<j

_ @7 > P(Ay, As)P(Xn_s = 0)

N1 1
- <2>NN—1P(XN2 =0

1

= EP(XN72 - 0),

where I am summing over all N choose 2 unordered pairs of people who get their hats. The
probability that the first person gets their hat is 1/N while the probability that the second person
gets their hat is 1/(N — 1).

Continuing in this fashion one can see the general formula for the PMF we would like to derive:

1
P(XN:k):EP(XN_kzo) for k=0,1,2,..., N,
where 1 1 1
P Xy_p=0)= — — — + .. (=DNFk__~
v =0 =g =g+

Problem 7. Computing the probabilities will be simplified by noting that P(X > 5) =1—-P(X <
5), and P(X > 5|X < 8) = P(5 < X <8)/P(X < 8). Note, that I do not explicitly evaluate the
formulas to obtain a numerical answer, but this can easily be done numerically on a computer.

(a) X ~ Geom(1/5)
(i)

(i)

(iif)

P(b < X <8)
P(X <38)

_Yiei(-Hf!
Siad -t

P(X >5|X <8) =

(b) X ~ Bin(10,1/3)
(i)

e 0-)”
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osxsn-£ ) (-

S () () =)

ZZ:O (113) ( )k (1 _ %)10—1@

(iii)

P(X >5|X <8) =

(c) X ~ Pascal(3,1/2)

()

ren =5 (36 (1)
(i)

VOIS
(iii)

s S -

(d) X ~ Hypergeom(10,10,12)

(i)
5 10 10
P(X>5)=1-)_ (j)(g(l)i_])
Jj=2 12
(ii) 6 (10)( 10 )
P2<X<6)= Z J (2(1)§]
Jj=3 12
(iii)
37 L
P(X >5|X <8) = : (10)6210 :
i )
(€) X ~ Pois(5)
(i)
5 6_55k
P(X>5):1_Z -
k=0 .
(i)
6 55k
P(2<X<6):Z -
k=3 :
(iii) o
P(X >5|X <8) = /;ZGE
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Problem 8.

(a) In general, for this problem P(X = x) = P(Fy, Fy,...Fy_1,5;) = P(F1)P(Fy) ... P(Fy—1)P(S.),
where I have used independence. Therefore P(X = 1) = P(S;) = 1/2,

and
P(X =3) = P(I1)P(F2)P(S3)
2 3
()G [-6)]
_ 614,

(b) By inspection, one can determine that the general formula for P(X = k) for k =1,2,... is:

P(X = k) = EH: @1 [1 ) @k

P(X>2)=1-P(X<2)
=1-[P(X=1)+P(X =2)]

1 3
—1—|-+2
B

P(X=2X>1)
P(X >1)

_ P(X=2)

C1-P(X=1)

3/8

—1/2

P(X=2X>1)=

1
_3
4

Problem 9. To prove this equation, I will work on the RHS and LHS of the equation separately.
Let me first simplify the LHS:
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PX>m+1,X >m)
P(X >m)
P(X >m+1)
P(X >m)

_ ZZO:mHH p(1—p
> iemyrp(L—p)7~!

_pA=p)™ A A -p)+ (A -p) .. ]
p(l=—p)™1+1—-p)+(1—p)?*+..]

P(X>m+I1X >m)=

)kfl

= (1-p).
The RHS can also be simplified:
o0
P(X>0)= > pl-pr!
k=1+1
=p(1—-p)/ I+ 1 -p)+(1-p>+..]
1
=p(l—p)—pfr——
S (1-p)
= (1 _p)l’

where in the third equality I summed the geometric series. This result is exactly what I obtained
when I simplified the LHS of the equation, and thus the equation is proved.

Problem 10.

(a) We have dealt with this type of problem extensively in the combinatorics chapter. The
probability we seek is |A|/|S|, where A is the set of all possible ways we can pick exactly 4
red balls out of 10, and S is the set of all possible ways to pick 10 balls out of the 50. Let X,
be total number of red balls drawn. We thus we:

20\ (30
(1) (5)
(f0)
10
(b) We seek to find P(X, = 4|X, > 3). The inequality will be easier to deal with if I put it in

the first slot of P(-|-), and thus I start by employing Bayes’ rule:

P(X, =4) =

~ 0.28. (3.2)

P(X, = 4|X, > 3) = D& 23X = PN, = 4)

P(X, >3)
B P(X,=4)
1-P(X,=0)-P(X,=1)—- P(X, =2)
() ()

_ (&)

L0 ) )

(30) (i) (30)

_ (3) (%)

(o) = (o) = (D (&) = ) ()

~ 0.33,
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where in the second equality I have used the fact that P(X, > 3|X, =4) = 1 and in the third
equality I used what was derived in the previous part of this problem.

Problem 11.

(a) The average number of emails received on the weekend is 2 per hour or 8 per 4 hours. Since
we are modeling this process with a Poisson distribution, the probability that you receive 0
emails on the weekend per 4 hour interval is:

e 8.80

Pk =0) = —;— ~34x 1074 (3.3)
(b) The average number of emails received on the weekend is 2 per hour and 10 per hour on
any weekday. Let A,y be the event that a weekday was chosen and A, be the event that a

weekend was chosen. This problem can be solved using Baye’s rule
P(k =0]Auq)P(Awaq)

P(Ayalk = 0) =
(Awd ) P(k = 0|Awag) P(Awq) + P(k = 0| Awe) P(Awe)
6_10 . é
_ 7
6—10_%_,_6—2%
~ 8.4 x 1074,

Problem 12. The CDF can easily be computed from the PMF:

0 for =< -2 (0 for =< -2
0.2 for —2<z< -1 0.2 for—2<zx<-1
Fy(a) = 0.24+0.3 for -1 <z <0 _ 05 for-1<z<0
0.2+0.340.2 for 0<z<1 0.7 for 0<z<1
0.24+03+0.2+40.2 for 1<x<?2 09 for 1<z<?2
024+03+024+024+0.1 for =>2 1 for z>2.

See Fig. 3.1 for a plot of this function.

Problem 13. Whenever there is a jump in the CDF at a value of x, this indicates that that value
of x is in the range of X. Therefore, Rx = {0,1,2,3}. The probability at = can be found by
subtracting out the probabilities at values < x from Fx(x). Therefore, the following equations give
the probabilities we need:

P(0) = Fx(0)

P(1) = Fx(1) — P(0)

P(2) = Fx(2) — P(1) — P(0)

P(3) = Fx(3) — P(2) — P(1) — P(0),

and when plugging in the values for Fx(x), this leads to:

% for x =0

L forxz=1
Px(zx)={3

X (@) % for x = 2

% for x = 3.

As a sanity check, these probabilities do indeed add up to 1.
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1.01 *—

0.8+

oun 06.

Fx(

0.4

0.2+ &———o0

0.0 7———0

Figure 3.1: The associated CDF for the PMF of problem 12.

Problem 14.
(a)
E[X]=1-05+2-03+3-02=1.7
(b)
E[X*=1-05+4-03+9-02=235
=
Var[X] = E[X?] - E[X]?> =3.5 - 1.7° = 0.61
=

SD[X] = +/Var[X] ~0.78

(c¢) Using LOTUS:

EY]= Y 2Py(a)
TERX

2 2 2
=--05+--03+--02~143.
1 +2 +3

Problem 15. The range of X is {1,2,3,...}. For z > 5, these values get mapped to 0,1,2,....
The values x = 1,2,3,4 get mapped to 4,3,2,1, and thus Ry = {0,1,2,...}. To solve for the the
corresponding PMF, note that P(X = k) = (1/3)(2/3)*7!, and that Py(y = k) = P(Y = k) =
P(]X — 5| = k). We therefore have:
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w
ot

Py(y=1)=P(X =4o0r X =6) =

+

[\
(=)}

Py(y=2)=P(X=3or X=7)=

_l’_

P

<
I

N/
[

P(X=2or X =8) =

_l’_

]
[ed]

_l’_

7N N N N
WIN WIN W W N
N N
—_
Wl Wik Wl Wl
7~ N 7N 7 N 7N
WIN WIN WIN W
N~ N N~
-~

Wl W~ W~k Wk

Py(y=4)=P(X =1lor X =9) =

One can easily check that this distribution is normalized by summing all terms on the RHS of the
equations: (1/3) 3272 ,(2/3)% = 1, where I have summed the geometric series.

Problem 16. I first note that the range of Y is {0,1,2,3,4,5}, so that its PMF is

11
Py(y:O):P(X:—lOorX:—Qor...orX:O):i
1
vy =1)=P(X =1) = -
1
v(y=2) = P(X =2) = -
1
P = :P = = —
v(y =3) = P(X =3) = o
1
PY(ZJ=4):P(X:4):ﬁ

6
Py(y=5)=P(X=bor X =6or... oerlO):ﬁ,
which indeed sums to 1.

Problem 17. Since E[X] was found to be 1/p for the geometric distribution from Example 3.12 in
the book, if we can solve for F[X?] then we can compute the variance with Var[X] = E[X?]-E[X]%.
To do this, we will need a few formulas involving the geometric series. I claim that:

1

k

- 1
Ex 7 lz] <1,

k=0

1

k—1

E kx" " = = lz| <1,
k=0
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and -
1+=z
2 k—1 __
k=0

The first formula is simply the sum of a geometric series, the second was already proved in the
book in Example 3.12. I now prove the third formula.

Proof. We can take derivatives of the LHS and RHS of the second equation above to prove the
third. Differentiating the LHS results in:

d o0 B (o] B
%ka’f =) k(- 12k
k=0 k=0

9] o0
— E k2$k_2 . E kxk’—?
k=1 k=1

=Y G =D G+
j=0 k=0

o0

o o0 (o) [o.¢]
:Zjijfl_i_szmjfl_i_ijfl_ijjfl_zxjfl

j=0 j=0 j=0 j=0 Jj=0

ijzxj—l + ijxj—l

=0 j=0

J

1
(1—=)*

it 4

<.
Il
o

where I have made the substitution j = k — 1. Differentiating the RHS results in:
d 1 2

de (1—xz)2  (1—2)%

and putting the two together completes the proof. |

I may now solve for F[X?]
o
E[X* =) a’p(1—p)*"
k=1

o
SONE
k=0

_pll+(1—p)
1-1-p)?

_2-p

==

so that the variance is:
2—p I 1-p

p? p?
Problem 18. In Problem 5 from 3.1.6 of the book, we showed that if X1, Xo, ..., X, ~ Geom(p) =

Pascal(1,p) (iid), then X = X7 + Xo + ...+ X, ~ Pascal(m,p). Therefore Var(X| = Var[X1] +
Var[Xs]+...+Var[X,,] = m(1—p)/(p?), by linearity in variance of independent random variables.

Var(X] =

p*




Problem 19. I use LOTUS repeatedly in this problem and linearity of expectation.

EIX]=E [—52/ + ﬂ

4 2 4
1
:fE[YQ]—§E[Y] ¥ 1
4 2 4
4 2 4
=2

Problem 20.

47

(a) The range of X is {1,2,3,4,5,6} and the probability for any of these values, z, is simply

N, /1000, where N, is the number of households with = people. Therefore:

0.1 forz=1
0.2 forz=2
0.3 forz=3

Px(z) =
x () 0.2 forz=4
01 forz=5
0.1 for z =6.

The expected value of X is: E[X]=1-01+2-024+3-03+4-02+5-0.14+6-0.1=3.3.

(b) The probability of picking a person from a household with k people is equal to the total
number of people in households with k& people divided by the total number of people in the

town. In other words, P(Y = k) = (k- Ni)/3300, so that:

% fory=1
% for y =2
9

R
33 vy=
% fory=>5
\% for y = 6,

and E[Y] =1-(1/33) +2- (4/33) +3-(9/33) +4- (8/33) + 5 (5/33) + 6 - (6/33) = 43/11.

Problem 21.
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200 - o
150 O
= 100 Lot
501 bertt
0] =«
0 10 20 30 40 50
N

Figure 3.2: The expected number of tries to observe all unique coupons at least once.

(a) It takes 1 try to observe the first unique coupon. Let this first coupon be called type C;. Let
the random variable, X7, be the number of times it takes to observe a coupon different than
type C1. Call this type Cs. Let the random variable, X5, be the number of times it takes to
observe a coupon different than type C7 and Cy. Call this type Cs. Let us proceed in this
fashion until we observe N — 1 unique coupons. Finally, let the random variable Xy_1 be
the number of times it takes to observe a coupon different than type C1,Cs,...,Cn_1, and
call this coupon type Cpy. Therefore, the total number of times it takes to observe all unique
coupons at least onceis X =1+ X1+ Xo+ ...+ Xn_1.

For each X;, if we consider choosing C1, (s, ... or, C;_1 as a failure and C; as a success, we
see that this is nothing more than a geometric random variable with probability (N —i)/N
of success (since there are N — i un-observed coupons left). Therefore, Xy, Xo, ..., Xny_1 ~
Geom(25). Further let X ~ Geom(252), and note that the probability of observing X = 1
for this distribution is unity since we are sure to have a success on the first trial. Thus, if we
desire, we can replace 1 in X =1+ X + Xo + ...+ Xy_1 with the “random variable” Xj.

(b) The expected number of tries it takes to observe all unique coupons at least once is:

EX|=E[l1+X1+Xo+...+ Xn_1]
= 1+E[X1] +E[X2] +...+E[XN,1]

=1+ N + N +... 4+ N

N N-1 N-2 '~ " N-(N-1)
N-1 1

=N .

The summation can be written in terms of a special function (called the digamma function),
but I believe it is more illustrative to plot the actual function itself. In Fig. 3.2, I show E[X]
for N =1 to 50 which I calculated numerically with the summation formula I derived above.

Problem 22.

(a) Let X’ be the number of tosses until the game ends. We recognize that X’ is distributed
as a geometric random variable with p = ¢ = 1/2 since the coin is fair. The range of X’
is Rx, = {1,2,3,4...}. Let the random variable X denote the amount of money won from
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the game which has range Rx = {1,2,4,8...}. The function f : Rxs — Ry is given by the
bijective mapping 2X'~'. Thus, the PMF of X is given by P(X = z) = P(X’ = 1'), where 2’
is the pre-image of z under f. That is, the PMF of X isgivenby: P(X =1) = P(X'=1) =
PX=2)=P(X'=2)=p* , P(X=4)=P(X'=3)=p>, P(X =8)=P(X'=4)=p*,....
Thus the expected value of X is given by the following summation, which we see diverges:

ElX]= > aP(X=x)= i k=1p(X' = k)
TERX k=1
5 (3) ()

= Q.

Thus, only considering your expected winnings (and ignoring issues like the variance of your
winnings and your particular risk tolerance) you would be willing to pay any amount of money
to play this game.

By noting that ...,2671 2771 281 =~ — 32 64,128,..., one sees that when X' = 8,
X = 27 = 128 which is the first time that X takes on a value greater than 65. Therefore, the
probability we desire is:

X>65 iP
é@ <>“
_ (; + +...+(;)]

128°

This problem is very similar to part a, except that the summation is truncated when = takes
on the value 230, which occurs when k = 31, thereafter, the payout remains 23°. Therefore,
the expected value of Y is:

31 0o
V]=> 2"'P(X'=k)+ > 2°P(X’
k=1 k=32
31 00 k
1 s 1
DALY (2)

k=32
_ 31 306—32 G 1 ¥
=5 +272 kZ:O 5

_ 31 30532 1
=5 P 1—-1/2

= 16.

We therefore see that in part a, the majority of the summation that contributes to the
expectation value of X occurs much later in the series. This is called a “paradox” since, in
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the first part the expectation value was infinite, but in the second part, even though 2% is a

very large number, the expected winnings is much lower than what one would have guessed.
Problem 23. The goal is to find:

o = argmin f(«),

a€ER
where
fla) = E[(X — a)’]
= E[X? - 20X + o7
= E[X?] — 2apu + o?.
Therefore:

o = argmin{ E[X?] — 2ap + o*} = arg min{—2ap + o?},
acR acR

which we can be found by setting the derivative of this equation,

d
%(—Qa,u +a?) = —2u + 20,

equal to zero, and solving for «*. This results in o* = pu.

Problem 24. If you choose to roll the die for a second time, your expected winnings is F[Y] = 3.5.
Therefore, if you roll less than 3.5 on the first roll (i.e., 1, 2 or 3) you should roll again because you
expect to do better on the second roll. However, if you roll a 4, 5 or 6, you will expect to do worse
on the second roll, so you should not roll again.

Given this strategy, your expected winnings is:

E[W] = E[X1{X > 3}] +
= E[X1{X >3} +

1 6

= 623:1{:1: >3} +

7
r=1 <2

1 7

arsaa ()

17

4

= 4.95,

Y1{X < 3}]
Y)E[1{X < 3}]

Qs

=1

B
B

where, in the second equality, F[Y1{X < 3}] = E[Y]E[1{X < 3}] since X and Y are independent
(given the set strategy).

Problem 25.

(a) In Fig. 3.3 I have plotted both P(X > z) and P(X < z) for this PMF. It is clear from this
figure that in the range [2,00), P(X < z) > 1/2, and that in the range (—o0,2] P(X > z) >
1/2. The only value that these ranges share in common is 2, and this is therefore the median
for this PMF.
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ol

P(X <z),P(X > z) for the given PMF
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Figure 3.3: P(X > z) (red) and P(X < x) (black) for Problem 25a.

P(X <x),P(X > z) for a die roll
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Figure 3.4: P(X > z) (red) and P(X < z) (black) for Problem 25b.

In Fig. 3.4 T have plotted both P(X > z) and P(X < x) for a die roll. It is clear from this
figure that in the range [3,00), P(X < z) > 1/2, and that in the range (—o0,4] P(X > z) >
1/2. The (not unique) medians for this distribution are the intersection of these 2 sets, which
is the interval [3,4].

We can compute P(X < x) with the geometric distribution explicitly with:
kz
P(X<z)=pY ¢
k=1

where ¢ = 1 — p and k¥ is the appropriate upper integer bound which depends on the (not
necessarily integer) value of x. By considering the staircase shape of P(X < x), one can
realize that for any z, P(X < z) = P(X < |z]), which holds up until [z] (where |-] and
[-] are defined as rounding down and up to the nearest integer respectively). Therefore, if
we want to find the lowest value of x, 2’ for P(X < 2/) still equals P(X < z), this occurs at

the integer value 2/ = |z|. |x] is therefore the appropriate value to use for k%,

and we can
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explicitly compute a formula for P(X < z):

P(X <z)=P(X < |z])
l=)

=pg ) ¢
k=1

[z]
=pg ' |="+) "
k=0

0 oo
=pg |1+ d" - >
k=0 k=|m]|+1

B 0o o)
:qul 1+ qu _ q[ijrl Z qk]
k=0 k'=0

Any value m, for which P(X < m) > 1/2 is a potential candidate for the median (but of
course we still have to consider the values of x for which P(X > z) > 1/2) and the lowest
value for which this occurs, call it [my,|, can now be found by setting P(X < |mg|) =1/2,

resulting in:
1

B log, 1/q'

|

Similarly:

P(X >x)=P(X > [z])

o0
=pg* q*
k=[xz]

o
=pg” 17y gk
k'=0

_ pq[x‘\fl
1—¢q

Thus, the highest value for which P(X > x) > 1/2, call it [my/] is found when this equation

equals 1/2, resulting in:
1

Imu] logy 1/q
Therefore, for the geometric distribution, P(X < m) > 1/2 and P(X > m) > 1/2 for
x € [|mr],[my]]. This interval thus gives the (not unique) medians for the geometric
distribution.

+ 1.
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Problem 1.

(a) We recognize that this is a uniform random variable, so its CDF is:

0 for x <2
Fx(z) = ””22 for2<z<6

1 for z > 6.

(b) For a uniform random variable, the expectation value is at the midpoint: E[X] = 2+ [(6 —
2)]/2 = 4.

Problem 2.
(a) By normalization, 1 = ¢ [;~ exp (—4a)dx, which leads to ¢ = 4.
(b)

Fy(a) 0 for x <0 0 for x <0
€T = , , =
X 4[0906_49“1”” for z >0 1—e* forz>0.

© 5
P2<X<b)= 4/ e dy = e — 720,
2

(d) To find the expectation value, I use integration by parts:

E[X] = 4/ ze M dx
0

_ (xef4x)<>o n /Oo =4 g
= 0
0

where the limits in the first term were evaluated using L’hopital’s rule.
Problem 3.
(a) Using LOTUS:

n 2 2 ! n 2 2
F| X" X+ - = " (x* + = ) dx
3 0 3
_ 1 x3+n1+ 2 an—kl‘l
0 3)n+1 0
1 2 1
= — ) —— fi =1,2,3,...
3+n+<3)n+1 ornEhss

 3+n
(b) We have already found E[X] and E[X?] in the first part and thus:

Var[X] = E[X?] - E[X]?
S S AN S I S CA N S b
342 3/)2+1 341 3/1+4+1
_ 5
7207
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Problem 4.

(a) For this problem, we have Rx = [0,1] and Ry = [1/e,1]. Thus in range of x = 0 to 1, the
CDF of Y is given by:

where I used the fact that for z € [0, 1] for a uniform 0, 1 distribution, Fx(z) = =. Therefore:

0 for y < %
Fy(y) =4q1+1In(y) for % <y<l1
1 for y > 1.
(b)
iFy 0 fory< %
fY(y):Ty: y for g <a<1
0 forxz>1
© 1
E[Y]:/ yldyzl—1
1/e Y

Problem 5.

(a) The range of X and Y are Rx = (0,2] and Ry = (0,4], so that for y € Ry, we have

and therefore:
0 fory <0

Fy(y) = 55¢°% for0<y<4
1 for y > 4.

IF 0 for y <0
fr) = S = Gl for0 <y <4

0 for y > 4
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5 4 3/2
E[Y]_M/O y-y3?~29

Problem 6. We can convert the PDF for X to the PDF for Y using the method of transformations:

_ %e‘gy fory >0
0

fr(y) = fx (%) ‘d@;;a)

otherwise
and since both a, A > 0, Y ~ Exzp(\/a).

Problem 7.

(a) We can prove this relation using integration by parts:

E[X"] :/ " e My
0

= —gle M = + n /Oo 2" NeMda
o XJo
- %E[X”*l],

where the first term evaluated to zero by repeated application of L’Hopital’s rule.

(b) We can use several properties of the Gamma function to prove this relation:

o0
E[X"]:/ 2" Ne My
0

A
= )\nHF(n +1)
n!
=

where in the second equality I used the second property of the Gamma function given in the
book, and in the third equality I used the fourth property of the Gamma function given in
the book.

Problem 8.
(a)

P(X>O)_1—<I><O;3) ~ 0.84
(b)




o7

P(X >5 X > 3)
P(X > 3)

P(X >5)

P(X > 3)

1-® (%)

- 1_(13(373)

3
~ 0.50

P(X >5|X >3) =

Problem 9. By Theorem 4.3 in the book, if X ~ N (3,9),andY =5—X, then Y ~ N (—3+5,9) =
N(2,9).

(a)

(b)

P(X>4Y <2)=P(X >4/ -X <2)

P(X >4,X >3)
P(X >3)

P(X >4)

P(X > 3)

_1-a (i)
=)

~ 0.74

Problem 10. I first note that Rx = R, and Ry = [0,00). The range of X can be partitioned into
2 regions, X < 0 and X > 0 which are strictly decreasing, and increasing respectively, where the
corresponding inverse transformation back to X for both of these regions is:

~Y? for X <0
X =
Y2 for X > 0.

Therefore:
d(y?) d(—y?)
_ 2 9
fy(y) = fx(v) i + fx(=y°) a0
4 4
= \/ﬂye_y7 for y > 0,

which, as a sanity check, I made sure analytically integrates to unity over the range 0 to infinity.

Problem 11.
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(a)
P(X >2) :2/006—21 =e?
2

(b) I calculate E[Y] using LOTUS:

E[Y] = /0 c>o(2 + 3x)2e *dx

o0 o0
= 2/ 22 dx + 3/ 2xe 2" dx
0 0

where I have used the fact that E[X] for Exp(\) is 1/A (as computed in the book). To
compute Var[Y], I first must compute E[Y?2], which I do using LOTUS:

E[Y?] = / (2 + 32)%2e % dx
0

o0 oo o0
= 4/ 2e 2 dx + 12/ 2xe 2 dr + 9/ 202 % dx
0 0 0

=4+ 12E[X] + 9E[X?]

where I have used the fact that E[X?] for Exp(A) is 2/(\2) (as computed in the book).
Finally, the variance is:

VarlY] = E[Y?] - E[Y]? = %

P(X >2lY <11)=P(X >2[2+3X < 11)
=P(X >2|X <3)
P2< X <3)
P(X < 3)
_ 2f23 e 2% dg
B 2[03 e~ 2y

e2—1

ef—1
~1.6x1072
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Problem 12. The equations defining the median for a continuous variable, P(X < m) = 1/2 and
P(X > m) = 1/2, are actually equivalent. That is, P(X <m) =1/2 < P(X > m) = 1/2 (which
can easily be verified), so we can use whichever is convenient. Since we know the CDFs for the
desired distributions, so using the condition that P(X < m) = 1/2 will be most convenient.

(a)

The CDF for the Unif(a,b) is:

0 for z < a
PX<z)=qF2 fora<z<b
1 for x > b,

where I have ignored the equality in the argument of P, since P(X = z) = 0 for a continuous
random variable. Setting this equation equal to 1/2 and solving for m, I find:

b+a
m=-—,
which is the mean of the uniform distribution, which was expected since the uniform distri-
bution is symmetric about its mean.

The CDF for the Exp()\) is:

0 for y < 0
1—e™™ fory>0,

P(Y<y):{

where again, I have ignored the equality in the argument of P, since P(Y = y) = 0. Thus we
see that 1/2 =1—exp(—Am) = m =1In2/\.

For the N (u,0?),

Since the standard normal is symmetric about 0, this implies that ®(0) = 1/2, and therefore
(m — p)/o = 0, and thus m = p. Since we knew that a Gaussian is symmetric about its
mean, this is what we expected.

Problem 13.

(a)

(b)

See Fig. 4.1 for a plot of the CDF. X is a mixed random variable because there is a jump in
the CDF at = 1/4 (indicating a probability “point mass” at 1/4 of P(X =1/4) = 1/2) and
the CDF does not exhibit the staircase shape associated with only discrete random variables.

N
N
B
IN
W
N————
Il
5
N
N | — ol =

N———

| UTW| =
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1.01
0.8+ /
E 0.6 1
< 4]
0.2- /
0.0 : ' ) ' ' '
—-1.5 -1.0 —0.5 0.0 0.5 1.0 1.5 2.0

Figure 4.1: CDF for Problem 13

(d) The CDFs for both the discrete and continuous contributions can be written piece-wise as:

D() 0 form<%
€Tr) =
= foer%,

and
forx <0

0

Clx)=(z fori<az<
1
2

for © > %

1
2

These functions can be re-written using the unit step function:

and

C(z) = zu(z) — zu <x - ;) + %u <x - ;) :

where, in C(z), I have started subtracting off the linear equation at z = 1/2, and adding a
constant 1/2 at = = 1/2 so as to keep the function flat at 1/2 after x = 1/2.
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(e) Since C(z) increases linearly from 0 to 1/2, and has total probability mass 1/2, we expect
¢(z) to be uniform with height 1 over the range 0 to 1/2. Differentiating C(x)

which is exactly what we had anticipated. Here I used the fact that when = # 1/2, x0(x—1/2)
and (—1/2)0(z — 1/2) equal 0, while for for x = 1/2, (-=1/2)§(z — 1/2) = (—1/2)d(0) and
xd(z —1/2) = (1/2)6(0). Also, in either case, zd(x) = 0.

(f)

oo p
1/2 1 1
= -P{X=-
/0 xdx + 1 ( 4>
L L
“2t e YT
_ 1
4
Problem 14.
(a) The generalized PDF of X is:
d
fx(z) = - Fx(z)
d d
=—D —C
L D)+ L o)

E[X]:;/ $5<x—1>d$+/ xu(m)da:—/ xu(g;_;)da;
1/2

>d37+/ zdx
0

»lkba\\»'
+ 8 8
o~ &
N\
2
|
NP
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Problem 15.

CHAPTER 4. CONTINUOUS AND MIXED RANDOM VARIABLES

|
] 8
8
no
(%)
A/~
8
|
N
N————
QL
8
+
o\..
>
~
no
)
no
Qu
)

@‘\]M\H N =
(@)
7 N
=~ =
[\
| =
o
<
~~
no

(a) From the form of the given generalized PDF, it is clear that there are 2 probability point
masses at ¢ = 1 and x = —2 (with P(X = 1) = 1/6 and P(X = —2) = 1/3), as well as a
continuous random variable contribution from a Gaussian PDF. Since the continuous PDF
contributes 0 probability at specific points, P(X =1) =1/6 and P(X = —2) =1/3.

11 1 11 22
P(X>1)= “fz+2)+=6(z—1)+ = e 2?2 |dx
X=1) /1 [3< A A W

1+1 © 1 _éd

= = - e X

6 2 1 V27

1 1

-+ —[1—-®(1

c 51—

~ 0.25
P(X =1 >
PX—1x>1) = PE=LX =)
P(X >1)
_P(X=1)
- P(X>1)
1
6
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(d) We can calculate E[X] by explicitly integrating over the generalized PDF":

o0 1 1 1 1 2
E[X}:/oox[gé(a:+2)+65(x—1)+2me 2 | dx
1 1 1 [ 1 o2
:3(—2)+6(1)+2/_o®m = 2 dax
3 6 2
1
—3

where the integral in the second line is equal to zero, since this is just the mean of a standard
normal distribution.

We can also calculate E[X?] by explicitly integrating over the generalized PDF:

00 1 1 1 1 22
E[X?] = 2126 N+ =6(x—1)+= ~7|d
= [ [3 (@ +2)+ ga— 1)+ e | de
1 1 1 [ 1 22
=—D+=-1)+= 2 ~7d
§)+é)+2/mw%he2x
_4 11
3 6 2
=2,

where the integral in the second line is equal to 1, since this is just the variance of a standard
normal distribution.

Thus:
Var[X] = E[X?] — E[X)?
2
2
_7
=7
Problem 16.

(a) Let D denote the event that the device is defective, and let P(D) = p; = 0.02. By the law of
total probability, we have:

x|D)P(D) + P(X < z|D)P(D°)
+ (1 — e ) (1 — pg)u(z).
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where I have used the fact that at x # 0, 6(z) =0, and at x = 0, (1 —exp (—Az)) = 0, so that
the term, (1—e~**)§(z) is 0 for all z. We also could have written this PDF down immediately
by realizing that there is a probability point mass at x = 0 with total probability 0.02, and
there is a continuous probability contribution from the exponential distribution which must
integrate to 1 — 0.02 = 0.98.

PX>1) = /1 - [pad(@) + (1~ pa)u(a)re™] d

=(1 —pd)/ e My
1

= (1 —pa)e™

= (0.98)e 2
~0.133

P(X >2,X >1)
P(X >1)

P(X >2)

P(X >1)

P(X>2(X>1)=

(d) The expectation value of X is:

where I have used the fact that E[X] = 1/A for an exponential distribution.
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The expectation value of X? is:

1

= (0.98) =

(0.98)
= 0.49,

where I have used the fact that E[X?] = 2/A? for an exponential distribution. Therefore, the
variance is:

Var[X] = 0.49 — 0.492
~ 0.25.

Problem 17.

(a) We realize that for Lap(0,1), fx(x) is an even function, while z is an odd function and
therefore E[X]| = 0. Also,

< 51
E[X?] :2/ 2’ e Tdr = 2,
0 2

where I have used the fact that since we are integrating an even function times an even
function we need only integrate from 0 to co and multiply by 2. I have also used the fact
that the integrand is F[X?] of an Exp(1) distribution, and we know this integral evaluates
to 2/A\%. Therefore Var[X] = 2.

(b) We can solve for fy(y) using the method of transformations:

=12 (4522 (52)

b dy
_ %exp(%)% for Y74 <0
o [-(559)]} for 27 20
_ %exp(% fory < p
%exp [— (%)} for y > u,

which is Lap(u, b).

(c) Since
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and
E[Y?] = E[(bX + p)’]
= V?E[X?] + 20pE[X] 4 42
= 2b% + 4%,
the variance is Var[Y] = E[Y?] — E[Y]? = 2b%.

Problem 18. We see firstly, that Rx = R and Ry = [0,00). Also note that ¥ = |X| = —X
for X < 0 and X for X > 0. I use the method of transformations, breaking fx(x) into 2 strictly

monotonic regions. Let f)((l)(x) = (1/2b) exp (z/b) and f)(?)(x) = (1/2b) exp (—x/b), then:

which is Exp(1/b).

Problem 19. Letting u = 1 + z2, the expectation value becomes:

0 0
1 1
E[X]:/ xder/ ;"
oo 1422 o w1422
1 du /°° 1 du
= 774— —_—
0 2T U 1 2mu

1 1 1 oo
— (1 2‘ ~ (1 2‘
5 n( +a:)oo+27r n( —i—x)l

= —00 + 09,

which is not well defined.

0 1 332
B = [

9 00 2
—/ T dz
m™Jo 1"_:[72

2
_Z . t o0
- [z — arctan(x)]g

= = lim [z — arctan(z)]

T x—00

2 . 2 7
=—lmzx——-—

T T—00 T 2
= 00

Problem 20.
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(a) The expectation value is:

o2

_ ~27T |: 2 /OoneLEQ/QUQd :|
20 2o Jo

V2m o,

—0

20

where I have use the fact that the term in the brackets is the same integral one must compute
to find the variance of a 0,02 normal distribution.

(b) The integral we must calculate is

x :1;/ z/2
Fx(z) = —e 22 dr’,
0o O

which can be computed by a simple substitution, u = 2’ 2 /(20?), so that:

22

207 L
Fx(z) = e du=1—e 242,
0

(c¢) The range of both X and Y is [0, 00). Therefore, for all y € [0, c0):
2 2
S (YL
ww = (5) g, (3

which is Rayleigh(o).

Problem 21.

(a) The CDF is given by:

for x > x,, and 0 otherwise.
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P(X > 3z, X > 21,
P(X > 2zp,)
_ P(X > 3x,)
P(X > 2zp,)
1 - P(X < 3am)
1—P(X <2z)
11— Fx(3zy,)
11— Fx(2zm)

()]
[ ()
-()

[e.9]
E[X] = ax%/ ™ rd
Tm

P(X > 3z,|X > 2xp) =

(¢) The expectation value is:

a

_ oz [2]
l—a L%y,
ALy,

a—1’

where the lim, . (7/2%) term evaluates to 0 since o > 2. The expectation value of X? is:

e.9]
E[X?] = ax%/ ' xdr
Tm

2
ox;,

a—2’

where the limx_,oo(:c2 /x%) term evaluates to 0 since o > 2. Thus, the variance is

Var[X] = E[X?] — E[X]?

2 2
_axy, [ axy
Ca—2 <a—1)

Problem 22.

(a)




69

(b) I first find the PDF for the log-normal distribution:

for all z € (0,00). The expectation value of X is thus

E[X] = 217r0 /Oooexp [_; <ln$0— u)T

which can be simplified with the following substitution:

u=lnx — pu,

1
du = ~dx = e~ (") gy,
T
so that:
1 > 1 u?
E[X] = / exp oL exp (u + p)du
210 J— o 2 o2

o2\ 1 > 1 .
= _ ) — - _ d
exp(u—l— 2) 27m/_ooexp[ 202(u 0)] u

e +U2
=ex — .
pl\u 9

To go from the first equality to the second, I used the “completing the squares” trick to make
the exponent in the form of a Gaussian for easy integration. In going from the second equality

to the third, I used the fact that 1/(v/270) times the integral evaluates to 1 since this is just

a 02, 0 Gaussian.

The expectation value of X? is

1 [ 1 (Inz—p\?
E[X?] = / T exp _<n:1: H) )
2mo Jo 2 o
and we can make the same substitutions, resulting in

I 1w
E[X?] = / exp (— u) exp (2u + 2p)du

210 J oo 2 o2

= ex (2 +202) ! /00 ex [—1
p (2 oo . p 952

= exp (Q,u + 202),

(u — 202)2} du
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where, again, I used the completing the squares trick, and where the 1/(v/270) times the
integral evaluates to 1 since this is just a 202, o> Gaussian.

Therefore:

Var[X] = E[X?] — E[X]?
=exp (2u + 0?) (exp o? — 1).

Problem 23. The expectation value is:

E[Y]=E[X1+ Xo+ ...+ Xp] = nE[X] = g

since the expectation value for an Exp(\) distribution is 1/A.
Since X1, Xs,..., X, and iid, the variance is linear, and thus:

VarlY]|=Var[X; + Xo+ ...+ X,,)] = nVar[Xy] = %7

since the variance for an Exp(\) distribution is 1/A2.
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Problem 1.

(a)

11
PX<2Y>1)=0+— = —

12 12
(b)
%—i—% forx =1 % forx =1
Px(z)=¢¢+0 forz=2 =43 fora=2
%—F% forx =14 1% for x =4
Lyl b fory= L ofory=1
Py(y): {31 6 112 ; _ {152 ; _,
3 +0+35 fory= 15 fory=
()
PY=2X=1 4+ 1
PY=2X=1)= ’ :1572:7
P(X =1) 5 5
PW:%X:D:7¢HYZQZ%

= not independent

Problem 2.

(a) The ranges of X, Y and Z are: Rx = {1,2,4}, Ry = {1,2} and Rx = {-3,—-2,—1,0,2}.
The mapping g(z,y) = © — 2y (where g : Rx X Ry — Ryz) is explicitly given by:

(1,1) - —1
(1,2) - -3
(2,1) = 0
(2,2) » —2
(4,1) - 2
(4,2) —» 0.

Thus we have the following:
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(P(X —2Y = —-3) forz= -3

(
P(X -2Y =-2) forz=-2
Pz(z) =4 P(X —2Y =—1) forz= -1
P(X —2Y =0) for z=10
(P(X —2Y =2) forz=2
Pxy(1,2) for z = -3
Pxy(2,2) for z = =2
=4 Pxy(1,1) for z = —1
Pxy(2,1)+ Pxy(4,2) forz=0
Pxy(4,1) for z =2
1—12 for z = -3
0 forz=-2
= % for z = -1
% for z=10
1

—
no
S
=
I
|
no

which, as a sanity check, add up to 1.
(b)

P(X =2|Z=0)=P(X =2|X —2Y =0)
= P(X =2|X =2Y)
P(X =2,X =2Y)
P(X =2Y)
P(X=2Y =1)
P(X=2Y=1)+P(X =4,Y =2)

W =

Problem 3. Let A be the event that the first coin we pick is the fair coin. We can find the joint
PMF by conditioning on this event, and realizing that once conditioned, X and Y are independent
(i.e., X and Y are conditionally independent given A):

Pxy(z,y) = P(X =z,Y = y[A)P(A) + P(X = 2,Y = y|A°) P(A%)

= Py 2(z)Pyy3(y) <;) + Pys(2) P12 (y) <;> ’

where P,(z) is the PMF associated with a Bern(p) trial. This PMF can be written conveniently
as Py(z) = p*(1 — p)' 77, so that the joint PMF is

= () G G ™G 6 6

This can also be written in tabular form as:
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Y=0Y=1

1 1

X=01 3 1
— 1 1
X=11 3 3

To check if X and Y are independent I first check (x,y) = (0,0). Adding the table horizontally
and vertically, the marginalized PMFs at these values are Px(0) = 5/12 and Py (0) = 5/12, and
thus Px(0)Py(0) = 25/144 # 1/6, so X and Y are not independent.

Problem 4.

(a) I first find the marginalized PMFs:

Pe() =Y o

1 = 71\
55 ()]
1=0
1
= 2—](:7
and by symmetry
1
We then have that:
1
Pxy (k1) = ok
1
~ okl
11
=05 i

= Px(k)Py(l) V (k,l) € NxN,
and thus X and Y are independent.

(b) We can easily enumerate all pairs of (z,y) that satisfy this inequality:

P(X? +Y? <10) = Pxy(1,1) + Pxy(1,2) + Pxy(1,3) + Pxy(2,1) + Pxy(2,2) + Pxy(3,1)

1 1 1 1 1 1

Tty st s T 2 T,

_n
.

Problem 5.
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%ﬂsﬁﬁ % forx=1
PXIY($|1): %Jré?% forx =2 = % for x = 2
—P2+ forz=4 7 forz=4
stetiz
) 4 2 1 12
EXlY=11=(1)-=4+(12)-=4+4)- ===
(X =) 2+@2)-+(@) 2=~

(c)
12\? 4 12\? 2 12\? 1 52
XY:l: 1—7 . —_ 2—7 . —_— 4_7 ¢ _— T —
VarlX[Y =1] ( 7) 7+< 7) 7+< 7) 7749

Problem 6. We know that X ~ Pois(10) and since each customer is female independent of the
other customers, if the total number of customers in an hour is n, then the total number of female
customers in an hour is the sum of n independent Bernoulli random variables. In other words,
Y|X =n ~ Bin(n,3/4). Therefore, the joint PMF is:

P X=nY=y)=PY =yl X=n)P(X =n)

OO

Problem 7. We know that for a Geom(p) distribution the mean is 1/p and the variance is (1 —
p)/p?, so we should expect these answers. We can find the mean by conditioning on the first “toss”:

E[X] = E[X|H]p(H) + E[X|H ]p(H°)
=1-p+ 1+ EX])A -p),
where E[X|H] = 1 since if we know the first toss is a heads, the experiment is done so that the
mean is 1, and E[X|H¢] = (14 E[X]) since if the first toss is a tails, then we’ve wasted 1 toss, and
since the geometric distribution is memoryless, it starts over at the next toss. Solving this equation

for E[X] we find that E[X] = 1/p, which is what we expected.
We can solve for F[X?] in a similar manner:

E[X? = BIX*|H]p(H) + E[X*|H]p(H°)
=1-p+E[1+X)%(1-p)
=p+ BIX*|(1 - p) +2B[X](1 - p) + (1 - p),
where E[X?|H] = 1 for the same reason as above, and E[X?%|H¢] = E[(1 + X)?] since, as above,
we’ve wasted 1 toss on the first toss, and then the experiment starts over on the second. Solving this

equation, I find E[X?] = (2 — p)/p?. The variance is thus: Var[X] = E[X?] — E[X]? = (1 —p)/p?,
which is what we expected.

Problem 8. If X|Y £ Geom(p), the we can easily find the joint PMF and use LOTUS to solve
for the expectation. The joint PMF is:

Pxy(z,y) = Px(z)Py(y) = p(1 —p)gc_lp(l — p)y_1 forx,y =1,2,..., (5.1)

where I have multiplied the marginal PMF's since X and Y are independent. Using LOTUS:
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where going from the second to third line we realize that due to the symmetry, both of the sums
are the same. In the last line the first sum is just the mean of a Geom(p) distribution (1/p). We
can simplify the second sum by utilizing the following Taylor expansion:

Thus, we arrive at:

Problem 9. To better understand what is in the set C, note that C is the set of (z,y) €
7 x Z, such that y < 2 — 22 for y > 0 and y > z2 — 2 for y < 0. To visualize C, I plot
the set Z x Z as grey points in Fig. 5.1 as well as the lines y = 2 — 22 and y = 22 — 2. The
shaded grey region (and the lines themselves) represents the region satisfying the 2 conditions,
and thus any grey point in this region (or on the lines) is in C. Therefore, more explicitly,
C= {(O’O)a (17 0)7 (07 1)’ (L 1)7 (07 2)7 (O> _1)’ (L _l)a (07 _2)7 (_170)a (_L 1)7 (_17 _1)}'
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(a) The joint PMF is:
1
= for (z,y) e C
Pxy(z,y) =3 1 ’
xv (@) {0 otherwise.
By looking at Fig. 5.1 and adding vertically and horizontally, we can easily determine that
the marginal PMF's are:

% for x = —1
Px(z) =< & forz=0

% forx =1

and

(ﬁ fory = -2

% for y = —1
Py(y) = % fory =10

% fory=1

ﬁ for y = 2.

(b) Since there are 3 points at Y = 1, and each point is equally as likely, the total probability mass
at Y =1 is 3/11, while the total probability mass at (—1,1),(0,1), (1,1) is 1/11 respectively.

Therefore:
% forz = —1
Pxy(z[1) = % forz =0
% for z = 1.

(¢) X and Y are not independent since, for example, at X = —1: P(X = —-1]Y =1) =1/3 #
P(X =—1) = 3/11.

(d) Using LOTUS, we have

BEXY? = > 2y Pxy(x,y) 11 Z ay? [ 12+ 1-(-1)?=1-1—1-(-1)*] =0,
(z,y)eC (z,y)eC

where only 4 points contribute to the sum (since the rest have zeros).

Problem 10.

) 1 1 1

EX[Y =1]= > aPyy()=(-1) 3+(0) 3+(1) 3=0
TER x|y =1

b

v 2 1 1 1 2
Varl XY =1] = Z JIPle($|1):(1)~§+(O).§+(1).§:§

z€ERx|y =1

(c) One can easily see that the PMF, Px|y|<i() is exactly the same as the PMF for Pxy (z[1),
and therefore the expectation and variance will be the same, thus E[X||Y| < 1] =0.

(d) For the same reason as part c of this problem F[X?||Y| < 1] = 2/3.
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Problem 11. If there are n cars in the shop, then X = X;+Xo+...+X,,, where X is a Bern(3/4)
random variable (as specified in the problem), and where X1, Xs,..., X,, are all independent (as
specified in the problem). Thus we have that X|N = n ~ Bin(n,3/4) and for the same reason,
Y|N =n ~ Bin(n,1/4).

(a)

Noting that Rx = Ry = {0,1,2,3}, we can use the law of total probability to find both of
the marginal PMF's, which are:

Px(z) = ES:P(X = z|N = n)Pn(n)
-2 (@) (1) o
Py(y) = nzg:oP(Y =y|N =n)Py(n)

2GRN

I compute both of these PMFs numerically to find:

and

(0.180 for z =0
0.258 forz =1
Px(z) ~ ¢0.352 for z =2
0.211 forz =3

0 otherwise,

and
0.570 fory =0

0.336 fory=1
Py (y) =~ € 0.086 for y =2
0.008 fory=3

0 otherwise,

which, as a sanity, both add up to approximately 1. We see that since a 4 door car is
more likely than a 2 door car, the marginalized PMF for the 4 door cars skews towards high
numbers, while the marginalized PMF for the 2 door cars skews towards lower numbers.

We can find the joint PMF for X and Y by conditioning on N and using the law of total
probability:
3
Pxy(z,y) =Y P(X =x,Y =y|N =n)Px(n),
n=0

where we can get rid of the sum because the probability is 0 if z 4+ y # n:
Pxy(z,y) = P(X =2,Y =y|N =z +y)Py(z +y)
=PX =2y =y, N=a+y)P(Y =y[N =z +y)Py(z+y)
=P(Y =y|N =z +y)Pn(z +y)

() () e
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where in the second line I have used the chain rule of probability, in the third I have used the
fact that given Y =y and N = z 4 y, we are sure that X = z, and in the fourth line I have
used the fact that Y|N =z +y ~ Bin(z+y,1/4). I compute the joint PMF numerically and
present the results in the following table:

X =01 0.125 | 0.031 | 0.016 | 0.008

Pxy(z,y) = | x =1 0.094 | 0.094 | 0.070 0

X =21 0141 | 0.211 0 0

X =31 0.211 0 0 0

As a check, I made sure that the above PMF sums to approximately 1.

(¢c) X and Y are not independent since Pxy (x,y) # Px(z)Py(y) Vz,y. For example Pxy (0,0) =
0.125, while Px (0)Py(0) ~ 0.180 - 0.570 = 0.103.

Problem 12. I first note that Rx = Ry = {1,2,3,4,5} and Ry = {—4,-3,...,3,4}. I can find
Pz(z) by conditioning on either X or Y and by using independence:

¥
X
I
o)
N
I

)
Y=X-2)

I
Z'i

5
_ Zp(y =X —2|X = 2)Px(x)

5
1
:gZP(Y:x—zLX:x)

1
=—-» PY=2-2)
)
=1
135
=35 1{x — 2z € Ry},
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where in going from the fourth to fifth line I used independence. Thus we have:

% for z = —4
% for z = -3
% for z = -2
% for z = —1
Py(z) = % for 2 =0
% for z=1
% for z =2
% for =3
% for z = 4.

Problem 13.

(a)

T4+l fory= £ fory =
Py(y)=q5+g fory=1 =735 fory=
T+ fory= 3 fory=
(v 1
o forz= i forx=0
Pyy(2[0) = °1° =05 e
1_?_1 forx =1 7 Iorx =
6 '8
g
6 =0 1
T, 1T orx 5 forxz=0
Pyy(z[1) = q 16 =91
S forx= 5 forz=1
6176
SR
8 = 1
I, lore = forx=0
Pxy(z[2) = § ®1° =<3
A forx = 5 forz=1
st1

(c) We know that

E[X|Y =0] with probability Py (0)
Z = < F[X|Y =1] with probability Py (1)
E[X|Y =2] with probability Py (2),

or in other words:
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We already know the marginal PMF of Y, and thus what is left to calculate is E[X|Y = y]
for all y € Ry

EX[Y =0]= Y  aPyxy(z/0)

rERx

o))

3
77

EX[Y =1]= Y  aPyy(z/1)

TERX

2
=3
Finally, we have that:
2—74 for z = %
Pyz(z2) = % for z = %
% for z = %

(d) For this problem we are checking that the law of iterated expectations holds. That is, we
need to check explicitly that F[X] = E[E[X]|Y]], where the outer expectation on the RHS is
over Y. Computing the LHS I have:

E[X] = mg%:x aPx(z) =0 <;i> +1 (;i) = g.

Computing the RHS I have:

ElZ] = Ey[E[X]Y]]

= Y EX]Y =y|Pr(y)
yERy

BIERCIBROE

The LHS and RHS agree, and thus the law of iterated expectations holds.
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DIVAIRS ; #Py(2)
() () () () () )
5
— 17 (13\° 41
Var[Z) = E[Z% - E|Z)* = w5 <24> = 0%
Problem 14.

(a) As with the previous problem, we know that

Var(X|Y =0
Var(X|Y = 1]
Var[X]Y = 2]

with probability Py (0)
with probability Py-(1)
with probability Py (2),

V=

or in other words:

for v =VarX|Y = 0]
for v =Var X|Y =1]
for v =VarX|Y = 2].

Thus, we must compute Var[X|Y = y] = E[X?|Y = y] + E[X|Y = y]? for all y € Ry.
E[X|Y = y] was already computed in the previous problem, and, since to compute F[X?|Y =
y], both terms in the summation are the same as the two terms in the summation to compute
E[X|Y = y] (since 02 = 0 and 12 = 1), we have that E[X?|Y = y] = E[X|Y = y| (this can
be seen more clearly if one explicitly writes out the summation for E[X?|Y = y]). Thus we

have that:

7

Var(X|Y =1] = E[X*|Y =1] - E[X|Y =1* = % - <1>2
and

Var[X|Y = 2] = E[X?]Y = 2] - E[X|Y = 2> = % _ <2>2

The PMF for V is thus

7 _ 12
o f01rv—49
Py(v)=<S1 forv=1%
3 — 2
3 forv—g.

12
49’
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(c) In this problem we are checking that the law of total variance, Var[X] = Ey[Var[X|Y]] +
Vary[E[X|Y]], holds (where the subscript Y on the expectation and variance denotes with
respect to the random variable Y.) Computing the LHS:

Var[X] = E[X?] — E[X]?

= Z 22 Px(x) — Z xPx(x)

TERX rERX
11 13 11 1372
2 2
—02. 2 412. 2 _Jg.- =2 41.-=
R YRRy {0 91 T 24}
143
- 576

Computing the RHS:

Ey[Var X|Y]] + Vary[E[X|Y]] = E[V] + Var|Z]

5 N 41
21 4032
143
- 576’

which is in agreement with the LHS of the equation. Note that E[V] and Var[Z] were
computed in this problem and the previous problem.

Problem 15. The law of total expectation gives:

E[Y] =) E[Y|N =n]Py(n)

n=0

00 N
=Y E|) XiN =n| Py(n)
n=0 =1
(o] n
=> E|>_ Xi| Py(n)
n=0 i=1

n=0 i=1
o0 n _6 n
e
=YY xS
n

n=0 i=1
- 2\ ]

n=0 i=1 A n
B e B np"
- —,

A = n!

where in going from the second to the third line I have used the fact that X; and N are independent
(for all 7), in going from the third to the fourth line I have used the linearity of expectation,
and in going from the fifth to sixth line I have used the fact that for an Exp(\) distribution,
E[X] = 1/X . This summation can be computed by considering the Taylor expansion of the
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exponential, exp(z) = Y 2 (2™)/n!l. Taking the derivative of both sides of this formula with
respect to x, we find that the desired sum is:

and hence

The calculation for Var[Y] is similar. For this calculation, we will need S50 ,(n?z™)/n!, which
can be found with the same differentiation strategy. I differentiate the equation for the previous
summation with respect to x once more and solve for the desired summation to find

2

> n2am
g = ze® + 2%e”,
n!

n=0

where I have used the chain rule in differentiating.
To find Var[Y] I now solve for E[Y2], which is only moderating more complicated than solving
for E[Y]. The law of total expectation gives:

E[Y?| =Y E[Y?IN = n]Py(n)

n;O ) . )
oy (ZXZ> N =] Py
n=0 =1
[e'e} [ n 2
:ZE <ZXZ> Py (n)
n=0 i=1
=Y E|> X7+ ) X;Xi| Pyn(n)
n=0 |i=1 3, kjAk
=3 {ZE[XEH— > E[X;X}] p Px(n)
n=0 | i=1 Jk:g#k
=S {ZE[X,?] + 3 EIXJE[X] p Py(n)
n=0 | i=1 J.k:j#k
Z{Z)\?+ Z 2 Pn(n)
n=0 | i=1 Jik:jF#k
= [2n n?-n 6_6ﬂn
=SB
S s Y
A2 — nl A2 = n!

where in going from the second to third line I have used the fact that X; and IV are independent
(for all 7), in going from the third to fourth line I have broken the square of the summation into the
summation of the squares plus the summation of the cross-terms. The notation >, ., denotes
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a sum over all possible tuples of (7, k), where j,k = 1,2,...,n, except the tuples where j = k. In
going from the fourth to fifth line I have used the linearity of expectation, in going from the fifth
to sixth line I have used the independence of all X;s, and in going from the sixth to seventh line I
have used the fact that for an Exp()\) distribution, E[X?] = 2/A? (as calculated in the book). The
first summation summation has already been solved for, and to solve the second summation, I use
the formula for > °° n°z" a5 derived above. Thus I have that

n=0 n!

Finally we have that:

VarlY] = E[Y?] — E[Y)?

_B+28 p?
Y
28
Problem 16.
(a)
1
Z/ / Ixy (x,y)drdy
0
1
:/0/ da:dy—l—c// 1+ d:z:d,y
1 00
:// xdmdy—i—c// =5 dudy
o Jo
_1l.¢
2 2
=

1/2 rlrq . y iy
= e+
/0 /0 2 T2
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Problem 17.

(a)

Problem 18.

CHAPTER 5. JOINT DISTRIBUTIONS

1 1
PO<X<1) = / Ixy (z,y)dzdy
o Jo

1 1 1 y
= —e ¥4 dzd
0 /0 [26 (1422 Y

1 _ 1
= 5(1—6 1)"‘1
~ 0.57
Ix(x) = Ixy (z,y)dy

% forl<z<e
Jx(@) = { otherwise
fy(y) = Ixy(z,y)dx




fx(x) = fkﬂ$yﬂy
/<w+ y)dy
121
3" T3

1.2 1
sre4+ 5z for—-1<x<1
0 otherwise

fy(y) = i fxy(z,y)dx

1
15 1

= n -y )d

/—1 (4:6 +6y> v

fy+t for0<y<2
0 otherwise

1 1 1 1
P(X>O,Y<1):// < e y)dmy
0o Jo \4 6
L
6

(¢) Using inclusion-exclusion:

P(X>0UY <1)=

PX>0+PY<1)—P(X>0Y <1

[ G s [ (et e

11
2 3 6
2

3

P(X >0,Y <1)
P(Y <1)

P(X>0lY <1)=

N | = O.J\»—I‘cmH

87
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Figure 5.2: The region of integration for Problem 18 (e) (shaded region).

(e) We must be slightly care in choosing the bounds of integration for this problem. The upper
bound of the y integral is the upper bound of Ry, and the lower bound of the y integral is
max{0, —z}, and not simply —z. This is because for x > 0, —x < 0, but the lower bound of
the range of Y is 0. An illustration of the domain of the double integral is shown in Fig. 6.1.
The probability we seek is thus:

P(X+Y >0)=PY > —X)

/ / < z? + y) dydx
max{0, :v}

2
= Ty + —y } dz
/1 |:4 12 max{0,—z}

1 [t 1

:4/1 (2 — max{0, —x})dm—i—ﬁ (4 max{0, —z}?) dz
—1/0 22+ )d+1/22d+/ )d+1 14d
—4 _1.1' xIr)axr 4 . Tr axr X i 12 X
_ 131

144

Problem 19.
(a)
fXY(x7y) - 830(93/
= e "2
—

e %2e % for x,y >0
fXY(x7 y) = .
0 otherwise
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1 oo px/2
I’<}’>>)(> —g/] j/ e % 2e ¥ dydx
2 0 0

o0
= / (e e ) dx
0
1
2
(¢c) X andY are independent because the joint PDF can be factored into the product of 2 marginal

PDFs. Specifically, the joint PDF can be factored into fx(z)fy(y) where X ~ Exp(1) and
where where Y ~ Exp(2).

Problem 20.

(a) To calculate the PDF, we simply need to condition on X > 0, and since a N (0, 1) distribution
is symmetric about zero, we know that P(X > 0) =1/2:

_ Ix(@)
fX\X>o(l‘) = P(X > 0)
z2
_ \/%6_7 forx >0
0 otherwise.

To find the conditional CDF, we need only to integrate the Gaussian:

| 2’2
F T)=2 e 2 da'
X|X>0( ) /O \/%
1
=2|® — =
o)~ 3
so that
20(z) —1 forx >0
Fxix>o(7) = (@) .
0 otherwise.

BIXIX > 0] = [ afxxsale)ds

2 > 2
= — re 2 dx
\/27r/o
1 R
= — e 2du
\/271'/0
2
V2T

(c) We can compute E[X2|X > 0] by noting that if Y ~ A(0, 1), then:

1= E[Y?]

2 e y2
= 277/ y’e” 7 dy,
V2 Jo
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where I have used the fact that y? times exp (—y?/2) is an even function, so I need only
integrate from 0 to infinity and multiply by 2. Thus we have that

BN > 0= [T o fyo(e)ds

2 © y a2
= — e 2 dx
\/271'/0

Finally, we have that:
Var[X|X > 0] = E[X?|X > 0] — (E[X|X > 0])?
9 \2
O
(%)
T™—2
—

Problem 21.
(a) I first find the marginal PDF of Y:

2
=—(1
so that we have
fXY(xay)
Ixy(zly) =
=)
_ gy
21 +y)

and therefore: )
32y for —1 <2 <1

Ixy (zly) = { 20+y)

0 otherwise.

1
P(X >0V =y) = /0 Ixy (z|y)da

1 1
2(1+y)/0 (32° +y) dz

1
=5
Notice that the probability, P(X > 0Y = y), does not depend on y.

(c) We have already found the marginal PDF of Y, and now I find the marginal PDF of X:

e = [ (a4 0)

1
2

=224 .

T T%

We thus see that fx(z)fy(y) = 222/3 +y/9 + 2y2?/3 +1/9 # fxvy(z,y), and so X and Y
are not independent.
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Problem 22. I start by first finding the marginal PDF of X:

1
e = [ (5e2+30) o

1o, 1
= —X —
2 3’
which is valid for —1 < z < 1, otherwise fx(z) = 0.
I now find the PDF of Y conditioned on X = 0:
f Y(Ouy)

fY\X(y‘(]) = T(O)
Y

wiN

[\
< w\H‘

valid for 0 < y < 1. I may now calculate E[Y|X = 0],

mnx=m=/ ufy x (4]0)dy

Ry |x—o

1
= / 2y dy
0

)

Wl N

and E[Y?|X = 0],

E[Y?X =0] = y? fyix (y|0)dy
Y| X=0
1

2y°dy

5

Il
Nl S —

Therefore, the variance is: Var[Y|X = 0] = E[Y?|X = 0] — (E[Y|X =0])? = 1/2 — (2/3)* = 1/18.
Problem 23.

(a) The set E is a diamond shaped region in R?, upper-bounded by 1 — |z| and lower-bounded by
|z| — 1, as shown in Fig. 5.3. The area of the region is thus 4 times the area of a triangle with

a base length of 1 and height length of 1: 4-(1/2) - (1) - (1) = 2. Since the total probability
must integrate to unity, we thus have ¢ = 1/2.

(b) The marginal PDF of X is given by

1—|z|
B@F=A Lay

:1—|l'|,

so, that

1—|z| for —-1<z<1
fx(e) =4 |
0 otherwise.
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1.5

1.01

0.5 1

> 0.0

—0.51

—1.04

—-1.5 . . . . .
—-1.5 -1.0 =05 0.0 0.5 1.0 1.5
i

Figure 5.3: A visual representation of the set E for Problem 23.

By symmetry, we also know that

1=yl for -1<y <1
Jrly) = {0 otherwise.

(c) The conditional PDF is given by
f
fxy (zly) =

1
_ ) amwn for z,y € £
0 otherwise.

(d) X and Y are not independent, as it is clear that fxy(z[y) # fx ().

Problem 24. The marginal PDFs for X and Y are given by

L foro<z <2
r) =<2 T
Ix(@) {0 otherwise,
and
1
5 for0<y<2
_J2 =¥ >
fr () {O otherwise.

I solve for the desired probability by conditioning on Y and using the fact that X and Y are
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independent:
2
P(XY <1)= / PXY <1)Y =y)fy(y)dy
0
2
= | Pery <y

-/ 2 (X < ;) fy(v)dy

P
2 rmin{2,1/y}
- / / Fx (@) fy () dady

H
w‘s
b

1
O Bl =
~/
o\
>
~
[\v]
)
e
N
+ <
»—\
~ )
&)
< |
QL
N
~

o
o

%

Problem 25. The easiest way to solve this problem will be to use the law of iterated expectations
and the law of total variance. The following information will be useful: for X ~ Fxp(1), E[X]| =1,
Var[X] =1 and E[X?] =2, and for Y|X ~ Unif(0,X), E[Y|X] = X/2 and Var[Y|X] = X?2/12.

(a) T use the law of iterated expectations, where the subscript on the first expectation denotes
an expectation over X:

E[Y] = Ex[E[Y|X]]

X
- x 3]
_1
L

(b) T use the law of total variance, where the subscripts denote expectation and variance over X:
VarlY] = Ex[Var[Y|X]] + Varx [E[Y|X]]

X? X
=FEx [12] +Varx [2]
5

E.
Problem 26. For X ~ Unif(0,1) we have: E[X]=1/2 and E[X?] = 1/3.

(a) Since X and Y are independent, the expectation of the product is the product of the expec-
tations:

E[XY] = E[X]E[Y]

-
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(b) Since X and Y are independent E[g(X)h(Y)] = E[g(X)]|E[h(Y)]:

=e—1,
and plugging into the previous equation I find that

E [6X+Y] =(e—1)>2%

1

E[X?+Y?+ XY]| = E[X?| + E[Y?] + E[XY]
1
4

+1+
3 3
o
12

(d) We can compute this expectation with a 2D LOTUS over the joint distribution of X and Y.
Since X and Y are independent, fxy(z,y) = fx(z)fy(y) =1 for z,y € [0,1]:

1 1
ElYeXY] = / / ye*dxdy
o Jo

1

- [a-enay
0

=e—2

Problem 27. I first note that Ry = Ry = [0, 1] and that Rz = [0, 00). I solve for the CDF of Z
by conditioning on X and using the fact that X and Y are independent:

Fz(2)=P(Z < z)

(3]
-r(r2)

:/ZP(YZ?X:x)fX(@dx
:/OIP(YZZ|X:x)d:L'
:/OIP(Yz‘Z)dx,

where in the last line I have used the fact that X and Y are independent. To solve for P(Y > X/z)
by integrating Fy (y) over y, some care must be taken in the limits of integration. Since x € [0, 1]
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Figure 5.4: a) The x — y plane where the shaded region denotes the region of non-zero probability
for the PDF at hand. b) A plot of the CDF of Z.

and z € [0, 00), this implies that x/z € [0, 00). However, we know that fy(y) = 0 for y > 1 and thus
the lower bound of integration is not simply z/z, but is min{1, z/z}. This can be seen pictorially in
Fig. 5.4 a) (from a point of view of integrating over the joint PDF to solve the problem, rather than
the conditional PDF), which is the 2 — y plane, where the grey region corresponds to the region of
non-zero joint probability density. For any given z, P(Y > X/z) represents the total probability
mass above the the line defined by x/z. For example, I have, I have drawn 3 different lines in 5.4
a) corresponding to z = 1/2 (highest line), z = 1 (middle line) and z = 2 (lowest line). For each
of these z values, P(Y > X/z) is the fraction of the grey box above that line. We see that when
z increases from 0 to 1 (corresponding to the vertical line along the y-axis and the line y = z),
the total probability mass above the line increases smoothly. However, due to the edge of the box,
there is a kink in the total probability mass above the line when transitioning from z < 1 to z > 1,
which is the same reason we will get a kink in the function Fz(z) due to min{1,z/z}.

Continuing with the calculation:

1 (/Ol]l{x>z}d:v+/oljﬂ{x<z}dx>,

where I have picked out the proper value of the min function by utilizing an indicator function
(which is much nicer to use in an integral since it “kills” the integral whenever the logical condition
evaluates to false).
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Thus, for z > 1 we have that:

1
Fz(z) = —/0 gd:c

while for z € [0, 1] we have that:

Fr(z)=1- (/Ozjda:+/:da:>

In summary we have:

% for0<2z<1
Fz(z)=q1— 4 forz>1
0

otherwise,

which T plot in Fig. 5.4 b). Notice that even though this is a piecewise function, it appears very
smooth because, at the transition (z = 1), both the actual function and the first derivative match
between the two piecewise regions.

To find the PDF we need only to differentiate:

dFz(z
fz(2) = 52( )
% for0<2z<1
= ﬁ for z >1
0 otherwise.

Problem 28.

(a) To find fyx(x|u) I first solve for the conditional CDF then differentiate with respect to u:

Fyx(ulr) = P(U <u|X =)
=PX+Y <ulX =x)
=Plx+Y <u|lX =1x)
=PY <u-—x)

— d(u—2),

where in the fourth line I have used the fact that X and Y are independent. To find the
conditional PDF I now differentiate:
(9FU|X
ou

=& (u— 1)
1 w—a)?

= e 2 s

Vor

and thus we see that:

UlX =z ~N(z,1).



97

(b) If X ~ N(ug,02) and X ~ N(uy,0;) are independent, then, as shown in the book by the
method of convolution, X +Y ~ N (pg + piy, 02 + JZ), and thus:

U ~N(0,2).
(c) To find fx|r(z[u), I use Baye’s rule for PDFs:

P () = fUX(JZ]'Z)fX(w)

where I have used the “completing the square” trick in the exponential to make it more
Gaussian. We recognize this distribution as a normal, «/2, 1/2 distribution:

u 1
U =u A[<2’2>

(d) Since X|U = u~ N (%,1), we have:
EWWzM:%

and

1
Var(X|U = u] = 3

Problem 29. This problem can be solved using the method of transformations. Since X and Y
are independent, we have an axis-aligned 2D Gaussian for the joint distribution:

fxv(z,y) = fx(@)fy(y)

_ L @

2

I define the functions h; and hs as:

X =hi(R,0) = Rcos©O
Y = ha(R,0) = Rsin©,

so that, according to the method of transformations:
oh1  Ohi

0
8’7?2 8h2 °
or 0

fR@(T, 0) = fXY(hl(Tv 0)7 hQ(r79))

¥
DS D
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The Jacobian is easy to calculate:

cosf —rsind
sinf  rcosf
r(cos? 0 + sin? 0)

:’]"7

where I have used the Pythagorean trigonometric identity. Thus, we have that:

1 (rcos@)2 (rsin9)2
rd)=—e 2 e 2 7T
T 1
:—e_§T2’
27

where I have again used the Pythagorean trigonometric identity.
If R and © are independent, then we can factor fre(r,0) into fr(r)fe(6). To help determine
what these 2 functions are, I integrate the joint distribution:

1:/ fro(r,0)drdo
0 -

—/ / Le_%’"erdG
0 - 27
[

= re
0

Thus, we see that the function re_%’”Q, which only depends on r, is always positive (for » > 0) and
integrates to 1. This is the marginal distribution of R. The function 1/(27) is always positive and
integrates to 1 for § € [—m, 7], and this is thus the marginal distribution of ©. Therefore we see
that fre(r,f#) can be factored into fr(r)fe(f), and thus R and © are independent.

1
2" dr.

Problem 30. If X,Y "4 Unif(0,1), then:
1 for z,y €[0,1]

0 otherwise.

Fxy(x,y) = {

The Jacobian has already been calculated in the previous problem (J = ), so that

froe(r,0) = rFxy(rcosf,rsinf)
B {r for rcos@,rsinf € [0, 1]

0 otherwise,

where in Fig. 5.5, I have indicated where in the r — 6 plane fre(r,#) is non-zero.
We can further examine the constraints r cos,rsinf € [0,1] to gain more insight. Satisfying
these conditions is equivalent to simultaneously satisfying the following four conditions:

rcosf <1
rsinf <1
rcosf >0
rsinf > 0.
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\/E.
o1
0 T : :
0 /4 /2
0

Figure 5.5: The r — 6 plane for Problem 30. The grey region denotes the region in the plane where
fro(r, 8) is non-zero.

rsin@,rcosf

0 0/2

Figure 5.6: rsin@ (solid line) and r cosf (dashed line) for 0 < 6 < /2

Since r is always positive, the last 2 conditions yield cosf > 0 and sinf > 0, which only happens
in the first quadrant, i.e., 0 < § < 7/2. If we plot the first 2 conditions for 0 < 6 < 7/2, as in
Fig. 5.6, we see that when 0 < 0 < 7/4, rcosf <1 = rsinf < 1 and when 7/4 < 0 < 7/2,
rsinf <1 = rcosf <1.

Thus, we can re-write fro(r, ) with the constraints specified a little more explicitly:

T forOSGS%andr< 1

— cosf

fro(r,0) =< r for 7 <0< 5 and r < 1

— sinf

0 otherwise,

(where the inequalities did not flip when I divided by cos # and sin § because these are both positive
in the first quadrant). Note that these constraints imply that fre(r,#) > 0 in the unit square and
fro(r,8) = 0 outside of the unit square, as we would expect for X, Y ~ Unif(0,1) as shown in
Fig. 5.7. The figure shows the unit square in the 2z — y plane (where the probability is non-zero),
and it shows that for 6 less than 7/4, r is constrained by 0 < r < 1/ cos 6 (for values of r within the
unit square). One can similarly show in this figure that for 6 greater than 7/4, 0 < r < 1/sin#.
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)

Figure 5.7: The unit square in the = — y plane. In polar coordinates, to be within the unit square,
it can be seen geometrically that r is constrained by 0 < r < 1/cos# for 0 < 6 < w/4, and by
0<r<1/sinf for /4 <0 < 7/2.

We can check explicitly that this PDF integrates to 1:
us % ™ % 1 ™ 1 1 jus 1
4 cos 2 sin 4 2
drdf drdf = - ——df + = ——db
/0/0 rar +/7r/0 rar 2/0 cos2 6 +2ﬁr sin® 6
4 4
T 1 [cosf\?
2 \sind x
4
For this problem R and © are not independent, because there is no way to factor fre(r,6) into an

equation of just r times an equation of just 6, since the values of r over which the PDF is non-zero
explicitly depend on the values of 6.

1
= —tanf
5 tan |

=1.

Problem 31. The covariance can be computed straight from its definition:

Cov[X,Y] = E[XY] — E[X]E[Y]

El:f:oxypxy (z,y) (i) a:PX(;r)> f:oypy(y)

- = =

SR YN | Sa )
1

= o0

To calculate pxy, I first calculate the variances. For X we have
. 11 1) 11
= P = 1 . —_ — — e
Z_:m x() <8+6+6> 24’

1
1 1 1 11

2
= P :1- - - — —
St (5+3+3) ~ 24
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=
Var[X] = E[X?] — E[X)?
_ oy’
24 24
_ 3
576’

and for Y we have

=
VarlY] = E[Y?] — E[Y)?
— B — 12
12
_
12
Finally, the correlation is:
Cov[X,Y o
pxy = WXVl ;. gy, (5.2)
VVar[X]Var[Y] 143 7
576~ 12

Thus, there is a weak, positive correlation between X and Y.

Problem 32. We can use several of the items in Lemma 5.3 in the book to solve this problem:
Cov[Z,W] = Cov[ll — X + X?Y,3 - Y]
= Cov[-X + X?Y,-Y]
= Cov[X,Y] — Cov[X?Y,Y]
= —Cov[X?Y,Y]
= — (B[X?Y? - BE[X?Y]E[Y))
— — (BIX*E[Y?] - EX)EY])
=—(1-0)
=1,
where in the second line I have used item 5 of Lemma 5.3, in the third item 7, in the fourth item

2 in the sixth I have used the fact that X and Y are independent and in the seventh I have used
the fact that X, Y ~ N(0,1).

Problem 33. To solve this problem I use several of the items in Lemma 5.3 in the book. Since Z
and W are independent, we have that:

0= Covl|Z, W]
=Cov[2X - Y, X +Y]
=2Cov[X, X]+2Cov[X,Y] — Cov[Y, X] — Cov[Y,Y]
=2Var[X]+ Cov[X,Y]| — Var[Y]
=2-44+Cov[X,Y] -9
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Cov[X,Y] =1
The correlation is now straightforward to calculate:

Cov[X,Y] 1 1

P VarX[VarlY] V4.9 6

Problem 34. We know that X ~ Unif(1,3) (so that E[X]| = 2) and Y|X = z ~ Ezp(x) (so
that E[Y|X] = 1/x). Since Cov[X,Y]| = E[XY]| — E[X]E[Y], and since we know the distribution
of Y|X = x we can probably solve most of the expectations by conditioning on X and using the
law of iterated expectations. To solve for E[Y] I use the law of iterated expectations (where the
subscript X denotes an expectation over the random variable X):

EY] = Ex[E[Y|X]]

ot

1 /31
—/ —dx
21(13

1

To solve for E[XY] I also condition on X and “take out what is known”:
E[XY] = Ex|E[XY|X]]
— Ex[XE[Y|X]]

n ]

=1.
Thus, we have that the covariance is:
Cov[X,Y] = E[XY] - E[X|E[Y]
1
=1-2. 3 In3
=1-—1n3.
Problem 35. The covariance is:

CovlZ, W] =Cou[T+ X +Y,1+Y]
=Cov[X +Y,Y]
=Cov[X,Y]+ Var[Y]
—0+1
=1,

where I have used the fact that Cov[X,Y] = 0 since X and Y are independent. Calculating the
variances is easy as well:

Var(Z] =Var[T+ X + Y] =VarX]+ Var[Y] = 2,
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and
Var[W]=Var[l+Y]=VarlY] = 1.

Thus we have that the correlation is:
Cov|Z, W]

1
paw VVarZIVarlW] V2
Problem 36.
(a)
X +2Y ~ N(px +2uy, 0% + 403 +2-2poxay) = N(1,4)
— 3-1
P(X4+2Y <3)=0 <g> = ®(1) ~ 0.84.
(b)
Cov[X —Y, X +2Y] =Cov[X, X]| 4+ 2Cov[X,Y] — Cov[X,Y] — 2Cov[Y,Y]
= Ug( + poxoy — 2032/
=1
Problem 37.
(a)
X +2Y ~ N(pux + 2uy, 0% +40% +2 - 2poxoy) = N(3,8)
—

P(X +2Y >4)=1- P(X +2Y <4)

—1— <4_3>
V8
1
=1-0(——
(7v2)
~ 0.36.
(b) Since X and Y are uncorrelated, jointly normal random variables they are independent, and
thus:
E[X*Y? = E[X?|E[Y?]
= (Var[X]+ E[X)>)(Var[Y] + E[Y]?)
= (0% +1X) (0% + i)
= 10.
Problem 38.

(a) X and Y are jointly normal random variables, and thus by Theorem 5.4 in the book:

;U_
YIX =2~ N (i +por T (1 007 )

ox
3(x—2) 27
=N(1-22-2 20
(-
We therefore can immediately read off that
33-2) 1

E[Y|X =3]=1-

1
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(b) Using the same distribution:

2
VarlY|X =2| = Z7

(c) To solve for this problem, I define the random variables U = X +2Y and V =X +Y and I
solve for the distribution of U|V. Since X and Y are jointly normal random variables, so too
are U and V (since aU +bV = aX +2aY +bX +bY = (a+b)- X + (2a+b)-Y which we know
is normal for all a,b) and thus Theorem 5.4 in the book gives an equation for the distribution
of U|V. But first to use this formula, we will need to explicitly compute the distributions of
U and V. The distribution of U is

U~ N(ux +2uy,0% +40% +2 - 2poxoy)
= N(4,28),

and the distribution of V' is
V ~ N(ux + py, 0% + 0% 4+ 2poxoy)
=N(3,7).
I will also need to compute prry, so I here solve for Cov[U, V]:
Cov[U, V] =Cov[X +2Y, X +Y]

=Cov[X,X]+ Cov[X, Y]+ 2Cov]Y, X] + 2Cov]Y, Y]

= 03( +3poxoy + 2032/

= 13.
Thus, we have that:

B Cov[U, V] 13 13
- Var[UVar[V] V287 /196

which, as a sanity check is in between -1 and 1.

pUvV

Putting everything together into Theorem 5.4 in the book we have:

3
UV =3~N <MU + puvou U‘ﬁw’ (1- :0%]\/)0(2]>
132

— 4.(1-22).2

Vo0~ 15) )

27

= 4, — .

v(+7)

Finally, now that I have the distribution, I can compute the desired probability:

P(X 4+2Y <5|X+Y =3)=P(U <5V =3)

—4
N
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Problem 1.
(a)

fxy(z,y) :/fXYZ($7Z/>Z)dZ

. fol(:U—l—y)dz for0<z,y<1
R otherwise

_Jrty for0<z,y<1
o otherwise

fx(a) = / Fxv (@, y)dy

_{fol(x—i—y)dy for0<z<1

0 otherwise

B 33+% for0<z<1
0 otherwise

(c) First note that:

fz(2) Z/fXYZ(l‘,y,Z)dﬂfdy

_ fol fol(x +y)dedy for 0 <2 <1
0 otherwise

_{1 for0<2z<1

0 otherwise,

so that

Ixyiz(z,ylz) = W = fxyvz(z,y,2).

Ixviz(@,ylz) = fxvz(z,y,2) = fxv(z,y)

= X and Y are independent Z

Problem 2.
Since X, Y, Z are independent, fxyz(z,y[1) = fxy(z,y) = fx(x)fy(y), so that:

E[XY|Z =1] = E[XY] = E[X]E[Y] = 0,

and
E[X*Y?7%7Z = 1] = E[X?Y? = E[X?|E[Y?] = 1.
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Problem 3. To solve this problem, I first state a general result for a multivariate normal. Suppose

that
R ()
Xp el |¥Ba XBB|)’
where Xa, 14 € R™, Xp, g € R", $a4 € R™*™ Spp € RV™ S ,p € R™M and Spa —

25 - (Note that, here, I have written this vector equation out in the so-called “partitioned form”
for convenience.) Then, it is not difficult to show that!:

XalXp=xp~N(pa+3SapEg5(p — pB), Xaa — SapE5pEBA).

I now define the random variable, U = Y + Z, solve for the joint PDF of X, Y, U, then condition
on U using the formula above so that I may compute E[XY|Y + Z = 1]. Since U =Y + Z, and
Y and Z are 2 independent N (1,1) distributions, then U ~ A (2,2). Recall that for 3 marginally
normal distributions, the joint distribution is:

X1 E[Xl] Var[Xl] COU[Xl,XQ] COU[Xl,Xg]
XQ NN E[XQ] s COU[XQ,Xl] VQT'[XQ] CO'U[XQ,XS]
X3 E[Xg] COU[Xg,Xl] COU[Xg,XQ] Va’I“[Xg]

Thus, to solve for the joint distribution of X, Y, U, all that is left to do is to calculate the covariance
terms involving U, Cov[U, X| = Cov[Y + Z, X]| = 0 and Cov[U,Y] = Cov|Y + Z,Y]| = Var[Y], so
the the joint distribution is:

X 17 1 0 0
Yi~N[]1],]0 1 1
U 2] o 1 2

To solve for the distribution of X, Y |U = 1, it is not difficult to identify that, here, 3 44 = I (the
2 x 2 identity matrix), Xap = [0,1]7, Xpa = [0,1], and Xgp = 2, where I identify X 4 with
[X,Y]T and Xp with U. The mean of the conditional distribution is therefore given by

onn= ][]

and the covariance matrix of the conditional distribution is given by:

s Y[t

Finally, I have the conditional distribution I desire:

sow-sa((f §)

We would like to solve for E[XY|U = 1], which we can get easily from the covariance term of the
above distribution: E[XY|U =1] = Cov[X,Y|U =1|+ E[X|U =1|E[Y|U =1 =04+(1)-(1/2) =
1/2.

N[ =

Problem 4. Due to the symmetry of the problem, Y7, Y5,...Y,, are all identically distributed,
and thus:
EY]=EY1+Ya+...+ Y, = EMWY1]+ E[Y2] +... + E[Y,] = nE[Y1],

for example, see: Bishop, Christopher M. Pattern Recognition and Machine Learning. Springer, 2006.
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and

VarlY]=VarY1+ Yo+ ...+ Y] = Z VarlYi] + 2ZCov[Yi, Yj] = nVarYi] + 2nCou[Yi, Ya.
i=1

i<j

The reason there is a factor of n in front of the covariance term can be seen from the matrix below
(an n = 5 example). The summation over i < j means that we can only consider pairs of i, j
above the diagonal (shaded cells). Further, it is evident that Y;, Y} pairs that are 2 or more apart
are independent. For example, Y5 = X9X3, Y3 = X3X4, Y4 = X4 X5, so that Y5 and Y3 are not
independent because they share the X3 random variable, but Y5 and Y; are independent because
they share no random variables (and all the X;s are independent). Since independence = no
covariance, the only Y;,Y; pairs that contribute to the sum are the n — 1 terms right above the
diagonal (as indicated by the spades in the figure). We also cannot forget that the Y;,,Y7 pair is
not independent because they share the X; random variable (the spade in the upper right hand
corner). We thus see that there are n pairs that contribute to the sum.

Yi | Yo | Y3 | Y, | Y5
Y ® L)
Y2 )
Y3 [ )
Yy L)
Ys

It remains to compute E[Y1], Var[Yi] and Cov[Y7, Y2]. Since Y7 = X7 X5, and X7, Xg%iBern(p),
the range of Y7 is {0, 1}, with probability p? of obtaining 1 (X; = 1 and X5 = 1). In other words,
Y] ~ Bern(p?), so that E[Y1] = p? and Var[Y;] = p?(1 — p?). All that is left to do is to compute
the covariance:

COU[Yl, YQ] = E[Y1Y2] — E[Yl]E[YQ]

= E[X1X2X2X3) — E[X1X2]E[X2X;5]

= E[X1]E[X3]E[X3] — E[X1]E[X2]* E[X3]
=p-p-p—p-pp

=p’(1-p),

where in the second line I have used the fact that all the Xs are independent, and in the fourth
line I have used the fact that for a Bern(p) distribution, p(1 — p) = E[X?] — p?.
Thus, we have that:

E[Y] = np?

and

Var[Y] = np*(1 - p?) + 2np*(1 — p)
= np*(3p + 1)(1 - p).

Problem 5.



109

(a) To solve for the expectation, note that:
E[X] :E[X1 —|—X2+...+Xk]
= E[Xi]|+ E[Xo] + ... + E[X}]
1 1 1
=> jP(X1=4)+> jP(Xa=j)+...+ > _jP(X} =)
j=0 j=0 =0
=PX;=1)+P(Xo=1)+...4+ P(X=1),

where in the second line I have used the linearity of expectation. To solve this problem, we
therefore need to solve for P(X; =1) foralli=1,2,... k.

To solve for P(X; = 1), first suppose that we draw all b+ balls and create a specific sequence
of blues and reds. Note that all possible sequences are equally likely to occur. To see this, as
an example, suppose r = 3 and b = 2 and we draw the sequence RRBRB. The probability
that this occurs is
3 3-1 2 3—-2 2—-1 32!
342 3+2—1 3+2-2 34+2-3 3+2—-4 (3+2)

Suppose instead we had drawn the sequence BRRBR. The probability that this sequence
occurs is:

2 3 3—-1 2-1 3—-2 312!

342 3+2—1 3+2-2 34+2-3 3+2—-4 (3+2)

Notice that since the probability of all possible sequences with r = 3 and b = 2 is simply the
product of the same terms in the numerators and the same terms in the denominators, but
in a different order, the probability of any possible sequence is the same product. Thus, in
general, the probability of any specific sequence occurring is r!b!/(b+r)!. As a check that all
possible sequences are equally as likely and the probability of each sequence is r1b!/(b+1)!, if
we multiply this probability by the total number of distinct sequences the result should be 1.
Taking into account the indistinguishability of all red balls and all blue balls, the total number
of distinct sequences is (b+ r)!/(r!b!). Multiplying these values together indeed results in 1.

Now that we know that all outcomes are equally as likely and that there is a finite sample
space, we can use combinatorics to find the probabilities we are after. Let us concentrate on
the i'" draw and compute the probability that the i*” draw is blue. Since all sequences are
equally likely to occur, to compute this probability, we need only to divide the total number
of unique sequences with a blue ball in the i** spot by the total number of possible unique
sequences. Since all red balls are indistinguishable and all blue balls are indistinguishable,
as above, the total number of unique sequences is thus (b + r)!/(r!b!). The total number of
unique sequences with a blue ball in the i** spot is (b +r — 1)!/[r!(b—1)!], and therefore the
probability of obtaining a blue ball in the i** spot, P(X; = 1), is:

(b+r—1)! b
. o=t
P(X;=1)= bt T p
r!b!

The desired expectation value is therefore

EX]|=P(X;1=1)+P(Xy=1)+...+ P(Xz=1)

b b
_b+r+b+r+'”+b+r
k t;;les
kb
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(b) To solve for Var[X], I already have E[X], so I just need to solve for E[X?]:

E[X? = B[(X1 + X2+ ...+ X3)?)

k
=E|> X'+ ) XX,
=1

ey
k
=> EIX]+ > E[X.X)],
=1 1,J:17#£]

where in the third line I have used the linearity of expectation, and where the notation ) _, ey
refers to a summation over all i, pairs (i,j7=1, 2, ..., k) expect the pairs for which i = j
(which was accounted for in the first summation).

We have already pretty much solved for E[X?]:

7=0
=P(X;=1)
b
b+
so that the first summation is:
k
k
> EX]] = b
P b+r

The second summation is slightly more difficult. The strategy I take is to condition on one of
the random variables and to use the law of total expectation (since X;, X; € {0,1}, so that
one of the terms will go to zero):

E[X;X;] = E[X;X;|X; =0/P(X; =0) + E[X;X;|X; =1P(X; =1)
= BIXi|X; =1]P(X; =1)

1

= | IP(X; =11X; =1)| P(X; =1)
=0

= P(X; =1|X; = 1)P(X; = 1),

I thus need to solve for P(X; = 1|X; = 1), which I can do in a very similar combinatorial
fashion as I did for P(X; = 1). For this probability, the total sample space is all sequences
of size k with b blue balls and 7 red balls, with a blue ball in the j** spot. The size of the
sample space is thus (b + r — 1)!/[(b — 1)!r!]. The number of unique sequences with a blue
ball in the j** spot and a blue ball in the i spot is (b + 7 — 2)!/[r!(b — 2)!], so that

b+r—2)!
(r!—é_be))! b—1

(tr—1)! 1
G—D)ir! b+r—1

P(X;=1X;=1) =
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Finally, the second summation is

> EXXj]= Y P(X;=1X;=1)P(X; =1)
i,j:i#] 1,50
b—1 b

b —1b
PGt +r +r

(2 —k)(b—-1) b
b+r—1 b+r’

so that

kb . (k‘Q—k‘)(b—l) b
b+ b+r—1 b+r
B kbr + k2% — bk?

b+7r)b+r—1)

E[X?]

The variance is thus:

Var[X] = BE[X?] - E[X]?
kb + K2b? — bk? kb \°
T b+r)(b+r—1) (b—l—r)
kbr(b+ 7 — k)
S (bH+r)2b+r—1)

Problem 6. I start by writing out the definition of the MGF:

Mx (s) :E[GSX]
— Zp(l o p)k—lesk
k=1
P e ;
1., {kzo[(l —p)e’]F — 1} ;

where we recognize that the summation is a geometric series, and is finite provided (1 — p)e® < 1.
Using the formula for a geometric series, and simplifying, I have that:

s

pe

Mx(s) =1 —1er

for s < —In(1 — p).

Problem 7. We can solve this problem by realizing that the k*" derivative of the MGF evaluated
at s = 0 gives the £ moment of the distribution:

dMx

E[X]: ds 1s=0
_i 14_}54_}23
Tds |4 2% At |,

=1,
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d*Myx
E[XQ]: d82 s=0
271 1, 1.,
_dsz[4+2e s ] .
_3
2

We therefore have that Var[X] =3/2 — 12 =1/2.

Problem 8. We already know from Problem 5 in section 6.1.6 of the book that the MGF for a
N (u, 0?) distribution is M(s) = exp(su + 0%s2/2), and since the MGF of the sum of independent
random variables is the product of the MGFs of the random variables, we have that:

Mx 4y (s) = Mx(s)My(s)

2 .2 2 .2
O S Oy, S
—eXp(sux+ ); >eXp(suy+ Y2 )

2

s
—exp |s(ux + ) + 5 (0% + )]
We recognize this as the MGF of a N'(ux + py, 0% + 0%) distribution. Further, by Theorem 6.1
in the book, the MGF of a random variable uniquely determines its distribution, so that indeed

X +Y ~N(px + py, 0% +03).
Problem 9. As a note, for the Laplace distribution, A > 0.

Mx(s) = E[e*”]

oo
— )‘/ e—)\|m\+sxd$
2 )

A 0 [e's]
== {/ A8 dy —i—/ ex(s_’\)d:r]
2 —00 0

Notice that, for both integrals to be finite, we have the conditions that A + s > 0 (for the first
integral) and s — A < 0 (for the second), or in other words |s| < A. Assuming these two conditions,
the integral can easily be evaluated, and is:

AQ

Mx(s) = o=

Problem 10.

Mx(s) = Ele™¥]
/oo esm)\axa—le—)\m
0 [(a)
2\ /oo 1)
= % e ) dx
L'(a) Jo
A T(a)

:@W for s < A

(%)

dzx
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Problem 11. For X; ~ Exp()), from Example 6.5 in the book, we have that Mx, = A/(A — s)
for s < A. Moreover since the MGF of the sum of independent random variables is the product of
the MGFs of the random variables, we have that:

My(S) = ]\4')(1(8)]\4')(2 (S) e MXn (8)

(%)

which, from the previous problem, we notice is the MGF of a Gamma(n, \) random variable. By
Theorem 6.1 in the book, the MGF of a random variable uniquely determines its distribution, so
Y ~ Gamma(n, \).

Problem 12. By the definition of the characteristic function, we have that:
¢y (w) = Ble™Y]
— E[eiw(aXer)]

= Py (aw).

_ eiwbE[ei(aw)X]

Problem 13.
(a) To solve for E[U]J, I first find the marginal PDFs:

03Bz +y)dy for0<z<1l _[3o4+} for0<z<1
0 otherwise

€T prd
Jx(@) {O otherwise

and

) 3Bz +y)dr for0<y<1 [ly+2 for0<y<1
o otherwise ’

Frly) = {0 otherwise

Thus, E[X] = [} #(32/2 + 1/4)dx = 5/8 and E[Y] = [; y(y/2 + 3/4)dy = 13/24, so that

a1 - ) - [4)

(b) In order to solve forRy, I will first need to compute F[X?], E[Y?] and E[XY]:

1
3 1 11
[]/Oa:<2x+4>x 51"
1 1 3 3
E[Y?] = 2 Zy+ S )dy==
[]/Oy<2y+4)y g
1

1 /1t
E[XY]:2/0 /0 $y(3x+y)d:zdy:3

I can now immediately write down the correlation matrix:

and

Ry = E[UUT

_[E[XQ] E[XY]}
~ |E[YX] E[Y?

i
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(¢) The covariance matrix is:

- [ / 1@% )

Problem 14.

(a) First note that the range of Y is [0, 1]. Since we know the distribution of Y|X = x and the
distribution of X, the law of total probability for PDFs will probably be useful. Note that
fyix(ylz) = 1/x for 0 <y <z and 0 otherwise, which can be written as (1/x)1{0 <y < z},
which will be helpful in the integral to get the bounds of integration correct:

1
)= [ Frixolo)fx(@)da
:/11]1{0§y§x}d:(:
0 T
:/11]1{y§x}dac for y >0
0 T

1
1

—/d:):
y T

= _lnyv

fyr(y) = —Iny for0<y<1
= 0 otherwise,

and thus

which I checked integrates to 1.

Finding the PDF of Z is very similar to that of finding the PDF for Y. Firstly, the range of
Z is [0,2]. Note that in this case fzx(z|r) = 1/2x for 0 < 2 < 2z and 0 otherwise, which
can be written as (1/22)1{0 < z < 2z}, so that the integral above becomes:

1
1
fz(z) = / —1{z < 2zx}dx for z >0
0 2

1
1
:/ —dx
Z/2 2z

B In2 Inz

FREER
and thus

11172 — thZ for0<z<2
0 otherwise,

which I checked integrates to 1.
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(b) Using the chain rule of probability, we have that:

Ixvz(z,y,2) = fz1xy (2]2,9) fyx (y|z) fx (2)
= fZ|X(z’$)fY|X(y‘$)fX(x)a

where in the second line I used the fact that Z and Y are conditionally independent given X.
We thus have that

f ( ) ﬁ for0<z<1,0<y<z,0<2< 2z
x? ) 'Z =
XY ZLEY 0 otherwise,
which I again checked integrates to 1.
Problem 15.

(a) As stated in the problem, we have that

and for a bivariate normal, we know that

X1 N E[Xl] Var[Xl] COU[Xl,XQ]
E[XQ] ’ CO’U[XQ, Xl] VQT[XQ] ’

Thus, I have that Xy ~ N (2,1), so that:

P(Xy>0)=1-P(X, <0)

0—-2
=1-(——
()
= d(2)
~ 0.98.

Y =AX+b
2 1 —1

=|-11 [?}Jr 0
1 3| 2
2X1—|—X2—1-

=| —X1+Xo
X1—|—3X2—|—1_

[2E[X1] + E[Xs] — 1
ElY]= | —E[Xi]+ E[X)]

| E[X1]+3E[Xo] +1
[2.14+2—1

= —1+2
[1+3-2+1

3

= |1

8
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(c) We know that a linear combination of a multivariate Gaussian random variable is also Gaus-
sian. Specifically, Y is distributed as Y ~ N (AFE[X]+b, ACx AT, and thus the covariance
matrix of Y is

Cy = ACx A"
2 [4 1H2 -1 1]
13 1 1|1 1 3
[21 —6 18
=|-6 3 -13
18 -3 19

Notice that, as it should be, Cy is symmetric.

(d) As with the first part of this problem, we know that

Yy E[Y1] VarlY1]  Covu[Y1,Ys] Cov[Y1,Ys]
Yo| ~N | |E[Y2]|, |Cov[Ys,Y1] Var[Ys] CovlYa, Ys]| |,
Y3 E[Y3] Cov[Ys, Y1] Cov[Ys,Ys]  Var[Ys]

so that Yo ~ N(1,3), and therefore:

P(Yy<2) =@ <2\;§1> ~ 0.72.

Problem 16. To solve this problem, I first review how to “complete the square” for matrices. For
a € R, z,b € R™ and C € R™*™ (and symmetric), a quadratic of the form

1
a+blz+ ia:TCm
can be factored into the form
1
5(% —m)TM(z —m) + v,

where

M =C,
m=—-C'b,

and

1
v=a—-b'C™'b.
2
I now explicitly write out the MGF of X:
Mx(s,t,r) = Blef* 1T X2trXs]

_ T 1 1 Ts—1 3
_/1;3 eXp{S w}Wexp —5(33—#) by (:I:—p,) d’x

= G Lo 5@ - WS e )+ T



117

where ! = [21, 72, 23] and sT = [s,t,7]. To make the exponent more Gaussian looking, I now

expand the exponent out and complete the square (note that since ¥ is symmetric, then so too is
1)

1 1
—5(:13 —p)Is N e —p)+sTx = -5 [:cTZ_lm —'sy -t e+ MTE_I[L] +sTx
1 1
= —§mT2’1:c +puts e — 5;[2’1“ +sTx
1 1
= —inE’la: + T+ pts e - iuTE*lu,

where I have used the fact that (27X~ !'u)? = 27X !y since this is just a real number. I can now
read off a, b and C:

|
- _-
a 5 X,

bl = 57 4+ st

and
C=-x1,
so that
b= =s+2"1p
and

cl=(-=)'=-%=

Finally, the exponent can be re-expressed as

1 -
—5(:13 —m)TM(x —m) + 7,
where
m=3(s+X'p),
M=x"1
and
~ I re1 L Ts—1 1
U=—gu Ept (s +u ET)E(s + X7 )
T
7 5" Xs
=S IJ“ + 2 9
so that the integral becomes:
Mx (s, t,r) = exp(@); exp —l(ar; —m)TE N (x—m) Pz
e @rPPB[12 s 2
s
= exp <sTu+ 5 S> Vs € R3.

I have used the fact that the integral is that of a Gaussian integrated over its entire domain, so
that the integral evaluates to 1. Note that we probably could have guessed this form of the MGF
of X, since it is the vector analogue of the 1 dimensional case: Mx(s) = exp{su + 02s2/2}, as
found in Problem 5 of 6.1.6 in the book.
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The specified values of the mean vector and covariance matrix are:

1
p= 121,
0
and
9 1 -1
=11 4 2],
-1 2 4

and plugging in these specific values into the equation I derived above, and multiplying the matrices,
I finally arrive at:

9
Mx (s, t,r) = exp{s <28+ 1> +2t(t 4+ 1) + 212 —rs+st+2rt}.

Problem 17. Let A;, i = 1,2, 3,4, be the event that the ¥ component fails, so that the a failure
occurs under the event U‘ll:iAi. We can thus obtain an upper limit on the event that failure occurs
using the union bound:

4 4
P (U Ai) < ZP(Ai)
1= i—1

<dps
1

25°

Problem 18.

(a) First note that for the random position of a node (X;,Y;), X1, Xo,..., X, Y1,Ys, ..., Y, i

Unif(0,1). Let us call the node under consideration node j, and let the set S be defined as
S={1,2,...,n} —{j}. The probability that the node is isolated, pgy, is:

pa=P (ﬂ (X = Xi)? + (Y = Y)* > Tz])

i€S

1 1
_ /0 /0 P (ﬂ [(Xi — X))? + (Y = ¥))? > r?] (Xj — Y = yj> P,y daydy,

ics
- /01 /01 P (DS (X —zj)* + (Yi—y;)* > r2}> Ix; (@5) fy; (yj)ddy;

_ /01 /01 };[SP ((Xi = 2)* + (Y = 5)* > 1®) fx, (@) fy, (y;)djdy;

- | 1 / 1 T [ P (s =%+ (=) < 1%)) ) o)y
- /01 /01 [1— P (X1 —a;)%+ (Vi —y)> < )" fx, () fy, (y5)dajdy;,

where in the third and fourth lines I have used the fact that the random variables are inde-
pendent, and in the last line, I have used symmetry. I now must compute P((X; — xj)2 +
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Y1

(25,95)

T, ;)

1

Figure 6.1: Two example nodes at (x;,y;) for Problem 18.

(Y1 — y;)? < r?). If the given point (z;,y;) is near the middle of the square (as in the upper
point in Fig. 6.1) then the probability of this event is simply the area of this circle (shaded
grey region). However, we notice that if (z;,y;) is near the edge of the square, part of the
shaded circle will get cutoff. In fact, if (z;,y;) is exactly at one of the corners of the unit
square, for example, at (0,0) as in Fig. 6.1, then the amount of shaded area is minimized at

7r?/4. Thus, for any given (x;,y;), P(X1 — z;)? + (Y1 — y;)* < r?) > nr?/4. Therefore,

Pd </ / (1 - )n_lij(iﬂj)fifj(yj)dlfjdyj
-(1- 4)

(b) Let A; be the event that the i*” node is isolated. Then the probability we seek is:

(34) g

:Zpd

i=1
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a=1 a=2
10 10

= Markov upper bound

Markov upper bound
Exact Exact

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0
p p

Figure 6.2: Comparison of Markov upper bound to exact probability for Problem 19.

The exact probability is:

P(X >a)=Y p(1—p)*"
k=a

The Markov upper bound is greater than or equal to the exact probability fora > 1and 0 <p < 1
as shown for a few values of a in Fig. 6.2

Problem 20. Var[X] 1
ar —-p
P(|X —E[X]|>b) < =
(1X - B[x)| = ) < T = —
Problem 21.
2 2
P(XZa)_P<X+UZa+U>
a a
2\ 2 2\ 2
:P< X+J> > <a+0) >
a a
B[(X +2)]
< 5 Markov’s Inequality
(a—i—afj)
a(1+ %;)2
o2
a2+0-2

Problem 22.
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P(X <80 or X >120) = P(|X — 100| > 20)
= P(]X — E[X]| > 20)

225
< 502 by Chebyshev
_ 9
- 16
(b)
225 45

PX>120) < ——— = —
(X = 0)_225—i—1202 293

Problem 23. We know from Problem 11 that if Xy, Xo,..., X, @Ea:p()\), then Y = X7 + Xo +
...+ X, ~ Gamma(n, \). The relevant Chernoff bound is given by:

P(Y = a) < minf{e™**My(s)},

where, in this case the Mx(s) is the MGF for a Gamma(n, \) distribution. This MGF was solved
for in Problem 10, and is given by

Mx(s):<)\is> for s < A,

and therefore we must minimize the objective function over 0 < s < A. Let the optimal value
be called s*. I solve for s* in the standard calculus manner by setting the derivative equal 0. 1
then check to make sure that this optimal value is within the interval (0, A). The derivative of the
objective can be found easily with the chain rule:

i—sa A n_i —sa A n+ —sa A "1
ds® A—s) % A—s ne A—s) A—5s’

and setting this equal to zero and solve for s* results in

n
sF=A——.
a

As stipulated in the problem a > n/\, which means that n/a is positive and less than A. Thus we
have that s* € (0, \) as required.
The desired bound is therefore

P(Y >a) < e * Mx(s)

— €—>\a+n (Aa)n
n
We can understand the behavior of this function as n — oo by expanding the exponential in
powers of 1/n:
Aa\" 1 1\"
() el Q)G o
n n n

() ()

and we thus see that the upper bound goes to 0 exponentially fast as n goes to infinity.
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Problem 24. Using some properties of absolute values I have that:
E[IX +YPTX]] = E[I(X + V)P X]]
= B[|(X + Y X]]
< E[(X +Y)P” 1|P 15 E[X]P)r
= B[|X +Y]P)7 [ X5,
where in the third line I have used Hélder’s inequality, E[|[UV|] < E[|U|*|Y*E[|V|P]'/#, with

l1<a,f<o0and 1/a+ 1/ =1, and where I have specifically chosen o = p/(p — 1) and 8 = p.
Using the inequality provided in the book,

E[IX +YP]<E[X +YPUX|| + E[|IX + Y|P Y]
p—1 1 1
< E[|X + Y\”]pp (E[| X[ + E[[Y[P]7),

and multiplying both sides of this equation by E[|X +Y [P]1=P/P) (which we can do without flipping
the inequality sign since we know that this quantity is positive) yields the desired result:

E|X +YP)» < E[X["]» + E[[Y ],
Problem 25.

(a)

" + (convex) forxz <0
g'(x) =
— (concave) for x > 0,

Since we know X is a positive random variable, by Jensen’s inequality, we have:

E[X — X3 < E[X] — E[X]3 = —990.

d2
A2
= ¢’(x) > 0 (convex) for z >0 —

E[XInVX] > E[X]In/E[X] =10InV10

(rIn ) = 5

(¢) The function is a typical absolute value function, an upward v shape hitting y = 0 at x = 2,
which is clearly convex, since a straight line drawn from any 2 points on the graph is always
above the graph. Therefore, I have that E[|2 — X|] > |2 — EF[X]| = 8.

Problem 26. Taking the second derivative, we have that d?/dz?(x® — 622) = 62 — 12. Setting to
zero and solving for x, I find that the second derivative is negative for x < 2 and positive for x > 2.
Since the range of X is (0,2), we have that g(z) = 2> — 622 is concave in this interval. By Jensen’s
inequality, this implies that E[Y] = E[g(X)] < g(E[X]) = E[X]? —6E[X]?=1—-6 = —5.
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Problem 1.
(a)

ot X

S|
s
Il
=
fa
_l_

|
NN T I B

3
S|
s

1
Var[M,] = ﬁVar[Xl + ...+ X,

1
= ﬁnVar[Xl] (independence)

1 1 1
P(|M,—=|>—)|=P[|M,—E[M,)]>—
<‘ 2-100) <‘ M 100)
Var[M,]
— 2
(100)
2500
 3n
(c)
1 2500
im P||M, — E|M,]| >—) < lim — =
Jimn (l M) 100> A = =0
lim P Mn—lzi =0
n—oo 2 100

Problem 2. Let X1, Xo,..., X365 be the number of accidents on day 1, day 2, ..., day 365, so that
the total number of accidents in the year is Y = X1 +...+ X365. We know that X1, Xo, ..., X365 ud
Poiss(\), where A = 10 accidents/day, so that u = E[X;] = A = 10 and 0 = /Var[X;] = VA =

v/10. Using the central limit theorem, I have

Y —365-10 S 3800—365'1())
V365 - 10 V365 - 10

P(Y > 3800) = P (

3800 — 365 - 10)

=P Zygs >
( 365 V365 - 10
3800 — 365 - 10)

1P 2y <
<365— V365 - 10

& <3800 — 365 10)
- V365 - 10

~ 6.5 x 1073,
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Problem 3. Let the random variable, X; be 0 if the i** bit is not received in error and 1 if it
is. Notice that X7, Xo,..., X000 ad Bern(0.1), and let the total number of errors, Y, be ¥ =

Xy + ...+ Xy000- Note that p = E[X;] =p=0.1 and 0 = /Var[X;] = /p(1 — p) = +/0.09. We
seek the probability of decoding failure, in other words P(Y > 125):

P(Y >125)=1— P(Y < 125)
L _»p (Y— 1000-0.1 _ 125 — 1000-0.1)
v0.09-1000 ~ +/0.09- 1000

, P<Z _ 125—100().0.1)
1000 = /.09 - 1000
25
~lod 2
(3\/1())
=4.2x 1073,

Problem 4. Let the random variable, X; be 0 if the i*" student does not have a car and 1 if the *"

student does have a car. Notice that X1, Xo,..., X5g @Bern(OB), and let the total number of cars,
Y,beY = X +...+ X50. Note that u = E[X;] =p = 0.5 and 0 = /Var[X;] = \/p(1 — p) = 0.5.
We seek the probability that there are not enough car spaces, in other words P(Y > 30):

P(Y > 30) = P(Y >29.5) (using the continuity correction)
—1- P(Y <29.5)
:1_P<Y—50'0.5 29.5—50‘0.5)

<
V50-0.5 —  /50-0.5
29.5—50-0.5>

1P gy < 22222000
(50— V5005
~1—®(1.27)

~ 0.10.

Problem 5. Let N, a random variable, be the number of jobs processed in 7 hours (420 mins).
We seek the probability that the number of jobs processed in 7 hours is less than or equal to 40,
P(N < 40). This can be rephrased as the probability that the total time to processes 40 jobs is
greater than or equal to 7 hours:

P(N < 40) = P(X1 + ...+ X4 > 420)
:P<X1+...+X40—4O-10>420—40-10>

V40 - V2 T V40-V2
(e )
:1—P<Z40<;5>
0 (5)
~1.3x 1072

Problem 6. Let X; be the number of heads flipped on toss i, so that the total proportion of
heads out of n tosses, X, is X = (X + ...+ X,,)/n. Notice that Xy,..., X, u Bern(0.5), so
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that 4 = E[X;] = p = 0.5 and 0 = /Var[X;] = V0.52 = 0.5. To be at least 95% sure that
0.45 < X < 0.55, we have that:
0.95 < P(0.45 < X <0.55)
:P<O.45n—n-0.5 < Xi+...+X,,—n-05 < O.55n—n'0.5)
Vn-0.5 - Vn-0.5 - Vn-0.5

=P (-0.1y/n < Z, <0.1y/n)

~ ®(0.1y/n) — ®(—0.1/n)

= 28(0.1v/n) — 1.
Thus, I have that 0.95 < 2®(0.1y/n) — 1. Applying the inverse normal CDF function to this

inequality, I arrive at:
. (1.95\1?
n 2 (100 |® 5 = 385. (7.1)

Problem 7. Note that X, Xo,..., X, are éid with p = F[X;] =0 and 0 = y/Var[X;] =2, so we
can use the CLT. To be at least 95% sure that the final estimate is within 0.1 units of ¢, we require:

0.95 < P(q— 0.1 < M, <q+0.1)

Xi+...+ X, +ngq
n

:p<q—o.1§ §q+0.1)

=P((¢g—01)n—ng<Xi+...+ X, <(¢+0.1)n—ngqg)

_p ((q—Oz.%L—nq < X1 +2.\./.E+Xn < (q+02.1/)g—nq>
_ (—0.;\/5 “ 7 < 0.12m>
SEPRIES

o (M)

We therefore have that 0.95 < 2®(0.1y/n/2) — 1. Applying the inverse normal CDF function to

this inequality, I arrive at:
_, (1.95\]?
n 2 400 |® 5 = 1537. (7.2)

Problem 8. To solve this problem, I first compute the limit of exp[n(z — 1)]/{1 + exp[n(x — 1)]}
for x > 0 as n goes to co. Notice that this function has different behavior for x = 1 (in which case
the limit evaluates easily to 1/2), 0 < < 1 (in which case the limit evaluates easily to 0) and for
x > 1 (in which case the numerator and denominator evaluate to infinity). Using L’hopital’s rule
in this case I find that the limit evaluates to 1. Therefore, I have that:

I ey 0 for—co<z<1
lim Fy, (x) = Moo Tne-n fore >0 _ ), forx =1
n—oo " otherwise 2
1 forx>1.

For the “random variable”, X, that takes on a value of 1 with probability 1, the CDF is:

Fx({L‘) =

0 for—oco<z<l1
1 forx>1
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Thus, we see that lim, , Fx, (x) = Fx(x) everywhere Fx(z) is continuous (i.e, R — {1}), and
hence X, i> X.

Problem 9. To solve this problem, I first state without proof the following 2 limits:

nx nx
lim %:x for 0 <z <1,
P (B
and 67Z$ +67w:
lim —————— =1 for z> 1.
PR T )
I therefore have that:
0 for z <0 0 forx<O
. nfL‘+ nxT
lim Fy, (z) = { Moo 1i(£)en for0<az<1l _—/!p foro<z<l
n—oo n
limg, oo % forx > 1 1 forax>1,

which is the same CDF as a Unif(0, 1) distribution. Hence, X, 4 X for X ~ Unif(0,1).
Problem 10.

(a)
lim P(|X,, — 0| >¢) = lim P(X, >¢€) (since X,, >0)

n—oo n—oo

% fore<n
0 fore>n

) 1
= lim —
n—oo n

=0

1=
o

= X,

lim E[|X, —0"] = lim E[X]] (since X, >0)
n—oo

n—o0

= lim —n"
n—oo N
= lim n" 2

n—oo

=0 (for1<r<2)

— X, 250 (for 1 <r<?2)
(c) Forr > 2,

lim E[|X, —0"] = lim E[X]] (since X, >0)
n—oo

n—00

= lim —n"
n—o00 N

= lim n" 2,
n—oo

which converges to 1 for » = 2 and diverges for r > 2. Therefore, X,, does not converge to 0
in the " mean for r > 2.
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(d) To solve this problem I use Theorem 7.5 in the book, and must thus show that 7 | P(|X,| >
€) (for all € > 0) is finite:

Y P(Xul> €)= P(X, >¢)
n=1 n=1

where in the first line I have used the fact that X, is always greater than or equal to zero.

Problem 11. This is a hypergeometric experiment with b = n 4§ (with § = 0,1,2,...), r =n
and k = 10, so that the PMF for X9, X11, ... is given by:

("2 (o)

Px, (z) = W,
10
for z = 0,1,...10 (and 0 otherwise). Since X, X109, X11,... are non-negative random integers (for

X ~ Bin(10,0.5)), by Theorem 7.1 in the book, we need only prove that lim,_,~ Px, () = Px(z)
to prove convergence in distribution. As for the RHS of this equation, for X ~ Bin(10,0.5), the
PMF is given by:

Px() = (1) 03"

T

for x =0,1,...,10 (and 0 otherwise).
As for the LHS of this equation, taking the limit of Px, (x) as n — oo I have that:

n+4§ n
i P, (o) = i L
10

_ n+94 i n i on+8\] 1
o nLrEo x nlﬁnolo 10 — x nLH;o 10 ’

The first limit can be found easily by expanding the factorial in the numerator:

n—00 x x! n—oo

lim ("+5> i 4 — 1) (4 S —z 1)
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and the remaining 2 limits can be worked out similarly. Plugging these limits in, I have that:
) ) n< ) nlofm ' (2n)10 -1
i P, (z) = Hm {'} i {(10 — ) } i { [ 10! ] }
n®  plo-z (2n)10 -1

= lim ¢ — - .
n—oo | ! (10 — z)! 10!

= 0.5)"".
()0

Thus lim, . Px, (x) = Px(x), and by Theorem 7.1 X, 4 x.

Problem 12. Let
Xi+4+...+ X, —nux
Xp = )
UX\/E

where X1,..., X, are #id from any distribution with finite mean px and finite variance o%. Also,
let Y}, be defined analogously (and let all X;s be independent from all ¥;s, so that X, is independent
of Y,,). Moreover, let X ~ N(0,1) and let Y = X. Now, from the CLT, we know that X, 4 x
and Y, & V.

From the CLT, we also know that in the limit that n — oo, X, + Y, is simply the sum of
two independent standard normal random variables, so that in this limit X,, + Y, ~ N(0,2).
Also, since X +Y = 2X, we have that X +Y ~ N(0,4), since for X ~ N(E[X], Var[X]),
Y =aX +b~ N(aE[X]+ b,a*?Var[X]) (see Sec. 6.1.5 from the book). Thus, in this example, I

have that X, 4 X and Y, LN Y, but X,, + Y, does not converge in distribution to X + Y.

Problem 13. X,, % 0 since:

lim P(|Xp| > €)= lim 2/ ge_m"d:z (by symmetry)

n—o0 n—oo

Problem 14. This can easily be proven by realizing that X, is never negative (so |X,| = X,),
and by re-expressing the integral over the PDF in terms of an indicator functions depending on
whether € > 1/n (in which case the lower bound of the integral is €) or whether € < 1/n (in which
case the integral evaluates to 1):

lim P(|X,| >¢€) lim P(X, >¢)

n—oo n—o0

1 *1 1
= lim <]1{e>}/ x_gdx—l—]l{e<}>
n—00 n e N n
:/ 2 2dz lim (]l {6 > 1}) lim <1> + lim <]l {6 < 1})
¢ n—o0 n n—oo \ N n—0o0 n

:/ x2dx-1-04+0

0.



130  CHAPTER 7. LIMIT THEOREMS AND CONVERGENCE OF RANDOM VARIABLES

Problem 15. For convenience, I first write X, in summation notation:

1 n—1
X =~ <Z YiVig+ Ym) :

=1

To solve this problem, I will use Chebyshev’s inequality, and will thus need to compute E[X,] and
Var[X,]. Computing E[X,,]:

E[Xn] =

S|+

n—1
(Z EY;Y11] + E[YnY1]>

i=1

= (ZE EY111] + E[Y, ]E[Yl])
1 2, 2
“n (Z“ o )

=,

—_

where in the first line I have used the linearity of expectation and in the second I have used the
fact that all Y's are independent.

Solving for Var[X,,] is slightly more tricky. To do this, I will first need to compute Cov[Y;Yit1, Yiy1Yiio]

for i =1,2,...n — 2 (I will also need to compute Cov[Y,,—1Y,, ¥,Y1] and Cov[Y, Y1, Y1Y3], but it
is not difﬁcult to show that the following computation gives the same answer for these 2 covari-
ances) and Var[Y;Yiy1] for i = 1,2,...n — 1 (I will also need to compute Var[Y,Y1] but, again,
it is not difficult to show that the following computation gives the same answer for this variance).
Computing the covariance:

CovlY;Yiy1,Yir1Yivo] = ElY;Yin1Yi1Yigo| — E[Y;Yit1|E[Yit1Yigo]
E[Y;]E[Y2,]EYis2] — EY;]E[Yi1]?E[Yi o]
M (ED/H-I] E[Y;1]?)

|
7;

where in the second line I have used independence. Now I compute the variance:

VarlY;Yi1] = E[(Y;Yi41)?] — (E[Y;Yisa])?
YV2Y2,) — B[P E[Yii)?
YA E[Y2,] - E[Y2E[Y;]?

7

E
E

= (0% + ElYi]*)(0® + E[Yi11])] — E[YiE[Yi1]?
= (0® + 1) (0® + p*)] — p*u?
=ot+ 202u2,
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where in the second and third lines I have used independence. I now compute Var|[X,]:

n—1

> _YiYio + VoY
=1

1
Var[X,] = ﬁVar

1 n—1 n—2
= < > Var[YiYiu] + Var[YuYil + 2 Cov[YiVign, Yig1Yiga] + 2C0v[Y, 1Yy, YoV
=1

n2 :
i=1
+ 2Cov[Y, Y1, Y1Y2]>

1
= —5[n(0" +20%%) + 2n(p*0?)]

o 5 2
= ;( +4p7).
For the summation of the covariances, I have only summed over the covariances of adjacent pairs
of Y;Y; 11, since pairs that are 2 or more away from each other have zero covariance since they
are independent (since they do not share any Y random variables). To see why this is the proper
summation over the covariances, I illustrate the summation in a matrix form for X5 below. We must
sum all off diagonal terms, however, only adjacent pairs contribute non zero covariance, indicated
by the spades in the figure. It is not difficult to see that my summation corresponds exactly to
adding the cells containing spades in this figure.

1Yo | YoY3 | Y3Yy | Y4Y5 | Y51
Y1Ys ® [
YoV | & o
Y3Y, ) [ )
Y,Ys ) [ )
YsVi | & [ )

Finally, I complete the problem using Chebyshev’s inequality:

lim P(|X, — % >¢€) = lim P(|X, — BE[X,]| > ¢)

n—oo n—o0
< tim VIl
n—o00 €
2( .2 4 2
~ i T A
n—o0 ne
=0.

Since probabilities cannot be less than 0, I conclude that lim,, o, P(| X, — %] > €) = 0, so that
X, 5 u?.

Problem 16. Using some simple algebra, since X,, = (H?ZlYi)l/", Lhave thatIn X, = 1 37 InYj.
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)

This therefore implies that In X, 2 ~. Now, by the Continuous Mapping Theorem (Theorem 7.7 in

Using the WLLN, I therefore have that:

lim P(|lnX, —v|>¢€) = lim P (

1 n
=) InY; — E[nY]]
" =1

=0.

the book), since exp(+) is a continuous function, exp(In X,,) 2 exp(y), or in other words: X,, 2 7.

Problem 17. To solve this problem, I compute E[|Y;, — A|?], keeping in mind that for a Poiss(\)
distribution, E[X]| = Var[X] = A\:

EHYn - )"2] = E[(Yn - )‘)2]

I thus have that lim,, . E[|Y; — )\|2] =0, so that Y}, RSN\

Problem 18. Using Minkowski’s inequality, I have

Bl Xn 4+ Yn — (X +Y)["]

E[[(Xn = X) + (Yo = Y)[']
E[|(Xy = X)) + E[|(Ya = V)TV,

IN

so that:

lim E[|X, +Y, — (X +Y)["] < lim E[|(X, — X)|"]Y" + lim E[|(Y, — V)"V

o nreo n—oo
= (Jim, 2106 = 20) "+ (i B0 -v1)
=0,

where the last line follows since X, Ly X and Y, 2y, Since, | X, + Y, — (X +Y)|" > 0,

E[|X,+Y,— (X +Y)|"] >0, so that the inequality must hold with equality, and thus X,, +Y,, EN
X+Y.

Problem 19. To solve this problem, I utilize Theorem 7.5 in the book and show that Y>> | P(|X,,| >
€) (for all € > 0) is finite:
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Y P(Xul> €)= P(X,>e¢)
n=1

n=1
oo
9 [ _n%?
:En re 2 dx

€

TL2€2

n=1
o]
= E 67 2 s
n=1

where in the first line I have used the fact that the random variable X, is never negative and in
the third line I have solved the integral with a substitution of u = n?e?/2.

Now, it is not difficult to show that for positive p and n > 1, as we have in this case, that
e~ TH < e ** and therefore, each term in the above summation is < e~ ne/2,;

o0 o 2
Y P(Xa|>e) <> e
n=1 n=1

2

e 2

= 2

1—e 2
< oo (for e>0).

Problem 20. Note that for Xy = Y1, X3 = V1Y2, Xy = V1YoYs, ..., with Y,, ~ Bern(n/(n + 1)),
Rx, ={0,1}. It is therefore not difficult to show that for this sequence, for 0 < € < 1:

(o) [o¢] 1

ZP(|Xn’ > €) :Zm
n=2 k=1
0.

Therefore, we cannot simply appeal to Theorem 7.5 and must thus use Theorem 7.6. That is, we
must show that for any € > 0, limy,,00 P(A;,) = 1, where the set A, is defined in the book. I
show this for 0 < € < 1. For this interval, from the definition of A,,:

Ap ={|Xn] <€,Vn>m}
={X, <¢e,Vn>m}
={X, =0,Yn>m}.

Evaluating the probability of this event, I have that:

P(Ay,)=P{X,=0,Yn>m})
=PH{Xn=0,X,11=0,...})

(Y—1Ym—o2...Y1=0,Y,Y,1...Y1=0,...)

(Y—1Ym—o2..Y1=0PYYm-1...Y1=0,Y1Ym..Y1=0,... [Y-1Yim—2... Y1 =0)

(Y—1Ym—2...Y1=0)

—P((Ym_l =0UY, s=0U...UY] :O)C)

—PYm-1=1Y,2=1,....Y1=1)

m—1 k
=1—- —_—
157
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where in the fifth line I have used the fact that if Y,,_1Y,—2...Y7 = 0, then at least 1 Y; (i =

1,...,m —1) is 0. Since the random variables Y;,,Y,,—1...Y1,Y411Y,, ... Y1,. .. are all products
of Vo 1Yim—o...Yq, given that Y, 1Y, _o...Y; = 0, we know for sure that all random variables
YoYm—1... Y1, Y1 Y ... Y1,... are 0. In the seventh line I have used De Morgan’s law, and in

the eighth I have used independence.
The product is easily solved:

’ﬁl ko 12 m-2 m-1
stk+l 2 37 m-1 m

where all denominators have cancelled out with the next numerator except for the last one. I

therefore have that

m—oo m—o0 m

lim P(4;,) = lim (1 - 1)
=1

Y

and therefore, by Theorem 7.6 X,, == 0.



Chapter 8

Statistical Inference 1I: Classical
Methods

135
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Problem 1.

(a) Using the formulas for the sample mean, sample variance and sample standard deviation, I
find that:

X =~ 164.3 1bs,

S? ~ 383.7 1bs?,

and
S ~ 19.59 lbs.

Problem 2. To calculate the bias of this estimator, I first compute its expectation:

(iéxkf

ZXk-i- > XiX;

i,j:i#£]

n2 ZEXk+ Z

i,j:1#]

= 5 (n(0® + BIX) + (0 — m) BIX,P)

1

= =5 (n(o® + %) + (* = n)p?)
2

7+/'L7
n

where the notation Zm:i# refers to a sum over all pairs of 7,5 (i,j = 1,...,n) except for the pairs
where ¢ = j. In the third line I have used the linearity of expectation and independence. The bias
is thus:

02

B(©) = E[0] - 6 = E[6] — u* = —,

n
and since B(©) # 0, © is a biased estimator of .
Problem 3.

(a) To solve this problem, I first compute the expectation of X;:

E[X;] :/01 [9 (x— ;) +1] vda

00

1
3 4 2
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I now compute the expectation of the estimator:

E[6,] = E[12X — 6]

12 &
- F ZXi—Gi
n =1
12 &
==Y E[X]-6
n “
=1

I therefore have that B (én) =F [én] — 60 =0, and so ©,, is an unbiased estimator of 6.

(b) I will use Chebyshev’s mequahty to show that this is a consistent estimator and I will therefore
need to compute Var[©,]. To do this, I first compute E[X?):

E[X?] = /01 [9 <:c - ;) + 1] zida

Now I compute E[©,,]:

E[02] = E [(12X - 6)?]

12% " 12 «—
(ZX) —6-2.n;X,~+36

n

_144 ZEX2 ZE 144ZE ]+ 36

0,707 ]
144 5 ) )
= 25 (BIX?) + (07— m)BIX) — 14BLX] 436,
where the notation Zi,j:i;éj refers to a sum over all pairs of 4,5 (i,j = 1,...,n) except

for the pairs where ¢ = j. In this derivation, I have used the linearity of expectation and
independence. Plugging in E[X?] and E[X;] and simplifying, I find that

E[0?) = 12 (1 — 1) ,
n n
so that

Var(®,] = E[62] - E[6,]?

:12+92(1—1>—9
n n
12 — 62

—
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To show that ©,, is a consistent estimator, I must show that 6, & 0. Using Chebyshev’s
inequality, I have:

lim P(|©, — 6] > ¢) = lim P(|6, — E[6,]| > ¢)

n—00 n—o0
< lim Var|©,]
n—oo €
.12 -62
= lim
n—oo  MNE
=0.

Since probabilities cannot be negative, I have that lim, . P(|6,, — 0] > ¢€) =0 for all € > 0,
and thus ©,, is consistent.

(c) Since I have already computed the variance and bias of O,, computing the mean squared
error is easy:

A 2 Ny 1267
MSE(©,)=Var[O,]+ B[0,| = —
Problem 4.
4
L(lea 7x47p) :HPXZ(xzvp)
i=1
4
=[[r1-p)="
i=1
=p'(1—p)* ' -p* (1 -p)* A -p)°"
=p'(1-p)°
Problem 5.

Problem 6. Since log(-) is a monotonic increasing function on R, argmaxycr L(x; 0) = argmaxyer log L(x; 6).
This can easily be proven by considering the definition of a strictly monotonic function.

Problem 7.

(a) For a single data point, X, and our estimator 6 (which is a function, f, of X) of 2, we have
that E[O] = E[f(X)] = 02, where the last equality follows because we want the estimator to
be unbiased. Therefore, we are searching for a function such that:

o 1 12
/ ——f(x)e 202 dx = 0.
oo V2O

Since the PDF is that of A'(0,0?), (i.e., it has mean zero), it is clear that the function that
satisfies this equation is f(x) = 22, and therefore © = X2
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(b)
1'2

1
In L(z;0%) = —§1n27r—lno' ~ 5.3
o

(¢) Taking the derivative of the above equation with respect to o,

OlnL 1+x2
do o o¥

setting equal to zero,

and solving for /7, I find that 67, = |z|.

Problem 8.

(a)

L(zy,... xn; A) = [ Pxi (i3 )
=1

n e—)\Axi
N x;!
i=1 v
ol
_ e*”)‘)\Z?:l ; H L
=1

(b) The log-likelihood, ¢, is:
((N) =InL(z1,...,2n;\)

n
—lne ™ 4 In \Xi=1%i Z Inz;!™*
i=1

n n
=—-A\n-+ chiln)\ — Zlnazi!.
i=1 i=1

Differentiating this respect to A, and setting equal to zero, I have:

Solving for the maximum likelihood estimate, I have that:

1 n
AML = - Z Ti,
=1
that is, the maximum likelihood estimate of A is simply the sample mean.

Problem 9. To solve for the CDF for the i*" order statistic, let us assume that X1, Xo, ..., X,
are a random sample from a continuous distribution with CDF, Fx(x). I fix a value z € R, and
define the indicator random variable, I;, by
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0 if X j >,
where I; = 1is a “success” and I; = 0 is a “failure.” Note that, since all Xs are 7id, the probability
of a success, P(X; < x), is the same for each trial and is given by Fx(x). Therefore, I have that
I; i Bern(Fx(x)). I now define the random variable, Y = 377, I;, and since this is the sum of n
independent Bernoulli random trials, it has a distribution: Y ~ Bin(n, Fx(x)).

Now, given that Y ~ Bin(n, Fx(z)), the quantity, P(Y > i) is therefore the probability that
there are at least ¢ successes out of n trials. Given our definition of “success”, and given that the
number of trials n is simply the number of observations, this can be re-phrased as the probability
that there are at least ¢ observations out of n with values less than or equal to x.

We desire to find P(X @) < ), the probability that the i*" biggest observation out of n obser-
vations has a value less than or equal to . In other words, we desire to find the probability that
there are at least ¢ observations out of n with a value less than or equal to x. Notice that this is
exactly P(Y > 1), so that:

=3 (3)iEc@tis - Fe

Problem 10. Let region 1 be defined as the interval (—oo, z], region 2 as the interval (z,z + ],
(where § is a small positive number) and region 3 as the interval (x 4+ §,00). By the definition of
the PDF, the probability that the i*® order statistic is in region 2 is given by P(z < Xy <z+0)~
fx,(@)d. In other words, for ¢ small enough, P(z < X(;) < x4 0) is the probability that, out of n
samples, there are ¢ — 1 samples in region 1, one in region 2 and n — ¢ in region 3.

Now, since all samples are iid from a distribution with PDF fx(z) and CDF Fx(z), the
probability that a sample lands in region 1, is

p1 = P(X <x) = Fx(x),

in region 2 is

pr=Px <X <z+0)~ fx(x)s,

and in region 3 is
ngP(X>JI+(5):1—Fx(a}+5)%1—Fx($).

Notice that if we define s; as the event that a sample, out of n samples, lands in region i (with
associated probability, p;), this is precisely a multinomial experiment with 3 possible outcomes.
Thus the probability that out of n samples (trials), there are ¢ — 1 in region 1, one in region 2 and
n — ¢ in region 3 is given by:
n! i—1,  n—1

(i—1)l(n -1 P2Ps
However, this is precisely the probability fx , (z)d. Therefore, I have that:
n—1

n! i—
mlﬁ 1p2p3
— T P @ @l P

Canceling the § from both sides of the equation gives the desired result.

fx (@)6 =



141

Problem 11. Since n is relatively large, the variance is known, and we would like an approximate
confidence interval for § = E[X,]|, we can calculate the confidence interval by employing the CLT
and by using /n(X — 0) as the pivotal quantity. This computation is done in the book and the
interval is given by:

The quantities in this interval are X = 50.1, 0 = 9, n = 100 and Zg = Zos = = 1.96. Using

these values, I find that the 95% confidence interval is given by: [48.3, 51 9. Note that zg can be
computed in Python with scipy.stats.norm.ppf (1-alpha/2).

Problem 12. In this problem, we choose a random sample of size n from a population, X1, Xo, ..., X,
where these random variables are iid Bern(#), where X; is 1 if the " voter intends to vote for
Candidate A, and 0 otherwise.

(a) We require there to be at least a 90% probability that the sample proportion, X is within 3
percentage points of the actual proportion, 6. In math, this is:

P(H—0.03< X <60+0.03) > 0.9,

and algebraically manipulating the argument, it is easy to show that the 90% confidence
interval we require is:

[X —0.03, X +0.03].

Following along Example 8.18 in the book, utilizing the CLT, and obtaining a conservative
estimate for the interval by using oy,,4., which for a Bernoulli distribution is 1/2 (since we do
not actually know o), the proper interval is given by:

Zo
2
2\F o

Comparing this interval with the one above, we see that:

X_

o
2 =0.03.
ov/n

Thus, we require n to be at least:

where I have used ze = z0a1 ~ 1.64.

I3 0
2 2

(b) Using the same formula as above, but with zg = zoo A 2.58, I find that n must be at least
1849.

Problem 13. For this problem, since n is relatively large, I use the standard approximate con-
fidence interval derived using the CLT. The variance, however, is unknown, but since n is large
should be well approximated by the sample variance, S?. The proper confidence interval is thus:

and using n = 100, X = 110.5, S? = 45.6, and zo0.0s = 1.96, I find the 95% confidence interval for
2
the distribution mean to be approximately be: [109.2,111.8].
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Problem 14.

(a)

For an n = 36 random sample from N'(u,0?), with p and 02 unknown, the proper pivotal
quantity to use to estimate p is T = (X — pu/(S/+/n)), which because it has a T’ distribution,
results in a confidence interval of:
X - tg,nl\fﬁaX + t%,nljﬁ )

as shown in the book. For the desired confidence levels (90%, 95%, 99%), the appropriate
t values are: to.135 ~ 1.69, t0.0535 ~ 2.03, t0.01,35 ~ 2.72, and the corresponding confidence
intervals are: [34.8,36.8], [34.6,37.0] and [34.2,37.4]. We see that as the confidence level
increases, the width of the interval gets wider since we desire more confidence that the actual
value of u is encompassed by that random interval. Note that ta p—1 can be computed in
Python with scipy.stats.t.ppf(1-alpha/2, n-1).

The proper pivotal quantity to use to estimate o2 is Q = (n — 1)S? /o2, which because it has
a x? distribution, results in a confidence interval of:

(n—1)5% (n—1)8?

2 )
Xepn-1 Xi—gn-1

)

as shown in the book. Computing the proper x2 n_q and X%fg 1 values, I find the following
2 27

90%, 95% and 99% confidence intervals for o2: [8.78,19.47], [8.22,21.3] and [7.26, 25.4]. Again,
we see that as the confidence level increases, the width of the interval gets wider since we desire
more confidence that the actual value of o2 is encompassed by that random interval. Note
that XZ%,n—l can be computed in Python with scipy.stats.chi2.ppf(1-alpha/2, n-1).

Problem 15.

(a)

We recognize that since the data are drawn 4id from a normal distribution, since o2 is known,
and since the hypotheses are of the form H, : u = u, and Hg : p # o, this is a 2-sided
z-test, as outlined in Table 8.2 in the book. Thus, if the statistic W = (X — p,)/(0/+/n)
satisfies |W| < zg then we fail to reject the null hypothesis, otherwise we reject it in favor of
the alternative hypothesis

Computing X and W, I find:
X =~ 5.96,

and
W =~ 2.15.

At a level of a = 0.05, the proper threshold is zgg25 ~ 1.96. Since W > Za, We reject H, in
favor of H4 at a significance level of 0.05.

In this case, since the data are drawn 7id from a normal distribution with known variance,
the proper (1 — «)100% confidence interval to use as shown in Section 8.3.3 of the book is:

o o
% %, X + 25 7” s

which, when plugging in the particular values for this problem results in a 95% confidence
interval of approximately [5.08, 6.84].

X —=z
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The value p, = 5 is not within this interval. As shown in Section 8.4.3 of this book, for this
type of hypothesis test, since we accept H, at a level of v if [(X — po)/(0/v/n)| < zg, this
results in the condition that we accept H, if:

- o o
,er X—Z%%,X—i—zgﬁ .

Le., for this test, if u, is in the (1 — «)100% confidence interval, we accept H, at a level
of a, otherwise we do not. Since u, = 5 is not in the calculated confidence interval, this
corresponds to rejecting H, in favor of H 4, which is indeed what we found above.

Problem 16.

(a) As with the previous problem, since the data are drawn #id from a normal distribution with
known variance, the proper (1 — a)100% confidence interval to use as shown in Section 8.3.3
of the book is:

For this problem X ~ 17.0, Za = 2005 ~ 1.64, so that the 90% confidence interval is approx-
imately [16.45,17.55]. The value of p, is not included in this interval, which, as explained
above, means that we reject the null hypothesis at a significance level of oo = 0.1.

(b) As shown in Section 8.4.3 of the book, the proper test statistic to use is W = (X —pu,) /(0 /+/1),
and if [W] < za (see Table 8.2) we cannot reject the null hypothesis. For this problem, W =~ 3,
Ze = 20.05 R 1.64, and therefore we reject H, at a significance level of a = 0.1.

Problem 17. In this problem, the random sample comes from an unknown distribution with
unknown variance and with a rather large n (n = 150). Since the hypotheses we would like to test
correspond to H, : p = 50 and H4 : p > 50, this will most likely be a 1-sided z-test (using the
sample variance). Here I work out the test explicitly. Using W as my statistic, (X — po)/(S//1),
If H, is true, then we would expect X =~ u, and W ~ 0. On the other hand, if H 4 is true we expect
X > o and W > 0. Therefore I employ the following test: if W < ¢ I fail to reject H,, while if
W > c I reject H, in favor of H 4.
To solve for ¢ I must bound the probability of making a Type I error:

P(Type I error) = P(reject H,|H,)

= P(W > c|H,)
=1—®(c) (since W ~N(0,1) under H,)
<«

Therefore, the critical value, ¢, occurs at equality: 1 — ®(¢) = «, or in other words ¢ = z,. Thus,
if W < z, 1 fail to reject H,, while if W > z, I reject H, in favor of H 4.

For this problem X = 52.28, S? = 30.9, and so W ~ 5.02, while z, = 20,05 ~ 1.64, so that I
reject H, in favor of H4 at a significance level of 0.05.

Problem 18. In this problem, the random sample comes from a normal distribution with unknown
variance, and the hypotheses we are testing are of the form H, : p > po and Hy : p < o, and 1
therefore use a 1-sided t-test. As indicated in Table 8.4, we fail to reject H, if W > —t, ,,—1. For

this problem,

= 2772+ 2224 + 32. 19. .34
¥ 7.72 + +3586+ 9.66 + 35.3 ~ 2756,
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D (X - X)? ~44.84,
=1

g2 1

n—1
so that _
X -p o 2156-30

S/ AARA/NG

Also, for this problem —t,,—1 = —t0.054 ~ —2.13. Since W > —t, ,—1, we fail to reject the null
hypothesis at a level of 0.05.

w 0.81.

Problem 19. Since the random sample is drawn from an unknown distribution with unknown
variance, but the sample number is relatively large (n = 121), I can use a z-test with the sample
variance. Moreover, the hypotheses we are testing are of the form H, : p = p, and Ha : p < pio.
I therefore use a 1-sided z-test, where if W < —z, with W = (X — p,)/(S/v/n), then I reject the
null hypothesis at a significance level of « (see table 8.4).

The p-value is the probability of making a Type I error when the statistic threshold is set to
that which was observed (w;), in this case w; ~ —0.81. Thus, the p-value for this problem is:

p — value = P(Type I error when ¢ = w1|H,)
= P(W <wi|H,)

= (w1)

~ 0.035,

where, because of the CLT, I have used the CDF of a Gaussian.

Problem 20.

(a) We would like to test the hypotheses that H, : § > 0.1 and H4 : 6 < 0.1, which, since equality
gives us a worse case scenario (as shown in Section 8.4.3 of the book), can be simplified to:

H,:0=06,=0.1
Hy:0<80,.

(b) If we let X; = 1 if the i'" student has allergies, and 0 otherwise, we see that X; ~ Bern(6),
so that E[X;] = 0 and Var[X;] = 6(1 — ). Now, under the null hypothesis, and under the
CLT (since n is large), I have that

Xn—0,n

N e s

This is a convenient test statistic to use since I have its distribution, and since if the alternative
hypothesis is true, X will be small (and so will the statistic), while if the null hypothesis is
true, X will be large (and so will the statistic). This suggests the following test: if
Xn —6,n
<
nb,(1 — 0,)

then reject the null hypothesis in favor of the alternative hypothesis, while if

Xn—0,n
nho(1 —0,)
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fail to reject the null hypothesis.
Calculating the value of the statistic for the particular instance of the data that we have

collected:
21 —0.1-225
w1 =
V/225-0.1- (1 —0.1)
Now, the p-value is the probability of making a Type I error when the test threshold, c, is set

~ —0.33.

to be wi:

p — value = P(Type I error with ¢ = wy)
= P(reject H, with ¢ = w;|H,)

X — Yo
=P n—e < ’(U1|Ho
nbo(1 — 6,)

= <I>(w1)
~ 0.37.

(c) Since the p-value is the lowest significance level a that results in rejecting the null hypothesis,
at a level of a = 0.05, we cannot reject the null hypothesis.

Problem 21.

(a) Using the equations for simple linear regression I have the following:

I —5—-3+0+2+1
m:n;xi: 5 =—1,
1 ¢ —2+1+4+6+3
y=— ;= =24
Yy n;yl 5 ,
n
Soe =Y (2 =) = (-5+ 12+ (=3+ 1)+ (0+1)? + 2+ 1)? + (1 + 1)* = 34,
=1

n

Sey =D (i = Z)(yi — ) = (=5 + 1)(=2 = 24) + (=3 + 1)(1 — 2.4) + (0 + 1)(4 — 2.4)
=1
+(241)(6—24)+ (14 1)(3—2.4) = 34,

Sax 34

L,
and
Bo=1— Pz =24—1(-1) = 3.4.

The regression line is given by 4 = Bo + le, and therefore

1y =34+zx.
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(b) The regression predictions for the training data are:
1=34-5=—16
Jo=34-3=04
g3 =34+0=34
Ju=34+2=54
Us =34+1=44.
(¢) The residuals are:
e1=y1—91=-2+16=-04
e2=1Ys— 19 =1-0.4=0.6
e3=1yYs— 93 =4—34=0.6
e4=Ys—Ys =6—54=0.6
es =Y —Us =3 —4.4=—-14.
As a check, we know that > | e; = 0, which is indeed the case.

(d) To calculate the coefficient of determination, I first need to compute sy,

n

Sy = (Wi —9)°=(-2-24°+(1-24) + (4 - 24)% + (6 — 2.4)> + (3 — 24)> = 37.2,

i=1
so that ) )
2o S 3 g
SpaSyy 34+ 37.2
Problem 22.

(a) Using the equations for simple linear regression I have the following:

f:lzxi:ﬂzz

n 2
=1
I 347
g=—Y =5 =5
n 2

Say = (@i~ )i -7 =1-2)3-5)+(B-2)(7T—5) =4
=1

and X R
Bozﬂ—61f25—2-2:1.

The regression line is given by § = By + le, and therefore

7 =14 2zx.
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(b) The regression predictions for the training data are:

1=1+2-1=3

Jp=1+2-3=1,

(¢) The residuals are:

e1=y1 -9 =3-3=0

62:y2—Q2:7—7:0.

As a check, we know that > | e; = 0, which is indeed the case.

(d) To calculate the coefficient of determination, I first need to compute s,

so that

(e) Since there are only 2 data points in the training set, the regression line that minimizes the
sum of squared errors goes exactly through those 2 points, and thus r? = 0. This is a good fit
to the training data, however, it will probably not generalize well to new, unseen data, and
is probably therefore a poor predictive model.

Problem 23.

(a) According to this model, Y; ~ N(B, + B11;, 02). To solve for the distribution of By, note that
it is fairly easy to find the distribution of a sum (or a linear combination) of independent
normal random variables. However, due to the fact that each Yj is in the sum that comprises
Y, clearly the term, Sy, is not a sum of independent random variables. In order to express
the formula for 8; as a linear combination of the Yjs (which are independent), I expand the
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formula for 31 and group each Y; term. With ¢; = (z; — z), I have:

5 S
By =2
S(L‘JI
1 O .
- =Yl )
Swx i
1 1 1
=< |:Y1—(Y1+Y2+...+Yn):| +c {YQ—(Y1+Y2+...+YH)]
Srx n n

1
+...4+cp |:Yn—n(Y1+Y2+...+Yn):|}

+.oF
1 1 & 1 1 &
H{(m@ (2j—3)| ¢ +Yad — (@ -7) — = (z; )
Sxx n Srx n
Jj=1 Jj=1
1 n
oY — (@ —2) - = (2 — 1)
TT n —
j=1
n n
1 _ 1 _
=1 7j=1
n 1 )
=yl
o Szx
=1

Now, since each U; is a normal random variable (Y;) multiplied by a constant, the distribution
for each U; is given by:

U 7 ( (84 1) (0 = 2. (o = )

Suz 52

Note that now, 31 is a sum of independent, normal random variables, so the distribution for
B1 is simply normal, where the mean is the sum of the means and where the variance is the
sum of the variances:

n n

B~ N (Z(ﬁo - 51932-);(@ —z),> ﬂém - m?) :

i=1 i=1 T
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(b) Before I show that (1 is unbiased, first note the following:

n

Sgx = Z(ml - "Z‘)Q
i=1
n
= Z(mf — 2Zx; + 7%)
i=1
n 1 n n
- Zx% - ZimﬁZazi +Z§:2
=1 =1 =1
n

= E :1/:12 — nz?
i=1
n

n
9 _1
= E T; — NT— g T;
n“
=1

i=1

= Z(%z — Tz

@
Il
-

|
.M:

@
Il
MR

Now, it can be shown that Bl is unbiased by simplifying the expectation of Bl as given above:

E[p] = ;(/30 + Bwﬁsiz(xi — )

_ b > (wi—z)+ ﬁzyci(xi — )

S S
T i=1 T =1

_ b (nZ —nz)+ B

Sxx

= f1.

(¢) The variance can be further simplified by canceling out a factor of sz;:

X b2 ,  o?
Var([p] = =N (s —7)° = P
T i=1 T

Problem 24.

(a) This problem can be solved in a very similar manner to that of the previous problem. I first
expand out j3,, use the fact that, 81 = > 1", Yzi(acl — ) (as found above), and group each
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Y; term:

=
S
Il

Il
.M:
S

s
Il
i

Y—Blf

1 _ 1 _ 1 _ 1 _

E(Y1+Y2+...+Yn)—x Yls—(xl—:1:)+Ygs—(:c2—x)+...+YnS—(xn—x)
1 1 1 1 1 1

v {—;T:(wl—a_:)}+Y2[—:E(xQ—:E)]—i—...—l—Yn [—:E(xn—f)]
n Srx n Szx n Sxx

- 1 1
V|- (2 — 7

' Z[n a:sm(xl az)}

=1

As in the previous problem, since each U; is a normal random variable (Y;) multiplied by a
constant, the distribution for each U; is given by:

Ui~ N ((60 + Biz;) [:L - jzi(xi - a:)} ,0° {1 - a*;i(a:i — x)] 2) .

Sxx n Sxx

Also, as above, [, is now a sum of independent, normal random variables, so the distribution
for S, is simply normal, where the mean is the sum of the means and where the variance is
the sum of the variances:

s
i=1 zz i=1

fo ~ N (fj(ﬁo + Br:) [; (- gz)} 3o E B (i - z)] 2) |

(b) To show that 3, is unbiased, I can simplify E[3,] as found above (using sz, = Y1 zi(z; — Z)
as found in the previous problem):

(c) For any i = 1,2,...,n, using f; = 5.

E[B,) = zn:(ﬁo + frai) [Tll - fi(il?i - x)]

i=1 Svx
n — n n — n
T _ z _
S LN o PR I R e
- See i [ ez i
x
=B — Bo (nZ —nx) + 1@ — 1T

Sxax

= Bo-

"y zi(lﬁ — ) (as derived in the previous problem),
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I have that:

n

Cov [Blayz} = Cov ZY}SL(CL‘] —-I),Y;

Tx

j=1

=> Cov {Y]S(x] z),Y;

n 1 )
= Z —(z; —z)Cov [Y;,Y]]

1 _

= —(z; —z)Var|Y;, Y]]

Sz
(- T)o?
B Sz ’

where in the second to last line I have used the fact that all Y;s are independent, so that
CovlY;,Y;] =0 for i # j.

(d) Again, using f; = 321", V-1 (z; — @), I have that:

xTT

n n
A= 1 1
Cov |:51,Y:| = Cov Elmm(l'z—m),n E Y}
1=
1 1
= E C Yi—(z:. — 7). =Y;
,J O’U|: zsacx(xz x)7n I

— Z MCO’U Y;,Y;]
NSzx

ihj
=3 Oy
=1 P
o2 n n
(3]
=1 i=1
2
g _
= s (nZ — nx)
=0.

Again, I have used the fact that all ¥;s are independent, so that Cov[Y;,Y;] = 0 for i # j.



152

CHAPTER 8. STATISTICAL INFERENCE I: CLASSICAL METHODS

(¢) The variance of 3, can be further simplified to give the desired result:

n

~ 2 1 _ 1 _ 2
Var[Bo] =) o o xs—(xz —I)
i=1 e
n
1 2z z?
— 42 — o Bl —_ 7)2
e a0 ]
(1 2z 72 &
2 _ 2
=0" |—— T, — )+ T, —T
no NSy ;( i) s2, ;( i %)
(1 2z z?
=o? |- - x(nw—nx)—i—x}
[n NSuy Suz
o [ Swa + nxz]
=0
NSz
[Tl 2 e
i NSz
e S0 (22 — 232 + 22) + na?
i NSz
— 52 (Z?:l 5522) .
NSz
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Problem 1. The posterior density can be found with Bayes’ rule:

Y|X( 2) fx (z)
[ Pyix(2lz) fx (x)dx

Ixpy (z|2) =

where
Pyx(2|r) = 2(1 — ).

I therefore have that:

- 2(1 _$)2
fxy (2]2) = 21— oda
=302%(1 — z)?

for 0 < x <1 and 0 otherwise. As a sanity check, I made sure the posterior integrates to 1.

Problem 2. From Baye’s rule we know that the posterior density for 0 < z <1 is:
Fxiy (@[5) & Pyix (5lz) fx () = 32°(1 — 2)",

(and 0 otherwise) where the symbol X means proportional to as a function of x. Therefore, the
MAP estimate is given by
Eyrap = argmax{3z3(1 — )1},
z€(0,1]
which can be found setting the derivative of the argument equal to zero and solving for z:

0 =983, 4p(1 — Zrrap)* — 1223, 4p(1 — Earap)’

= Zpap = 3/7, which is indeed in the interval [0, 1]
Problem 3. The conditional PDF of X|Y is given by

Prlaln) = PLED & o)

so that the MAP estimate of z is:

Tyap = argmax{ fxy(z,y)}.
z€[0,1]

On the other hand, the conditional PDF of Y| X is given by

 fxy(my) o fxv(z,y)
fY|X(y|$) - fX(fE) - ffxy(ﬂﬁ,y)dy’

so that the ML estimate of x is:

)

ML = argmax{
z€[0,1]

Since the joint PDF is

x+%y2 for0<z,y<1

0 otherwise,

Ixy(z,y) = {
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we see that fxy(x,y) is maximized when = = 1, and therefore £y 4p = 1.
From the equation above:

:U—i—%yQ
[+ 3y2dy
B 2z + 3y?
241
3y? —1
20+ 1"

fY|X(y’m) =

=1+

and thus we see that, to maximize this expression, if 3y> — 1 < 0 we need to minimize the second
term, while if 3y? — 1 > 0 we need to maximize it. Therefore:

) 1 fory<-L
xML pry . \/g
0 otherwise.

Problem 4. The posterior distribution is:

Fxy (2ly) = fY|X(y’$)fX(x)
XY
| ffY|X ylo) fx(z)dx
 (wy—E41)(22%+ )
=1
Jo (xy — % +1)(22% + L)da
:2x3y+3 — 3 — %4—25624—%
Wt ’
so that
Ty = E[X]Y =y
1 1 2 2
:22/ <2m4y+xy—1:4—x—|—2x3—|—$)dm
2y+2Jo 3 6 3
46y — 37
C60(y+ 1)
Problem 5.

(a) First note that since X ~ N(0,1), W ~ N(0,1) (where X and W are independent), we have
that Y =2X + W ~ N(0,5). Now, aY +bX = a(2X + W) +bX = (2a+ b) X + aW which is
normal for all a,b € R, and thus X and Y are jointly normal. Thus, by Theorem 5.4 in the
book, I have that:

N Y — uy
Xy = E[X|Y] = px + pox—.
Oy
From the distributions of X and Y, I have that ux = uy =0, oy = \/5, ox = 1 and:

Cov[X,Y] = Cov[X,2X + W]
= 2Var[X] + Cov[ X, W]
= 2Var[X] (since X, W are independent)
=2
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Plugging in the values, I find that
Xy = E[X]|Y]

(b) To solve this problem, I use the facts that X and W are independent and E[X?] = E[W?] = 1:
MSE = E[(X — Xu)?]
= E[X? - 2E[X X/ + E[X3]

2Y 2Y'\?
5

:1—2E[X}+E
2 2 4 2 2
=125 | 22X+ XW)| + B | o (4X2 + 4XW + W)

5

- % (E[2X?) + E[X]E[W]) + ;5 (E[(4X?) + AE[X]E[W] + E[W?))
4

—5(2-1)+2i5(4-1+1)

(c) We know that E[X?] = 1, and from the derivation above we can see that E[X3,] = E[(2Y/5)?] =
20/25 = 4/5. Also, from the derivation above E[X?] = MSE = 1/5. Therefore E[X3,] +
E[X? =4/5+1/5 =1, and so the relation is verified.

Problem 6.

(a) The linear MMSE estimator is given by
. Cov[X,Y]
LT Varly]
and therefore I must find these values. First note that since X ~ Unif(0,1), E[X] = 1/2
and Var[X] = 1/12, which implies that E[X?] = 1/3. Also note that since Y|X = z ~
Exp(1/(2x)), E[Y|X] = 2X and Var[Y|X] = 4X2. Now, since I know the distribution of
Y|X, to find E[Y], I use the law of iterated expectation:
E[Y] = E[E[Y|X]]
= E[2X]
=1

Y - E[Y]) + E[X],

Similarly, to find Var[Y], I use the law of total variance:
VarlY] = E[Var|Y|X]] + Var[E[Y|X]]
= E[4X?] + Var[2X]
= 4E[X? + 4Var[X]
1 1
—4. 44—
3 * 12
_?°
=3
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To find Cov[X, Y], I first solve for E[XY], again using the law of iterated expectation:

E[XY] = E[E[XY|X]]
[XEY[X]]

[(X2X]

E[X?]

Il
SISECECRS

Thus I have that:

Cov[X,Y] = E[XY] — E[X]E[Y]

Plugging all these values into the formula for X1, I find that:

- 1 2
=Y .
10 +5

X1
(b) The MSE of X is given by:

MSE = (1 - p*)Var[X]
B CovX,Y)?
N <  Var[X]Var[Y]

) 1
o Gl AT
12 3
1

(c) First, note that E[Y?] = Var[Y] + (E[Y])? =5/3 + 1 = 8/3. Now, I have that:

)vmm]

E[XY] = E[(X - X)Y]
=F [XY— <110Y—|—§> Y]
1

2
EMY}—QﬂEWﬂ+5EWO

2 (18,2
3 10 3 5
=0.

Problem 7.

a) First note that Y ~ (0,0% 4+02,). Also note that aX +bY = (a+b)X 4+ bW which is normally
X W
distributed for all a,b € R, and thus X and Y are jointly normal, and so by Theorem 5.4 in
the book:
Y —py

Xy = E[X|Y] = ux + pox
Oy
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Solving for the covariance is easy: Cov[X,Y] = Cov[X, X + W] = Var[X] + Cov[X, W] =
Var[X] = c%, where Cov[X, W] = 0 since X and W are independent. I thus have that:

A CovlX,Y Y — uy
Xp = px + [ ]UX a
0X0y oy
2
o Y
= X 'O-X‘
an/ag(—i—J?,V \/Jgf—i—a%/
2
U_%(—i—a‘z,v

(b) The MSE is:

MSE(Xy) = E[(X — Xm)?]
= B[X?] - 2B[X Xy] + E[X}]
o2 o2 2
= E[X?] - sz [(XY]+ (M) E[Y?]
02 02 2
= B[X? - QmE [(X(X +W)] + (M) E[(X +W)?]
2
= E[X?) - 22X (E[X?] + E[X]E[W])

2 2
ox + oy

02 2
+ <U2 ng > (E[X?] + 2E[X|E[W] + E[W?])
X w
X
O'§( + U%V’

where in the second to last line I have used that X and W are independent, and where I have
used that: E[X?] = 0%, E[W?| =03, and E[X] = E[W] = 0.

Problem 8. Following along Example 9.9 of the book, I use the principle of orthogonality to solve
for Xy. I first note that since E[X] = E[W;]| = E[W3] = 0, E[Y1] = E[Y2] = 0. We would like the
linear MMSE estimator to be of the form:

Xr =aY] +bYs +c.

Now, using the first of the two orthogonality principle equations I can solve for c:

0= E[X] = E[X — X;] = E[X] — aE[Y1] — bE[Y3] — ¢ = —¢,

so that ¢ = 0.
Using the second of the two orthogonality principle equations I may solve for the remaining
constants by noting that

Cov[X,Yj] = Cov[X — X,Y;] =0 for j =1,2,

and thus: A
Cov[X,Y;] = Cov[ Xy, Y] for j=1,2.

I now compute the four covariances, and plug them into the above equations (one for j = 1 and
one for j = 2) to obtain a coupled set of equations in a and b.
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For the Cov[X, Y]] covariances, I have
Cov[X,Y1] = Cov[X,2X + W] = 2Var[X]| + Cov[ X, W;] = 2Var[X] = 10,
where I have used the fact that since X, W7 are independent, their covariance is 0. Also,
Cov[X,Ys] = Cov[X, X + W] = Var[X]| + Cov[X, W3] = Var[X] =5,

where again I have used independence.
I now solve for the other two covariances:

COU[XL, Y1] = Cov[aY; + bY3, Y1 ]
= aCov[Y1, Y1] + bCov|Y2, Y1]
= aCov[2X + W1,2X + Wi] 4+ bCov[X + Wy, 2X + W]
= a(4Var[X] + 4Cov[ X, W1] + Var[Wi))
+0(2Var[X] + Cov[X, Wi] 4+ 2Cov[Wy, X] + Cov[Wo, W1])
= a(4Var[X] + Var[Wi]) + 2bVar[X]
—a(4-5+2)+2-b-5
= 22a + 100,

and

Cov[Xp,Ys] = CovlaY; + bYs, Yo
= aCov[Y1, Ys] 4+ bCov[Ys, Ys]
=aCov[2X + W1, X + Ws| 4+ bCov[X + Wa, X + Ws]
= a(2Var[X] + 2Cov[ X, W] + Cov[Wy, X| 4+ Cov[W7, W3])
+ b(Var[X] + 2Cov[ X, Ws] + Var[Ws])
=2aVar[X] 4+ b(Var[X] + Var[Ws))
=2-a-5+b(5+5)
= 10a + 10b

where in both computations, I have used the independence of X, W7, Ws.
Putting these 4 equations together, I get a coupled set of algebraic equations in a and b:

10 = 22a 4 100
5 = 10a + 100,

resulting in a = 5/12 and b = 1/12. The linear MMSE estimator of X is thus:

5

N 1
X =—Y+ —Y5.
L=t
Problem 9. In order to use the vector formula

Xi = CxyCy (Y — E[Y]) + E[X],

to solve for the linear MMSE estimator, I need to compute the vectors/matrices that go into this
formula. Firstly, it can easily be shown that
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The covariance matrix of Y is:

o - | E[(Y1 — E[Y1])?] ﬂmeMME—MMW
Y 7 E((Ya — E[Y2)) (Y1 — E[W1))] E|(Yz — E[Y3))?]
_'HW]EMBq
~EYev]  E[YF
[ E[(2X +W1)? E[(2X + W) (X + Wz)]]
CE[(X 4+ W2)(2X + W) E[(X + W)?]

[ EAX?4+4XWy + W E[2X?% 4 3XWi + Wi W]
E[2X?% +3XWy + WiWs]  E[X%+2XW, + W2

_ [4E[X?] + E]WE] 2E[X?]

- 2F[X?] E[X?] + E[W}]
4542 25

| 25 5+5

22 10

~ (10 10]°

where I have used the fact that X, W7, Wy are independent.
The cross-covariance matrix of X and Y is:
B[(X - BX])(\1 - EM])] E[(X — E[X])(Y2 - E[Y2])]]
E[XY1 E [(XY2)]
E[X(2X +W,)] EX(X+ WQ)H
2E[X? + E[XW;] E[X?|+ E[XW,]]
2E[X? E[X?]]
=[10 5],

=
=
=
=
[

where, again, I have used the fact that X, W7, W5 are independent.
Plugging these matrices into the formula for Xy, I finally have:

-1

; 22 1

Xy =1[10 5] [10 18] Y
5 1

= —Y;
10 1+

which matches exactly with the answer found in the previous problem which utilized the orthogo-
nality principle.

Problem 10. To solve this problem, I use the vector formula approach as in the previous problem.
It can easily be shown that
0
= |0f.
0

Also, since E[Y;] =0 (for i = 1,2, 3), the covariance matrix of Y is

&=
epegas

E[Y?] EMNWYs] E[Y1Y3]
Cy = |EYaY1] E[Y7] E[Y)Y3]
ElY3Y1] E[Y3Y,] E[YP).
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Therefore, I need to compute all of the pairwise expectations along the diagonal and in the upper
right triangle of the matrix. Notice that all of the pairwise expectations are of the form E[Y;Y}],
where Y; = a; X + b;W;, so I derive a general formula for all 6 pairs for easy computation of the
expectations:

EIYiY;) = Bl(a:X +bW:)(a;X + bWy
= aiajE[XQ] + albjE[XVVJ] + bla]E[VVZX] + bleE[WZWJ]
= aiajE[X2] + bbE[Wf}ém

= ba;a; + b E[W20, 5,

where 9; ; is the Kronecker-delta function, and where I used independence several times. Using this
formula, it is easy to find that

22 10 10
Cy= |10 10 5
10 5 17.
Since F[X] = 0 and E[Y;] = 0 (for ¢ = 1,2,3), the cross-covariance matrix is also easy to

compute

= [E[XY1] E[XYs] E[XY3]

= [E[X(2X +W1)] E[X(X +W2)] E[X(X + W3)]]
[2E[X? E[X?] E[X?]

=[10 5 5]

Plugging these matrices into the vector formula for X, 1 finally have:

-1

22 10 10
X,=[10 5 5] |10 10 5| Y
10 5 17
60 12 5
— Vi + Yo+ ——Yi.
T a9 129 T 19

Problem 11.

(a) The linear MMSE estimator is given by:

A Cov[X,Y]

Xp = Var[Y] Y - E[Y]) + E[X],

and so I must compute the various terms in this equation.

The expectations are

while the covariance is

Cov[X,Y] = E[XY] — E[X]E[Y]

)

9
49’



162 CHAPTER 9. STATISTICAL INFERENCE II: BAYESIAN INFERENCE

Finally, the variance of Y is:

1= -3 (42 (-3

12
49’

Plugging these values into the above equation for X;, I find that:

. 3 3
Xp=-2v42
LT g
(b) The MMSE estimator is given by
Xu = E[X]Y],

and the conditional PMFs can easily be found to be

L forz=0
P z|0) =<4
X\Y( | ) {i for r = 1
and
1 forz=0
P z|l) =
XlY( ) {O for z = 1.

This results in the conditional expectations, E[X|Y = 0] = 3/4 and E[X|Y = 1] = 0, which
can be combined into one expression using an indicator random variable:

; 3

(¢) The MSE of X is given by:

MSE(Xy) = E[(X — Xar)?)

2
=Z<w—iﬂ{y=0}> Pxy(z,y)
(()—11{0_0})2 7+(1—in{020}>2-3+(o—im:()})Qj
(1) #e(0) 2

Problem 12.

(a) Following along with the previous problem, I must calculate the terms that go into the formula
for X1. The expectations are:

and
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while the covariance is:

Cov[X,Y] = E[XY] — E[X]E[Y]

Therefore, the linear MMSE estimator is simply a constant:

X, =E[X]=-.

(b) The MSE for X, is given by:

= B[(X ~ 37
:Ewﬂ—mm+i
111

“2 271

1

-1

(¢) To find X7, I must first find the conditional PMF of X:

L forz=0
PX|Y(x’O) = {:}

g forz=1,

1 forz=0
P z|l) =
XlY( ) {0 for z = 1.

and

0 forx=0
P z|l) =
XlY( ) {1 for z = 1.

Thus, I have the conditional expectations, E[X|Y = 0] = 2/3, E[X|Y = 1] =0, and E[X|Y =
2] = 1, which can be combined into one expression using an indicator random variable:

Xy = E[X|Y]

= ;1{}/ =0} + 1{Y = 2}.
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(d) The MSE of X is given by:
MSE(Xwn) = E[(X — Xur)?]

2
=y (;g - %ﬂ{y =0} -y = 2}> Pxy (z,y)
T,y

2

:(0—21{020}—1{022}>2'é+(1—51{0:0}-1{0:2})2-
;+(1—§1{220}—1{2:2})Q-

FO-0P S+ (-1

+
(=20 e SUY

(0—11{1 =0} —1{1=2}

1(0 )5 (5 5

o&\r—*\/

Problem 13. In this problem, the two hypotheses are:

H,: X=1
Hlinfl,

where the priors are P(H,) = p and P(H;) = 1 — p. Note that given H,, Y = 2 + W so that
Y|H, ~ N(2,0?), and that given Hy, Y = —2 + W so that Y|H; ~ N(—2,02%). The posterior
probability of H, is thus:

1 _(w=2)?
P(H,|Y =y) x Iy (y|Ho)P(H,) = \/ﬂge 202,
while the posterior probability of H; is thus:
z 1 (u+2)2
PHIY =9) & () P(H) = e (1)

The MAP decision rule for this problem is to accept H, if the posterior probability under H, is
greater than or equal to the posterior probability under H;. In other words, we accept H, if:

1 _(y—zz>2 < 1 _(y+22>2 (1 )
[ 20 p = [ 20 —_ p s
2o V2o

otherwise we accept H;.
Using some algebra, this rule can be re-written as: if

2 1—
=T (150),
2 p
then accept H,, otherwise accept H;.

Problem 14. The error probability is given by:

P, = P(choose Hi|H,)P(H,) + P(choose H,|H)P(H1).
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We can replace “choose H;” and “choose H,” with our decision rule to compute the conditional
probabilities:

Plugging these conditional probabilities into the formula for the error probability, I find that

o (5 (172) 2o oo 3n(57) o

Problem 15. Using the minimum cost decision method, we should accept H, if P(H,|y)Cio >
P(Hily)Coi. Note that Cp; is the cost of choosing H, (there is no malfunction) given H; is true
(there is a malfunction). That is, Cp; is the cost of missing a malfunction, so that, as specified in
the problem Cy; = 30Cy.

The left hand side of the inequality decision rule is therefore:

P(H,|y)Cro = (1 = P(Hily))Cho
= 0.9C1o,

while the right hand side of the inequality is

P(Hi|y)Co1 = 0.1 -30C10
= 3010.

Since the costs are usually not negative, we see that P(H|y)Co1 > P(H,|y)Cio and we thus should
accept Hq, the hypothesis that there is a malfunction.

Problem 16. For X,Y jointly normal, we know from Theorem 5.4 in the book that:

X;Y=y~N<uX+anyij,(l—f)og().

Since X ~ N (2,1) and Y ~ N(1,5), using the above formula, I have that the posterior distribution
is X|Y =1~ N(2,15/16).
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When choosing a confidence interval, to keep things symmetric, we usually choose the confidence
interval such that a/2 of the probability is in the left tail of the distribution (i.e., P(X < alY =1) =
a/2) and /2 of the probability is in the right tail of the distribution (i.e., P(X > blY =1) = a/2).
Therefore to find the 90% credible interval, [a, b], I have the following equations:

0.05 = @ (j%/i) :

1-005=29 <5%/24> .

Solving for a and b by using the inverse Gaussian CDF, I find that the 90% credible interval is
approximately [0.41, 3.6].

and

Problem 17.

(a) The posterior distribution can be found using Bayes’ rule. For x > 0 :

Fxpy (@ly) & Pyix (ylz) fx (@)
o e Tplgele—hr
_ 671(B+1)xa+y71

g( (B + 1)a+y€f‘r(ﬁ+1)xa+y717

while for z < 0, fx|y(z|y) = 0. The notation & means proportional to as a function of z.
Notice that since @ > 0 and y > 0, y + « is therefore greater than 0. Also, since 5§ > 0,
1+ > 0. Therefore, this function is exactly of the form of a Gamma(a+y, f+1) distribution,
and so we know that the normalizing constant is I'(« + y).

(b) In the previous part of the problem, I showed that X|Y =y ~ Gamma(a +y,5 + 1), and

therefore:
(B+1)otygaty—le—z(f+1)

Ixpy (zly) = {0 Flaty)

for x >0

otherwise.

(c) For U ~ Gamma(a, \), as shown in Section 4.2.4 of the book, E[U] = a/\ and Var[X] =
a/A\2. Therefore, I have

a+Y
EFIX|Y] =
XY= 5
and Ly
o
XY= ———.
Var(X|Y] CESIE
Problem 18.

(a) The posterior distribution can be found using Bayes’ rule. For 0 <z <1:

Fxpy (@ly) & Py x (ylz) fx (2)
Xa¥(1— )" Vo (1 — z)P!

_ ‘,L.aerfl(l o x),6’+nfy71,

while for z < 0 and z > 1, fxy(z|y) = 0. Now, since a > 0 and y > 0, a+y > 0. Also, since
B>0andn >y, B+n—y > 0. Thus, since this equation, up to a normalization constant,
has the exact same functional form as a Beta(a + y, 8 +n — y) distribution, the posterior is
given by this distribution.
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(b) Since the posterior is given by a Beta(a + y, 8 + n — y) distribution, I have that:

LlatB+n)  oaty—1(1 _ p\B+n—y—1
fx|y<x|y>={F<a+y>rw+n-y>fv e fr0s o<l
0

otherwise.

(c) Plugging in my values for o and f into the formulas for the expectation and variance of a
Beta distribution, I find:

_ a+Y
BXN= e
wd (@+Y)(B+n-Y)
_ o+ +n—
VarX Y = et B ns D)
Problem 19.

(a) Since Y|X =z ~ Geom(zx) I have that:

Py x(ylz) = z(1 - o)t oy =1,2,3,....
Now, the posterior distribution can be found using Bayes’ rule. For 0 < < 1:

Fxpy (@ly) < Py x (y|z) fx ()
x z(1—z)V 1zo71(1 - w)ﬁfl

= glotD=1(1 — z)Bry—1)-1

while for # < 0 and = > 1, fxy(zly) = 0. Since a > 0, a +1 > 0. Also, since 3 > 0,
y—12>0,84+y—1>0. We thus see that up to a normalizing constant, this is the PDF for
a Beta(a+ 1,8 +y — 1) distribution, and hence X|Y =y ~ Beta(a+ 1,8+ y — 1).

(b) Since X|Y =y ~ Beta(a+ 1,5+ y — 1), the posterior distribution is:

[(a+B+y—1) x(a+1)—1(1 _ x)(ﬁ—i—y—l)—l for0<az<1

zly) =  TlarDT(B+y—1)
fxpy (@]y) {O otherwise.

(c¢) Plugging in my values for a and (3 into the formulas for the expectation and variance of a
Beta distribution, I find:

E[X|Y] = afgiy
and
VarlXIY] =7 (ﬁajyl))?((ﬁaiyﬁ;; +1)
Problem 20.

(a) Since V;| X ==z a Exp(z), I have that
xe ™Y fory >0

0 otherwise.

fyix(wlz) = {
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The likelihood function is thus:
L(Ya ﬂf) = fY],YQ,..‘,YTAX(yl? Yy2,. .. ,?/n’l“)

= H fyv,x(yilz) (by independence)
i=1

n
=1

= x"e 7 E?:l Yi

(b) Since X ~ Gamma(a, 8), I have that fx(z) & 2* te™5% for z > 0 and fx(z) = 0 otherwise.
Therefore, for > 0,the posterior is:

fX\Yl,YQ,...,Yn (zly1, Y2, Yn) x fY17Y2,...,Yn|X(yl7 Y2, - YnlT) fx ()
= L(Y;z)fx(z)

x _ noo a1 —
& 2" xzzzlyzmoc 16 Bz

— $a+n_1€_x(zi:1 yi'f‘ﬁ) ,

while for z < 0, fx|v; vs,..v, (Z|Y1,92,-..,yn) = 0. Now, since a and n are greater than 0,
so too is a + n. Further since it is assumed that Y;|X ~ Exp(X), it is implicit that all y;s
are greater than 0, and since 3 > 0, so too is Y ;" | y; + 8. Therefore, we see that, up to a
normalizing constant, the posterior has the functional form of a Gamma(a+n, Y " | yi + )
distribution, so that X|Y =y ~ Gamma(a +n,Y ;i + B).

(c) The posterior PDF is given by:
(Z:'l=1 yi+ﬁ)a+n$a+n_le_”(2?:1 vi+8)

fX|Y1,Y2,...,Yn ($|y17 Yy2,. .. 7yn) = P(otn) i
0 otherwise.

for x >0

(d) For U ~ Gamma(a, A), as shown in Section 4.2.4 of the book, E[U] = a/A and Var[X]| =
a/A\2. Therefore, I have

a—+n
EX|)Y)==——
[(XY] ST V15
and a+n
Var[X|Y] =

(X0, Y+ 8)°
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The Python programming language is one of the most popular languages in both academia and
industry. It is heavily used in data science for simple data analysis and complex machine learning.
By most accounts, in the last few years, Python has eclipsed the R programming language in
popularity for scientific/statistical computation. Its popularity is due to intuitive and readable
syntax that can be implemented in a powerful object oriented programming paradigm, if so desired,
as well as being open source. It is for these reasons that I decided to transcribe the Introduction to
Simulation chapter in Pishro-Nik’s Introduction to Probability, Statistics and Random Processes
book into Python.

This entire chapter was written in a Jupyter notebook, an interactive programming environment,
primarily for Python, that can be run locally in a web browser. Jupyter notebooks are ideal for
quick and interactive data analysis, incorporating markdown functionality for clean presentations
and code sharing. If you are a fan of RStudio, you will most likely be fond of Jupyter notebooks.
This entire notebook is available freely at https://github.com/dsrub/solutions_to_ probability
statistics.

Additionally, much of this code was written using the Numpy/SciPy library, Python’s main library
for scientific computation and numerical methods. Numpy has a relatively clear and well docu-
mented API (https://docs.scipy.org/doc/numpy /reference/index.html), a reference which I utilize
almost daily.

I start with a few basic imports, and define several functions I will use throughout the rest of this
chapter.

#define html style element for nmotebook formatting
from IPython.core.display import HTML

with open('style.txt', 'r') as myfile:
notebook_style = myfile.read().replace('\n', '")

HTML (notebook_style)

#import some relevant packages and plot inline
import matplotlib.pyplot as plt

import numpy as np

Jmatplotlib inline

#define a few functions I will be using throughout the rest of the notebook

#function to print several of the RGNs to the screen
def print_vals(RNG_function, *args):
for i in range(5):
print('X_' + str(i)+' = ', RNG_function(*args))

#plotting function
def plot_results(x, y, xlim=None, ylim=None, xlabel=None, ylabel=None, \
title=None, labels=None):

plt.figure(l, figsize = (6, 4))
plt.rc('text', usetex=True)
plt.rc('font', family = 'serif')



if labels:
plt.plot(x[0], y[0], label=labels[0], linewidth = 2)
plt.plot(x[1], y[1], label=labels[1], linewidth = 2)

plt.legend(loc="upper right')

else:

plt.plot(x, y, linewidth = 2)
if xlim:

plt.xlim(x1im)
if ylim:

plt.ylim(ylim)
if xlabel:

plt.xlabel(xlabel, size = 15)
if ylabel:

plt.ylabel(ylabel, size = 15)
if title:

plt.title(title, size=15)

15)
15);

plt.xticks(fontsize
plt.yticks(fontsize

Example 1. (Bernoulli) Simulate tossing a coin with probability of heads p.

Solution: We can utilize the algorithm presented in the book, which uses random vari-
ables drawn from a Unif(0,1) distribution. The following function implements this

algorithm in Python to generate a Bern(p) (pseudo) random variable.

def draw_bern(p, N):

nmnn

A Bern(p) pseudo-RNG

mnmnn

U = np.random.uniform(size = N)
if N == 1: U = U[0]
X=WU<p +0

return X

#print a few examples of the RGNs to the screen
p=0.5
print_vals(draw_bern, p, 1)

X_0
X_1 =
X 2 =
X_3 =
X 4 =

= O O O O
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Note that we can directly sample from a Bern(p) distribution with Numpy’s binomial random

number generator (RNG) by setting n = 1 with: np.random.binomial (1, p).

Example 2. (Coin Toss Simulation) Write code to simulate tossing a fair coin to see how the law

of large numbers works.
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Solution: 1T draw 1000 Bern(0.5) random variables and compute the cumulative average.

#generate data, compute proportion of heads and plot

#set a seed for reproductibility
np.random.seed (2)

X = draw_bern(0.5, 1000)
avg = np.cumsum(X)/(np.arange(1000) + 1)
plot_results(np.arange(1000) + 1, avg, xlabel='$N$', ylabel='Proportion of heads')

#reset seed
np.random.seed (0)

1.0 A

e = o
~J o o)
1 1 1

<
(@)
1

Proportion of heads

<
(&
1

0 200 400 600 800 1000
N

Example 3. (Binomial) Generate a Bin(50,0.2) random variable.

Solution: If Xy, Xo,..., X, are drawn iid from a Bern(p) distribution, then we can
express a Bin(n,p) random variable as X = X; + Xo + ... + X,,. Therefore we can
utilize the code we have already written for drawing a Bern(p) random variable to draw
a Bin(n,p) random variable.

def draw_bin(n, p, N):

nmnn

A Bin(n, p) pseudo-RNG

if N > 1:
U = np.random.uniform(0, 1, (N, n))
X = np.sum(U < p, axis = 1)

U = np.random.uniform(0, 1, n)
X = np.sum(U < p)
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return X

#print a few examples of the RGNs to the screen
n = 50

p=0.2

print_vals(draw_bin, n, p, 1)

X0= 8
X_1= 17
X2= 3
X3 = 13
X 4= 10

Note that we can directly sample from a Bin(n,p) distribution with Numpy’s binomial RNG with:
np.random.binomial(n, p).

Example 4. Write an algorithm to simulate the value of a random variable X such that:

0.35 forz=1
0.15 forz =2

Px(z) =
X (@) 04 forx=3
0.1 for z =4.

Solution: We can utilize the algorithm presented in the book which divides the unit
interval into 4 partitioned sets and uses a uniformly drawn random variable.

def draw_general_discrete(P, R_X, N):
A pseudo-RNG for any arbitrary discrete PMF specified by R_X and

corresponding probabilities P
nimnn

F_X = np.cumsum([0] + P)

X arr ]
U_arr = np.random.uniform(0, 1, size = N)
for U in U_arr:

X = R_X[np.sum(U > F_X)-1]

#take care of edge case where U = 0

if U == 0:
X = R_X[0]
X_arr.append (X)
if N == 1: X_arr = X_arr[0]

return X_arr

#print a few examples of the RGNs to the screen
P = [0.35, 0.15, 0.4, 0.1]

R X = [1, 2, 3, 4]
print_vals(draw_general_discrete, P, R_X, 1)
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X 0= 2
X.1= 4
X2= 3
X3= 3
X.4= 4

Note that we can directly sample from a discrete PMF using Numpy’s multinomial RNG. A multi-
nomial distribution is the k£ dimensional analogue of a binomial distribution, where & > 2. The
multinomial distribution is a distribution over random vectors, X (of size k), where the entries
in the vectors can take on values from 0,1,...n, subject to X1 + Xo + ... + X} = n, where X;
represents the 7" component of X.

If a binomial random variable represents the number of heads we flip out of n coin tosses (where
the probability of heads is p), then a multinomial random variable represents the number of times
we roll a 1, the number of times we roll a 2, ..., the number of times we roll a k, when rolling
a k sided die n times. For each roll, the probability of rolling the i*" face of the die is p; (where
Sk pi = 1). We store the value for the number times we roll the i*" face of the die in X;. To
denote a random vector drawn from a multinomial distribution, the notation, X ~ Mult(n,p), is
typical, where p denotes the k dimensional vector with the i** component of p given by p;.

To directly sample from a discrete PMF with (ordered) range array R_X and associated prob-
ability array P we can use Numpy’s multinomial RNG function by setting n = 1 (one roll).
To sample one time we can use the code: X = R_X[np.argmax(np.random.multinomial(1,
pvals=P))], and to sample N times, we can use the code: X = [R_X[np.argmax(x)] for x in
np.random.multinomial (1, pvals=P, size=N)].

Additionally, to sample from an arbitrary discrete PMF, we can also use Numpy’s choice function,
which samples randomly from a specified list, where each entry in the list is sampled according to a
specified probability. To sample N values from an array R_X, with corresponding probability array
P, we can use the code: X = np.random.choice(R_X, size=N, replace=True, p=P). Make sure
to specify replace=True to sample with replacement.

Example 5. (Exponential) Generate an Exp(1) random variable.

Solution: Using the method of inverse transformation, as shown in the book, for a
strictly increasing CDF, F, the random variable X = F~Y(U), where U ~ Unif(0,1),
has distribution X ~ F'. Therefore, it is not difficult to show that,

(V) ~ Bap(),

where the fact that 1 — U ~ Unif(0, 1) has been used.
def draw_exp(lam, N):

nimnn

An Ezp(lambda) pseudo-RNG using the method of inverse transformation
U = np.random.uniform(0, 1, size = N)
if N ==
U = U[o]
X = (-1/lam)*np.log(U)

return X
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#print a few examples of the RGNs to the screen
lam = 1
print_vals(draw_exp, lam, 1)

X_0 = 2.4838379957
X_1 = 0.593858616083
X_2 = 0.53703944167
X_3 = 0.0388069650697
X_4 = 1.23049637556

Note that we can directly sample from an Exp(\) distribution with Numpy’s exponential RNG
with: np.random.exponential (1lam).

Example 6. (Gamma) Generate a Gamma(20,1) random variable.

Solution: If X1, Xo,..., X, are drawn iid from an Exp(\) distribution, then Y = X +
Xo+...+ X, ~ Gamma(n, \). Therefore, to generate a Gamma(n, \) random variable,
we need only to generate n independent Exp(\) random variables and add them.

def draw_gamma(alpha, lam, N):

nimnn

A Gamma (n, lambda) pseudo-RNG using the method of inverse transformation
n = alpha
if N > 1:

U = np.random.uniform(0, 1, size = (N, n))

X = np.sum((-1/lam)*np.log(U), axis = 1)

else:
U = np.random.uniform(0, 1, size = n)
X = np.sum((-1/1am)*np.log(U))

return X

#print a few examples of the RGNs to the screen
alpha = 20

lam = 1

print_vals(draw_gamma, alpha, lam, 1)

X_0 = 17.4925086879
X_1 = 20.6155480241
X_2 = 26.9115218192
X_3 = 22.3654600391
X_4 = 22.331744631

Note that we can directly sample from a Gamma(n,\) distribution with Numpy’s gamma RNG
with: np.random.gamma (shape, scale).

Example 7. (Poisson) Generate a Poisson random variable. Hint: In this example, use the fact
that the number of events in the interval [0,¢] has Poisson distribution when the elapsed times
between the events are Exponential.

Solution: As shown in the book, we need only to continuously generate Exzp(\) variables
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and count the number of draws it takes for the sum to be greater than 1. The Poisson
random variable is then the count minus 1.

def draw_poiss(lam, N):

nmnn

A Poiss(lambda) pseudo-RNG

nimnn

X_list = []

for _ in range(N):
summ = 0
count = 0
while summ <= 1:
summ += draw_exp(lam, 1)
count += 1
X_list.append(count-1)

if N ==

return X_list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
lam = 1
print_vals(draw_poiss, lam, 1)

X0= 0
X.1= 2
X2= 2
X3= 1
X 4= 2

Note that we can directly sample from a Poiss(\) distributions with Numpy’s: np.random.poisson(lam)
function.

Example 8. (Box-Muller) Generate 5000 pairs of normal random variables and plot both his-
tograms.

Solution: Using the Box-Muller transformation as described in the book:

def draw_gaus_pairs(N):

nimnn

An N(0, 1) pseudo-RNG to draw N pairs of indepedent using the Boz-Muller

transformation

Ul = np.random.uniform(size = N)

U2 = np.random.uniform(size = N)

Z1 = np.sqrt(-2*np.log(U1))*np.cos(2*np.pi*U2)
Z2 = np.sqrt(-2*np.log(U1))*np.sin(2*np.pi*U2)
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return (Z1, Z2)

#print a few examples of the RGNs to the screen
Z1_arr, Z2_arr = draw_gaus_pairs(5)

for i, (Z1, Z2) in enumerate(zip(Z1_arr, Z2_arr)):
print('(Z_1, Z_2)_ ' + str()+' = (', Z1, 22, ')")

(Z_1, Z.2) 0 = ( 0.722134435205 -0.189448731182 )
(Z_1, Z.2) 1 = ( -0.918558147113 0.247330492682 )
(Z_1, Z.2) 2 = ( -1.42078058592 -0.914027516141 )
(Z_1, Z.2) 3 = ( 1.19799155228 -1.49105841693 )

(Z_1, Z_2) 4 = ( -0.65055423687 0.179187077215 )

In addition to plotting the histograms (plot in the first panel below) I also make a scatter plot of
the 2 Gaussian random variables. The Box-Muller method produces pairs of independent random
variables, and indeed, in the plot we see a bivariate Normal distribution with no correlation, i.e., it
is axis-aligned (recall that independence = p = 0). I further compute the correlation coefficient
between Z; and Zs and it is indeed very close to 0.

#plot the histograms and scatter plot

#set seed for reproducibility
np.random.seed(8)

#generate data
Z1_arr, Z2_arr = draw_gaus_pairs(5000)

#plot histograms
f, (axl, ax2) = plt.subplots(l, 2, figsize=(10, 4))

bins = np.linspace(-5, 5, 50)

axl.hist(Z1_arr, bins, alpha=0.5, normed=1, label='$Z_1$', edgecolor 'black')
axl.hist(Z2_arr, bins, alpha=0.5, normed=1, label='$Z_23%', edgecolor = 'black')
axl.legend(loc='upper right')

axl.set_xlabel('$Z$', size = 15)

axl.set_ylabel('Probability Density', size = 15)

axl.tick_params(labelsize=15)

#plot scatter plot
ax2.scatter(Z1_arr, Z2_arr, s=2)
ax2.set_xlabel('$Z 1$', size = 15)
ax2.set_ylabel('$Z_2$', size = 15)
ax2.set_ylim((-4, 4))
ax2.set_x1im((-4, 4))
ax2.tick_params(labelsize=15)

print('correlation coefficient = ', np.corrcoef(Z1l_arr, Z2_arr) [0, 1])

#reset seed
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np.random.seed (0)

correlation coefficient = 0.0177349514518
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Note that we can directly sample from a N(0,1) distribution with Numpy’s normal RNG with:
np.random.randn(d0, d1, ..., dn), whered0, d1, ..., dn are the dimensions of the desired output

array.

Exercise 1. Write Python programs to generate Geom(p) and Pascal(m,p) random variables.

Solution: As in the book, I generate Bern(p) random variables until the first success
and count the number of draws to generate a Geom(p) random variable. To generate
a Pascal(m,p) random variable, I generate Bern(p) random variables until I obtain m
successes and count the number of draws.

def draw_geom(p, N):

nimnn

A Geom(p) pseudo-RNG
X_list = [J
for _ in range(N):

count 0

X=0

while X == O:
X = draw_bern(p, 1)
count += 1

X_list.append(count)

if N ==

return X_list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
p=0.2
print_vals(draw_geom, p, 1)
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X_0 = 15
X1= 1
2= 1
X3= 8
X.4= 2

def draw_pascal(m, p, N):

nimnn

A Pascal(m, p) pseudo-RNG
X_list = []
for _ in range(N):
count_succ = 0
count = 0
while count_succ < m:
X = draw_bern(p, 1)
count_succ += X
count += 1
X_list.append(count)

if N ==

return X list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
p=0.2

m= 2

print_vals(draw_pascal, m, p, 1)

X0 = 17
X1 = 10
X2=7
X3= 3
X 4= 4

Note that we can directly sample from Geom(p) and Pascal(m,p) distributions with Numpy’s
np.random.geometric(p) and np.random.negative_binomial(n, p) functions respectively.

Exercise 2. (Poisson) Use the algorithm for generating discrete random variables to obtain a
Poisson random variable with parameter A = 2.
Solution:

from scipy.misc import factorial

def draw_poiss2(lam, N):
A Poiss(lambda) pseudo-RNG using the method to gemerate an

arbitrary discrete random wvariable
mimn

X_list = []



180 CHAPTER 10. INTRODUCTION TO SIMULATION USING PYTHON

for _ in range(N):

P = np.exp(-lam)
i=20
U = np.random.uniform()

while U >= P:
i+=1
P += np.exp(-lam)*lam**i/(factorial (i)+0)

X_list.append(i)

if N ==

return X_1list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
lam = 2
print_vals(draw_poiss2, 2, 1)

X0= 3
X1= 0
X2= 5
X3 = 2
X 4= 5

Exercise 3. Explain how to generate a random variable with the density

f(x) =252z

for0<z<1.

Solution: The CDF is given by Fx(z) = 2.5 [ 2/*%da’ = 25/2, and therefore Fil(z) =
2?/5. Using the method of inverse transformation, if U ~ Unif(0,1), then Fy'(U) is
distributed according to the desired distribution.

def draw_dist3():

nimnn

A pseudo-RNG for the distribution in Erercise 3

nmnn

U = np.random.uniform()
return U*x(0.4)

#print a few examples of the RGNs to the screen
print_vals(draw_dist3)

_ 0.8178201131579468
X_1 = 0.8861754700680049
X_2 0.27369087549414306
X_3 = 0.6033871249144047
X 4 0.42850569109745954
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Exercise 4. Use the inverse transformation method to generate a random variable having distri-
bution function

for0 <z <1.

Solution: By inverting the CDF, we have that.

for 0 <z <1.
def draw_dist4():

nmnn

A pseudo-RNG for the distribution in Exercise 4
U = np.random.uniform()
return -0.5 + np.sqrt(0.25 + 2%U)

#print a few examples of the RGNs to the screen
print_vals(draw_dist4)

X_0 0.417758353296
X_1 = 0.198180089883
X_2 = 0.441257859881
X_3 = 0.538521058539
X_4 = 0.115056902

Exercise 5. Let X have a standard Cauchy distribution. function

1 1
F = — t —.
x () 7Talrc anx + 5

Assuming you have U ~ Unif(0, 1), explain how to generate X. Then, use this result to produce
1000 samples of X and compute the sample mean. Repeat the experiment 100 times. What do you
observe and why?

Solution: The inverse CDF is given by Fy'(x) = tan[r(z — 1/2)].
def draw_stand_cauchy(N):

nimnn

A standard Cauchy pseudo-RNG using the method of inverse transformation

U = np.random.uniform(size = N)
X = np.tan(np.pi*(U - 1/2))
if N == 1: return X[0]

else: return X
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#print a few examples of the RGNs to the screen
print_vals(draw_stand_cauchy, 1)

0.691013110859
0.212342443875
_ -0.907695727473
X_3 = 0.0731660554841
X 4 -3.28946953204

<> <
N —~ O
|

#plot means for 100 trials

#set seed for reproducibility
np.random.seed (5)

#compute means and plot
means = [np.mean(np.array(draw_stand_cauchy(1000))) for

in range(100)]

plot_results(range(100), means, xlabel='trial', ylabel='mean', \
title='Standard Cauchy mean')

#reset seed
np.random.seed (0)

Standard Cauchy mean

90 -

—90 1
—100 1
—150 1
—200 1
—250 1

mean

0 20 40 60 80 100
trial

We see that the means for each trial vary wildly. This is because the Cauchy distribution actually
has no mean.

Exercise 6. (The Rejection Method) When we use the Inverse Transformation Method, we need
a simple form of the CDF, F(z), that allows direct computation of X = F~}(U). When F(z)
doesn’t have a simple form but the PDF, f(z), is available, random variables with density f(z)
can be generated by the rejection method. Suppose you have a method for generating a random
variable having density function g(x). Now, assume you want to generate a random variable having
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density function f(x). Let ¢ be a constant such that f(y)/g(y) < ¢ (for all y). Show that the
following method generates a random variable, X, with density function f(z).

1) initialize U and Y such that U > Cfg ((3;))

repeat until U < % {
2) Generate Y having density g

3) Generate a random number U from Unif(0,1)

4) Set X =Y
Solution:

Firstly, as a technical matter, note that ¢ > 1, which can be shown by integrating both sides of
fly) < cgly).

We see that this algorithm keeps iterating until it outputs a random variable Y, given that we know
that U < L) Therefore, the goal is to show that the random variable Y|U < SX) has PDF f(y)

cg(Y) cg(Y)
(or equivalently CDF F(y)). In other words, we must show that P (Y <y|U < Cl;(g/))) = F(y). I

show this with Baye’s rule:

P(vsyv<IB) - P (U< S <y) PY <)
=YY= ) P (U < c’;((’;)))
_PU<dFHIY <y)6)
B Y
P (U < cj_;((y))

Thus, we must calculate the quantities: P (U < FY) |Y < y) and P <U < f(Y))).

As an intermediate step, note that

where in the second line I have used that U and Y are independent and in the fourth I have used
the fact that for a uniform distribution Fy7(u) = u. Notice that the requirement that f(y)/g(y) < ¢
(for all y) is crucial at this step. This is because f(y)/g(y) < ¢ = ¢ > 0 (since f(y) and g(y)
are positive), so that 0 < f(y)/cg(y) < 1. If this condition did not hold, then the above expression
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would be min{1, %}, for positive ¢ and 0 for negavtive ¢, which would interfere with the rest of
the derivation.

I may now calculate P (U < ies)

fY)
P(U< /¥) !Y<y) _P(Usam Y <y)
TeY) T G(y)
PP (U< S Y <yl =v) go)d
G(y)
ey (U< Y <y, Y =0) P(Y <y|Y = v)g(v)dv

G(y) ’

where in the second line I have used the law of total probability, and in the third line I have used
the definition of conditional probability. Note that:

1 f <
P <yly =v)=¢ =Y
0 forwv >y,

and thus

Yy Y P U§5(§)|Y§y,Y:v g(v)dv
P(o= Gl <) - = ) )
B Y P (U < CJ;(()Q) Y = U) g(v)dv
G(y)
S g
G(y)
F(y)
Gly)

where in the second line I have used the fact that conditioning on Y = v already implies that Y <y
since we only consider values of v less than or equal to y in the integration. In the third line I have

used the expression for P (U < /) ’Y = y) that we derived above.

cg(Y)
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Inserting these quantities into Baye’s rule:

)
P(Y<y|U< f(Y)) _P(U<IHY <y) 6w
e rsa)
1F(y)
_ oy CW)
- 1
=F(y),

which is what we set out to prove.

Exercise 7. Use the rejection method to generate a random variable having density function
Beta(2,4). Hint: Assume g(z) =1for 0 <z < 1.

Solution: 1 first visualize these distributions so we can get a handle on what we are
dealing with.

#plot Beta(2, 4) and Unif(0, 1)
from scipy.stats import beta

x1, x2 = np.linspace(0, 1, 1000), np.linspace(0, 1, 1000)
yl, y2 = beta.pdf(xl, 2, 4), x2x0+1
labels = ['Beta(2, 4)', 'Unif(0, 1)']

plot_results([x1, x2], [yl, y2], x1im=(0, 1), ylim=(0, 2.5), xlabel='$X$"', \
ylabel='PDF', labels=labels)

2.5
= Beta(2, 4)
Unif(0, 1)
2.0 1
- 1.5 1
=
1.0 1
0.5 1
0.0 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

X

Since f(x)/g(x) (where f(z) is the PDF of the Beta and g(z) is the PDF of the uniform) needs to
be smaller than ¢ for all x in the support of these distributions, a fine value of ¢ to use would be
2.5 since it is evident from the plot that this value satisfies the requirement. The book uses the
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smallest possible value of ¢, i.e., the max of the Beta(2,4) distribution, which it derives analytically
and finds to be 135/64 ~ 2.11. Tt is not necessary to use the smallest value of ¢, but will certainly
help the speed of the algorithm since the algorithm only stops when U < f(Y)/cg(Y). T will stick
with the value of 2.5 just to illustrate that the algorithm works for this value as well.

def draw_beta_2_4(N):

mnmnn

A Beta (2, 4) pseudo-RNG using the rejection method

nimnn

c = 2.5

X_list = [J
for _ in range(N):

a
I
[y

while U > f_Y/(c*xg_Y):
Y = np.random.uniform()
U = np.random.uniform()

Hh
<
]

20%Y* (1-Y) **3
1

g_Y
X_list.append(Y)

if N ==

return X_list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
print_vals(draw_beta_2_4, 1)

0 = 0.4236547993389047
_1 = 0.07103605819788694
_2 = 0.11827442586893322
X_3 = 0.5218483217500717
X_4 = 0.26455561210462697

X
X
X

Note that we can directly sample from a Beta(a, ) distribution with Numpy’s beta RNG with:
np.random.beta(a, b).

Exercise 8. Use the rejection method to generate a random variable having the Gamma(5/2,1)
density function. Hint: Assume g(z) is the PDF of the Gamma(1,2/5).

Solution: Note that there is a mistake in the phrasing of the question in the book.
The PDF for g(x) should be Gamma(1,2/5), not Gamma(5/2,1). Also note that we
cannot use the method that we used in Example, 6. since in this case « is not an
integer (however, we can use that method to draw from g(z)). I first visualize these
distributions so we can get a handle on what we are dealing with.
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#plot Gamma(5/2, 1) and Gamma (1, 2/5)

x1, x2 = np.linspace(0, 20, 1000), np.linspace(0, 20, 1000)
f, g = (4/(3*np.sqrt(np.pi)))*(x1**1.5)*np.exp(-x1), 0.4*np.exp(-0.4*x2)
labels = ['Gamma(5/2, 1)', 'Gamma(l, 2/5)']

plot_results([x1, x2], [f, gl, x1im=(0, 15), ylim=(0, 0.4), xlabel='$X$"', \
ylabel='PDF', labels=labels)

0.40

Gamma(5/2, 1)
0.35 - Gamma(1, 2/5)

0.30 1
0.25 -

The max{f(z)/g(x)} for x > 0 is approximately given by:
np.max(f/g)

1.6587150033103788

As a sanity check, this value is very close to the analytically derived value in the book, which is

3/2
% (g) / e 3/2 ~ 1.6587162. Therefore, I set the value of ¢ to be 1.7, and use the function I wrote

in Example. 6, draw_gamma (alpha, lam, N), to draw from g(x).

def draw_gamma_2(alpha, lam, N):

nimnn

A Gamma (5/2, 1) pseudo-RNG using the rejection method

nmnn

c=1.7

X_list = []
for _ in range(N):

Hh G

=
N -



188 CHAPTER 10. INTRODUCTION TO SIMULATION USING PYTHON

g ¥ =1

while U > £_Y/(c*g_Y):
Y = draw_gamma(1l, 0.4, 1)
U = np.random.uniform()

fy
g_Y

(4/(3*np.sqrt(np.pi))) *(Y**1.5)*np.exp(-Y)
0.4#np.exp(-0.4%Y)

X_list.append(Y)

if N ==

return X_1list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
print_vals(draw_gamma_2, 5/2, 1, 1)

X_0 = 1.96233211971
X_1 = 1.22716649756
X_2 = 2.55754781375
X_3 0.900161721137

X_4 = 3.89706921546

Exercise 9. Use the rejection method to generate a standard normal random variable. Hint:
Assume g(z) is the PDF of the exponential distribution with A\ = 1.

Solutuion As in the book, to solve this problem, I use the rejection method to sample
from a half Gaussian:

flz) = —=e" 7,

with range (0, c0), with an Fxp(1) distribution for g(z). The book analytically computes
max{ f(x)/g(z)} to be y/2e/m ~ 1.32, and I thus use ¢ = 1.4. Once the algorithm is
able to sample from the half Gaussian, to turn this distribution into a full Gaussian
with range R, one need only to randomly multiply by -1. I therefore sample @ (€ {0, 1})
from a Bern(0.5) distribution and multiply by 1-2Q (€ {—1,1}) in order to sample from
the full Gaussian.

def draw_standard_normal (N):

A standard normal pseudo—-RNG using the rejection method

c=1.4

X _list = []
for _ in range(N):

U=1
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while U > f_Y/(c*xg_Y):
Y = draw_exp(1, 1)
U = np.random.uniform()

f Y = (2/np.sqrt(2*np.pi))*np.exp (- (Y**2)/2)
g_Y = np.exp(-Y)

# draw Bern(0.5) random wvariable for the sign
Q = draw_bern(0.5, 1)

X_list.append(Y*(1-2%Q))

if N ==

return X_1list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
print_vals(draw_standard_normal, 1)

X_0 = 1.1538237197
X_1 = -2.28234324111
X_2 = -0.426012274543
X_3 = -1.40884434358
X_4 = -0.421092193245

Exercise 10. Use the rejection method to generate a Gamma(2, 1) random variable conditional on
its value being greater than 5. Hint: Assume g(z) is the density function of exponential distribution.

Solution As in the book, I use an Exp(0.5) conditioned on X > 5 as the distribution
for g(z). It is not difficult to show by integrating the PDF of this distribution that
G~ Yx) =5 —2In(1 — x) (where G is the CDF). I therefore use the method of inverse
transformation to first draw a random variable from this distribution (Y'). Note that
for U ~ Unif(0,1), 1 — U ~ Unif(0,1), and therefore the formula for G=1(U) can be
simplified to 5 — 2In(U). I then use the rejection method to sample from the desired
distribution. By maximizing f(z)/g(x), the book shows that ¢ must be greater than
5/3, and I therefore use ¢ = 1.7.

def draw_gamma_2_1_cond_5(N):

nimnn

A Gamma (2, 1) conditional on X>5 pseudo-RNG using the rejection method

nimnn

c=1.7

X_list = []
for _ in range(N):
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while U > f_Y/(c*xg_Y):
5 - 2*np.log(np.random.uniform())
U = np.random.uniform()

]
]

fy
g Y

Y*np.exp(5-Y)/6
np.exp((5-Y)/2)/2

X_list.append(Y)

if N ==

return X_list[0]
else:

return X_list

#print a few examples of the RGNs to the screen
print_vals(draw_gamma_2_1_cond_5, 1)

X_0 = 6.76250850879
X_1 = 5.73497460514
X_2 = 5.146655561227
X_3 = 5.8087003199

X_4 = 5.66723645483

Notice that, as required, the random variables are all > 5.

As a final check to close this chapter, I draw samples from most of the RNG functions that I
implemented above, compute the corresponding PMFs/PDFs, and compare to the theoretical dis-
tributions. I first check the discrete distributions, and I start by writing a function that will compute
the empirical PMFs. Note that the phrase, “empirical PMF”, (and “empirical PDF”) is standard
terminology to refer to the probability distribution associated with a sample of data. Formally, for
a collection of data, {x;}}¥,, they are given by

1N
DTN

for the empirical PMF, and by

for the empirical PDF (where I(-) is the indicator function, and §(-) is the delta function).

def compute_PMFs(counts, xrange):
Compute empirical PMFs from a spectified array of random variables,

and a spectfied range
nimnn
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count_arr = []
xrange2 = range (np.max([np.max(xrange), np.max(counts)])+1)
for i in xrange2:

count_arr.append (np.sum(counts==1i))
pmnf = np.array(count_arr)/np.sum(np.array(count_arr))
return pmf [np.min(xrange) :np.max(xrange)+1]

I now compute the theoretical distributions, generate the data and compute the empirical distribu-
tions.

from scipy.stats import bernoulli, binom, poisson, geom, nbinom
#set seed for reproducibility
np.random.seed (1984)

x_ranges = [range(2), range(26), range(9), range(l, 11), range(4, 26), range(9)]

#compute PMF arrays for the theoretical distributions

numpy_dists = [bernoulli, binom, poisson, geom, nbinom, poisson]

numpy_args = [[0.5], [60, 0.2], [1], [0.5], [4, 0.5, 4], [1]]

numpy_y = [np_dist.pmf (xrange, *np_args) for np_dist, xrange, np_args in \
zip(numpy_dists, x_ranges, numpy_args)]

N = 1000 #number of points to sample

# draw random variables from my functions and compute corresponding PMFs

my_rngs = [draw_bern, draw_bin, draw_poiss, draw_geom, draw_pascal, draw_poiss2]

my_args = [[0.5, N], [50, 0.2, N], [1, N], [0.5, N], [4, 0.5, NI, [1, NI]

my_counts = [rng(*args) for rng, args in zip(my_rngs, my_args)]

my_y = [compute_PMFs(np.array(counts), xrange) for counts, xrange in \
zip(my_counts, x_ranges)]

Finally, I plot the results.

#plot theoretical and empirical PMFs

names = ['Bern(0.5)', 'Bin(50, 0.2)', 'Poiss(1)', 'Geom(0.5)', 'Pascal(4, 0.5)', \
'"Poiss(1) (discrete RV method) ']

legend_loc = ['upper right']*6

legend_loc[0] = 'upper center'

f, [[ax1l, ax2, ax3], [ax4, axb, ax6]] = plt.subplots(2, 3, figsize=(15, 10))
ax_arr = [axl, ax2, ax3, ax4, axb5, ax6]

for i, ax in enumerate(ax_arr):
ax.plot(x_ranges[i], numpy_y[i]l, 'bo', ms=8, label='Theoretical Dist.', \
alpha=.8)
ax.vlines(x_ranges[i], O, numpy_y[i], colors='b', lw=5, alpha=0.5)
ax.plot(x_ranges[i], my_y[il, 'bo', ms=8, label='Empirical Dist.', \
color='green', alpha=.8)

ax.legend(loc=legend_loc[i], fontsize=11)
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ax.set_title(names[i], size = 15)
ax.set_ylim(ymin=0)
ax.tick_params(labelsize=15)
if i in [3, 4, 5]:
ax.set_xlabel('$X$', size = 15)
if i in [0, 3]:
ax.set_ylabel('PMF', size = 15)
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We see that the empirical distributions match almost perfectly with the theoretical distributions,
with even better correspondence for larger V.

I now check some of the continuous RNG functions that I implemented in this chapter. I first start
by computing the theoretical distributions and generating the data.

from scipy.stats import expon, gamma, cauchy, beta, norm

x_ranges = [np.linspace(0, 8, 1000), np.linspace(0, 50, 1000), \
np.linspace(-20, 20, 1000), np.linspace(0, 1, 1000),
np.linspace(0, 15, 1000), np.linspace(-5, 5, 1000)]

\

#compute PDF arrays for the theoretical distributions

numpy_dists [expon, gamma, cauchy, beta, gamma, norm]

numpy_args = [[0, 1], [20, O, 11, [1, [2, 41, [5/2, O, 11, [1]

numpy_y = [np_dist.pdf(xrange, #*np_args) for np_dist, xrange, np_args in \
zip(numpy_dists, x_ranges, numpy_args)]
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N = 1000 #number of points to sample

# draw random variables from my functions to be plotted as histograms in next cell

my_rngs = [draw_exp, draw_gamma, draw_stand_cauchy, draw_beta_2_4, draw_gamma_2, \
draw_standard_normall]

my_args = [[1, NI, [20, 1, N], [N], [N], [5/2, 1, NI, [NI]

my_rvs = [rng(*args) for rng, args in zip(my_rngs, my_args)]

#reset seed
np.random.seed (0)

I now plot normalized histograms of the data and compare to the theoretical distributions. Again,
we see almost perfect correspondence between the empirical and theoretical distributions. The
correspondence becomes even better with larger values of V.

#plot theoretical and empirical PDFs

names = ['Exp(1) (inverse tramns.)', 'Gamma(20, 1) (inverse trams.)', \
'Cauchy (0, 1) (inverse trans.)', 'Beta(2, 4) (rejection)', \
'Gamma (5/2, 1) (rejection)', 'N(0, 1) (rejection)']

bin_arr = [50, 35, 60, 45, 45, 35]

xlims=[(0, 8), (0, 50), (-20, 20), (0, 1), (0, 15), (-5, 5)]

range_arr = [None]*6

range_arr[2] = (-20, 20)

f, [[axl, ax2, ax3], [ax4, axb5, ax6]] = plt.subplots(2, 3, figsize=(15, 10))
ax_arr = [axl, ax2, ax3, ax4, axb, ax6]

for i, ax in enumerate(ax_arr):
ax.plot(x_ranges[i], numpy_y[i], label='Theoretical Dist.', color='black', \
linewidth=3, alpha=.7)
ax.hist(my_rvs[i], bins=bin_arr[i], alpha=.5, edgecolor='black',normed=True, \
label='Empirical Dist.', range=range_arr[i])

ax.set_title(names[i], size = 15)
ax.legend(loc="'upper right', fontsize=10)
ax.set_xlim(xlims[i])
ax.tick_params(labelsize=15)

if i in [3, 4, 5]:

ax.set_xlabel('$X$', size = 15)
if i in [0, 3]:
ax.set_ylabel('PDF', size = 15)
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Problem 1.

(a) The characteristic polynomial for this recursive formula is

3
2
T T+ ,

which has roots 1/2 and 3/2, and therefore:

3\" \"
w=a(3) +4(3)
Using the initial conditions ag = 1 and a; = —1 leads to @ = —1 and § = 1. Thus, the
solution to the recurrence equation is:

3 n 1 n
w=-(3) +(3) -
(b) The characteristic polynomial for this recursive formula is

22 —dx+4=0,

which can be factored into (x — 2)? = 0. The polynomial thus has one root, z = 2, with a
multiplicity of 2, and therefore:
an = a2™ + fn2".

Using the initial conditions ag = 2 and a; = 6 leads to @ = 2 and $ = 1. Thus, the solution
to the recurrence equation is:
a, = 2n" 1 4 nan.

Problem 2.

a) Let A, i be the event of observing exactly k£ heads out of n coin tosses, and le enote the
Let A, i be th t of observi tly k£ heads out of in t d let H denote th
event that the last coin toss is a heads. By conditioning on the last coin toss I obtain:

P(An,k) = P(An,k‘H)p + P(An,k‘HC)(l _p)
- P(Anfl,kfl)p + P(Anfl,k)(l —p),

where the equality follows because if the last coin toss is heads, then we need exactly k — 1
heads from the first n — 1 tosses, and if the last coin toss is tails, then we need exactly k
heads from the first n — 1 tosses. Converting this to the notation used in the problem:

Gn k= An—1k—1P + an—l,k(l - p)

Unt1k41 = A kD + angr1(1 —p).

(b) We recognize that this is precisely a binomial experiment, so the probability associated with
exactly k heads out of n is given by (2) pk(l - p)”*k, and therefore, using the equation above,

A1\ i1 D) (T kg on—k . n k+1/q _ oyn—(k+1)
<k+1>p (1-p) =p(, P A =p)""+ (1 -p) hi1)? (1-p) :
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which, when simplified results in:

We need the restriction that 0 < k < n to hold for this equation to be true, since the original
recursion relation does not hold if £k = n (in that case the last flip cannot be a tails since we
need all flips to be heads, so that the P(A,, x|H¢) term should be 0).

Problem 3. Let A be the desired event and let ¢ = 1 — p be the probability of tails. To solve this
problem, I first condition on whether the first toss is a heads or tails:

P(A) = P(A|H)p+ P(A|T)q.
To help solve for P(A|H), I now condition on the second toss:

P(A|H) = P(A|HH)p + P(A|HT)q
—1-p+ P(AIT)g,

where P(A|HH) = 1 since if you flip 2 consecutive heads, the experiment is done and where
P(A|HT) = P(A|T), since the first heads does not matter because we are interested in 2 consecutive
heads, and 1 isolated heads does not get us any closer to the event A.

To help solve for P(A|T), I also condition on the second toss:

P(A|T) = P(A|TH)p + P(A|TT)q

where P(A|T'T) = 0 since if you flip 2 consecutive tails, the experiment is done (and the desired even
did not occur) and where P(A|TH) = P(A|H), for essentially the same reason that P(A|HT) =
P(A|T) as described above.

I now re-express these 3 equations in slightly more readable notation:

a=allp+alyq
al =p+alq
and we see that we have a system of 3 equations with 3 unknowns. Solving for ¢ and plugging
g =1—p back in I find that:
_ _P*2-p)

1—p(l—p)
As a check, we know that in the limit that p goes to 1, this expression should evaluate to unity (we
definitely get HH before TT) and in the limit that p goes to 0 this expression should evaluate to
0 (we definitely get TT before HH ). Indeed it is easily to check that this expression satisfies these
2 limits.

Problem 4. Let A, be the event that the number of heads out of n tosses is divisible by 3, p be
the probability of heads and ¢ = 1 — p be the probability of tails. To solve this problem recursively,
I first condition on whether the first toss is a heads or tails:

P(An) = P(An‘H)p+P(An|T>q
= P(An‘H)p‘i‘P(An—l)Q-

Here, P(A,|T) = P(A,_1) since if the first toss is a tails, as in the sequence below, we have observed
no heads,
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T

n n—1n-2 1

so that the experiment just starts over at 1 less total flips (n — 1), and is equivalent to the sequence
below:

The numbers below the sequence n, n —1, n—2, ... show the number of flips remaining before you
make that particular flip.
To solve for P(A,|H), I condition on the second toss:

P(An|H) = P(An|HH)p + P(An|HT)q
= P(An|HH)p + P(An-1|H)g.

Here, P(A,|HT) = P(A,—_1|H) since the the probability of A,, for the sequence below,

H T

n njl n—2 1

is the same as the probability of A, for a sequence that starts with 1 heads with n — 1 flips:

H _

1:1 'an 1

Finally, to solve for P(A,|HH), I condition on the third toss:

P(A,|HH) = P(A,|JHHH)p + P(A,|HHT)q
= P(An _3)p+P(An—1|HH)Q'

Here, P(A,|HHT) = P(A,—1|HH) since the the probability of A,, for the sequence below,

HH T

n n—1 an nj3 1

is the same as the probability of A, for a sequence that starts with 2 heads with n — 1 flips:

H H _ ..._
n—1n—-2n-3 1
Also P(A,|HHH) = P(A,, —3) since, if we have already gotten 3 heads in the first 3 flips then the
probability that the number of heads flipped in the sequence is divisible by 3 is the same as if the
remaining n — 3 flips is divisible by 3.
I summarize this set of recursive equations in somewhat more readable notation:
afH = ap—3p+ affﬁq
ayl = ay"p +a;l1q
an = aflp+an_1q.

We see that the equations are a coupled set of recursive equations, so must be solved simultaneously
by first solving for af/# | then using this to solve for af’, then using this to solve for a,, iteratively
until we reach the desired value of n. In order to do this, we will need several initial conditions
which we can easily be compute by hand. For a sequence with n = 1, the number of heads is
divisible by 3 if we throw one tails (probability ¢). For a sequence with n = 2, the number of heads
is divisible by 3 if we throw two tails (probability ¢?). For a sequence with n = 3, the number of
heads is divisible by 3 if we throw 3 tails or 3 heads (probability p* + ¢3):
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a1 =(¢q
aQ:qQ
az =p* +¢°.

For a sequence that starts with 1 head and with n = 1, the number of heads is never divisible by
3 (probability 0). For a sequence that starts with 1 head and with n = 2, the number of heads is
never divisible by 3 (probability 0). For a sequence that starts with 1 head and with n = 3, the
number of heads is only divisible by 3 if we throw 2 heads after the first (probability p?):

H

al :0
asz
H 2
CLS :p

Finally, for a sequence that starts with 2 head and with n = 1, the number of heads is never
divisible by 3 (probability 0). For a sequence that starts with 2 head and with n = 2, the number
of heads is never divisible by 3 (probability 0). For a sequence that starts with 2 head and with
n = 3, the number of heads is only divisible by 3 if we throw 1 head after the first 2 (probability
p):

a{IH =0

ang =0
HH

a/3 :p

I can check this coupled set of recursive equations by recognizing that we can compute P(A,,)
directly using the binomial distribution and only summing over the number of successes which are
divisible by 3. This can be written as:

15)

n _
P(A,) = <3k,>p3'“q" o,
k=0

|3

I wrote a python function (below) to compute P(A,,) using both methods. I compute P(A,,) for a
range of n, for several values of p, and plot P(A4,) calculated recursively against P(A,,) calculated
with the binomial distribution as well as the 45 degree line in Fig. 11.1. If there is perfect agreement
between the 2 methods, the points should lie along this line, and indeed this is exactly what we
see.

import numpy as np
from scipy.special import binom

def compute_binom_recur(p, N):
Compute probability that the number of heads out of N
coin flips (each of probability p) is divisible by 3.
Returns the probability computed from the binomial
distribution and the probability computed from recursion.

N NN
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Figure 11.1: Comparison of P(A;) calculated recursively against P(A,) calculated with the bino-
mial distribution (Problem 4).

#compute the probability from the binomial
P_arr=]]
for n in range(1, N):
P = np.sum(np.array ([binom(n, 3xk)xpsx(3%k)*(1—p)**(n—3xk)\
for k in range (0, int(np.floor(n/3)+1))]))
P_arr.append (P)

#compute the probability from recursion
q=1-p

#initialize recursion
an.HH = [0, 0, p]

an.H = [0, 0, pxx2]

an = [q, qxx2, px*x3+q**3]

for _ in range(N—4):
#recursion update equations
an_HH new = an[—3]*ptan HH[—1]xq
an_H new = an_ HH newspt+an_H[—1]*q
an_new = an_H newsxp+an|[—1]xq

an_HH . append (an-HH_new )
an_H.append (an_H _new)

an.append (an_new )

return (P_arr, an)



