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Preface

“This book s sbout
and th clasicl filds of engincering mathemtics and mathematcal physcs, We have

been developineg this matcrial over a number of years, primarly to educate our advanced
dergrd and begining grdiste et o engiesingand sl s dear
ments. Typica linear algebra, diff

and scientifc computing, with niners often aving ome xpours (o o) ooy

Lik

P
Our goal is to provide a broad entry point to applied data sience for both of these eroups
of students. We have chosen the methods discussed i this book for their (1) relevance,
@) simpliciy.and (3) generality and we have attempied to present a range of opics, from
basic ntroductory materil up o researchvlevel techniques.

e dcovery i cuenly evlioning How we el i, nd conl
complex systems. The most pressing sci  engineering problems of the mod-
em e ae ot amenablc to mprial skl o deiations b on s princils.
I

ek sy o i, e Iw1m, iy epidminogy, s, oot ar-d
auonomy. Th sonlinear, dynani

Highdimensonl it domiant nndcﬂymx e i s e e and
modeled for of i imation, and control. With modern
et meods il by unprecedented availabilty of data and computational
resouces, we are now able (0 ackle previously unatainable challenge problems. A small
handfol

actuator placement, discovering interpretable nonlincar dynamical systems purely from
reduced order models to accelerate the study and optimization of systems with

complex multi-scale physics.
Driving. is vastand data

Tow-cost sen
comptaions pocr,ad iyl da Sorase and e capabilien. Sch
ast quantities of data are affording engineers and scientists across all disciplines new
which b e fourth parad

of scientific discovery [245]. This fourth paradig is the natural culmination of the first
radigms: empirical experimentation, analytical derivation, and computational
investigation. The integration of these techniques provides a transformative framewwork for




data-driven discovery efforts, This process of scienific discovery is not new, and indec

mimics the effort of leading figures of the scientific revolution: Johannes Kepler (1571
1620w i s Nevio (1621721 Exch lyed il e n devchopn e
theoretical underpinnings of calestial m

i 2 combination of empirical
drivn and sy sproces Do sence s ot eplocing mthemariclphyss

e reiane i rvclaion
Data scienc tself is not new, having been proposed more than 50 years ago by John
ho envisioned the existence of a scienific effort focused on learming from data,
o dats anayas 1192, Snce that e, dota scence i been sy domineed by v
Jtural outlooks on data [78]. The machine learning communiy, which is pre-
dominantly comprised of computer scientist, i typically centered on prediction quality
and scalable, fast agorithms. Although not necessarily in contras,the statistical earning
‘community, often centered in statistics departments, focuses on the inference of inter-

e mathematel and computaiona foundationsfo dtsclence methods For engloeers
and scientsts, the goal i to leverage these broad techniques to infer und compute models
(tpically nolinea from observtons that oty senify he undeyin dynamics
and generalize qualiatively and quantitatively (© unmeasured parts of phase, parameter,
or application space. Our goal in this book is o leverage the power of both statistical and
‘machine leaming o solve engincering problems.

‘Themes of This Book
There are a number of key themes that have emerged throughout this book. Fist, many
e

i reated to the second theme of finding coordinae transforms that simplify the system.
I, h i iy of ety 1 e s ot o
the For

ihough fhese tchmique e Tl een it fo s sealised scometries and
lincar dynamics. The ability to derive dara-driven transformations opens up opportunitcs
to generalize these techniques (o new research problems with more complex geomeies

ind boundary conditions. We also take the perspective of dnamical systems and control
throughout the book. applying data-driven technigues to model and control systems that
evolve in time. Perhaps the most pervasive theme is that of data-driven applied optimiza-

contl, ). Even more el it s rguned o ey o s
the extensive development of numerical inear algebra tools from the carly 19605

of for matrix decom.-
positions and solution stategies used throughout tis text

Acknowledgments
e are indebied to many wonderful sudents, callsborators. and colleagues for valuable
feedback, suggestions. and support We are especially grateful o Joshua Proctor, who was




Prefce i

organization. We have also benefied from extensive interactions and conversations with
Bing Brunton, Igor Meric, Bernd Noack, and Sam Taira. This work would also not be

and whose research i featured throughout his book.
“Throughout the writing of this book and teaching of related courses, we have received
great fecdback and comments from our excellent students and posidocs: Travis Askhar,

“Thomas Mohren, Megan Morrison, Markus Quade, Sam Rudy, Susanna Sargsyan,Iabel
Scherl, Eli Shlzerman, George Stepaniants, Ben Strom, Chang Sun, Roy Taylor, Meghana
Nelagar, Jake Weholt, and Matt Williams. Our students are our inspiration for this book,
and they make it fun and exciting to come to work every

publisher
for being a relible supporter throughout this process.

Online Material
We i designed thisbok t0 ke exinsive e of onln spplementry mieil
can be found at the r..uuwm website:

databookuvcom

In addition to course resources, all of the code and data used in the book are available,
“The codes online are more extensive than those presented in the book, including code
o gt pulcstion ity e, Dita izt v ke e
daa-science method in the Kaggle 2017 The State of Data Science and Machine Learning
Sy and o e
of these plotting commands.
We have also recorded and posted video lectures on YouTube for most of the topics in
his book.

lied mathemarics. We
2

preparation. Most ch: and may be converted boor
camps, conaining roughly 10 hours of materials each.

Huw to Use This Bosk
in engincering and science. As such, the machine learing methds are introduced at 3
beginning level, whereas we assume students know how (o model physical systems with

covered ths range from introductory 10 state-of-the-art rescarch methods. Our aim is
{0 provide an inegrated viewpoint and mathematica tolse for solving engincering and
science problems. Alernaively, the book can alo be useful for computer science and



satistis students who ofien have limited knowledge of dynamical systems and control
arious courses can be designed from this material, nd several example syllabi may be
a d cod

for young scientists and engincers. We have atempted to make everything as simple as

possible, M

of the chap of them
However, we also wanted to be as comprchensive 25 may be reasonably expected for

a field tha s 50 big and moving so fust. We hope that you enjoy this book, master these

‘methods, and change the world with applied data cience!




Common
Symbols, and Acronyms

Most Common Optimization Strategies

Least-Squares (discussed in Chapters | and 4) mirimizes the sum of the squares of the
residuals between a eiven fiting model and data. Linear least-squates, where the residuals
are lincar i the unknowns, has a closed form solution which can be computed by taking
the derivativ of the residual with respect to each unknown and settng it t0 zero. It is
commonly used in the engincering and applied sciences for fiting polynomial functions.
Nonlinear leas-squares typically requirs iterative refinement based upon approximating

the nonlinear least-squares with a linear least.

quares at cach eration,

Gradient Descent (discussed in Chapters 4 and 6)is the industry Ieading, convex opti-
‘mization method for high-dimensional systems. It minimizes tesiduals by computing the
gradint of given fting fonction. The iterative procedure updates the solution by moving
doait

nnl) Tocal minima. C;
the backpropagation algorithm which makes the optimization amenable o
2 the gradient isell.

gradint by optimizing in one unknown at a time. Thus all unknowns are held constant
arch (non-convex optimization) can be performed in a single variable. This
variable i then updated and held constant while another of the unknowns is updated. The

« o " ed

uniila desired level of aceuracy s achieved.
Augmented Lagrange Method (ALM) (discussed in Chapters 3 and $) is a class of
algorithms for solving consrained optmization problems. They are similar to penalty
ethods it ey rplc 3 omtined optmiain bl by & s of uicon
$ « it the desi
o AL i s o deignd 1o mimie  Lagrage il The aug
mented Lagran thod of Lagrange multipliers

Linear Program and Simplex Method are the workhorse algorithms for convex opi
mization. A linear program has an objective function which s lncar in the unknown
and the consraints consis of inear inequalites and equalites. By computing
region, which is a convex polytope, the linear programming algorithm finds a point in the
polyhedron where this function has the smallest (or largest) value i such 4 point exists.
“The simpl

feasible

a given basic feasible solution 1o another basic feasible solution for which the objective:
function is smaller, thus producing an iertive procedure o optinizing.

il



Most Common Equations and Symbols
Linar Algebra
Linear System of Equations

Ax=b. on
The matsix A & RP¥"
unknown,

 vector b & B are generally known, and the vector x € B is

Eigenvalue Equation
AT=TA ©2)
The columns £, of the matrix T are the cigenvectors of A € € corresponding to

the cigenvalue 24: AE, = A4y, The marrx A is @ diagonal matrix containing these
isemien.in e sige cie i disinet igemlue.

Change of Coordinates

x= . 3
The vectorx € B eRr
P e RY
Measurement Equation
¥ 04

The veetor y € RP is & measurement of the state x € B by the measurement matrix
RPN

Singular Value Decomposition

X=UZv =0

)
“The matrx X € C<7 may be decomposed ino the productof thee maries U € €7,
E e CO% ¥ ¢ OV Thematicss Ui v are unitary, s that UU®
and ¥V = VY spose. T columns of
U Gesp. V) e othogonal, eaientr .y simguar o Tt coniins
decteasing, nonnegativ diagonal enries called singular values.

Often, X is approximated with a low- = UEV", where U and V contain
the first r < n columns of U and V, respectively, and £ contains the first r x r block of
5. The matrx U v duced order model
and sensor placement.

ik matrix




Regression and Optimization

Overdetermined and Underdetermined Optimization for Linear Systems
argmin (JAx bl +7500)  or ©63)
argmin g(x) subject 0 [Ax bl < ¢ 6b)

Here g(x) i a repression penalty (with penlty parameter J for overdetermined systems).
For over- and underdetermined linear systems of equations, which resul in cither no solu-

Ax= b, achoice of penalty, which

darization, must be made in order o produce a sol
argmin (fA X B) £ 3g00) or o)
argming(x) subjectto f(A.x.b) = ¢ ©7)
These

Compositional Optimization for Neural Networks
argin (farfAu, - A2 (1AL X))+ 2g(A) ©8)

Each Ay denotes the weights connecting the neural network from the kth to (& + 1th
layer I is typi

Jly & massively underdetermined system which is regularized by g(A).

daa s well a preventing overfiting.

Dynamical Systems and Reduced Order Models
Nonlinear Ordinary Differential Equation (Dynamical System)

©9)

The vector x() € B” o
the vector field. Generally, i Lipschitz continuous 10 guarantee existence and unigueness
of solutions.

Linear Input-Output System

AxiBu 109
~cxbu. ©.105)

The sate of the system is x € B, the inputs (actuators) are u € B, and the outputs
(sensors) arey & P The matrices A, B, C, D define the dynamics, the effect of actuation,
1




Common Optmizaion Technigues, Equations, Symbols, and Acronyms.

Nonlinear Map (Discrete-Time Dynamical System)
Xear = Flxo). iy

“The state of the system at the kih iteration is ;€ E", and F'is a possibly nonlinear
‘mapping. Often, this map defines an ieration forward i tme, 50 that ¢
case the flow map s denoted .

An): in his

Koopman Operator Equation (Discrete-Time)

Kig=goF, = Kg=hy. 012

“The linear Koopman operator K advances measurement functions of the state £(x) with
the low F,. Eigenvalues and eigenvectors of K, are % and g(x), respecively. The operator
X operates on a Hilbertspace of measurements

Nonlinear Partal Differential Equation

N 0B 13

The st of the PDE is u. the nonlincar evoluton operator is N, subseripts denote
il o s ¢ 1 0 il 1 ) s iy
The PDE is parameterized by values in B. The
nuous unction atx ), o i may be s vt e s o, )
[uxi6) wten) - ntnn] €

the PDE may be a con-

Galerkin Expansion
“The continuous Gilerkin expansion i

x> Yanonco o

e
il s, Fr tigh o o e Gl i bones
) Yoy 4. The spatal modes . € 2 may be the calumas of




Complete Symbols

Dimension
K Number of nonzero enries n a K-sparse vector s
- Namber o data smpshots i, columns ofX)

Dimension of the state, x €
Dimension of the measurement o output variable, y € &

g Dimension of th input variable, u &
# Rank of truncated SV, or other low-ank approximation
Scalars
s Frequency in Laplace domain
¢ Time
i Imrmng rate n grodient descent
ar
x :,M.mwwmmc
Av - Spaial sep

Lagrange multiplir (Sections. 3.7 8.4, and 11.4)

s ve
A Sparsity parameter for sparse optimization (Section 7.3)
i
© Threshold

ctors
‘@ Vector of mode amplitudes of  in basis ¥, a € B
b Vector of measurements in linear system Ax
b Vector of DMD mode amplitudes (Sect
Q  Vector contining potential function for PDE-FIND
 Residual

Spa
o Commtvarible e Chpers .14 10
tor (Chapters 11 and 12)

¢ Snapshotof data at ime s

X, Dumsample €2 =12, ] Chapns S and )
% Reduced state sothatx

& Estimated stae of a system

¥ Vector of measurements,y € B

¥; Datalabel j € Z:= (1,2, . m) (Chapters 5 and 6)
5 Estimated output measurement

2 Transformed state, x = T (Chapters 8 and 9)




xi Common Optimization Techniques, Equations, Symbals, and Acronymns

Vectors, continued
Bifurcation parameters

Eigenvector of Koopman operator (Sections 7.4 and 7.5)
Sparse vector of coeficients (Section 7.3)

DMD mode

B
£
£
¢
13
T

POD mode
Vector of PDE messuremens for PDE-FIND.

Matix for system of equations or dynamics

R ynanics o inensions POD e

Matrix representation of

Nt eyt o e i n e nmmm»y

Matrices for contiuious-tme state-space syste

Matrices fordertime s spoce e

Matrices for stae-space system in new coordinates z = T-'x
) Matrices for reduced sate-space system with rnk
B dcion ot s

€ Linear measurement matrix from statc o measurements.
c r..mmum..my marix

F Discrete Fourier transform

G oM linear

dynamics o

o)
Hankel matrix
T Hankel i

Mt oot Koopman opersor (Cmpxcr ”
Closedt-loop control g (Chapte

Kalman fler estimator gain
LR control gain

Lok oo of s X (Capice )

Observabilty mai

Untry ma tht s on ol of X

Weight matri for state penalty in LQR (Sec. §.4)

‘Orthogonal matrx from QR factorization

‘Weight matix for actuation penalty in LQR (Sec. §.4)
Uopranglr i o QR aconzsion

Sparse portion of maix X (Chapy

M ot igemecors Chapiry

Clanzool eortinas Clagten 2045)

Let singular vectors e R

Let singular vectors o cconomy SVD of X, U & R

e singulr vecors (POD moes) of runcaed SVD of X, U & R
Right singular vectors of X, V & B

Right singular vectorsof truncated SVD of X, V & R

<‘<=,=»=.!.w.n,—.oc-qa.-?\”ux_s=



Matrices, continued
T N of snglar vahes of X, £ € B
£ Marix ofsinlar vaesofcoonomy SYD o X, T € B

I Nt of gy s o mncited SVD X R0
w

=
2
H
Es
-
e
£

W, Observability Gramian

X
X Time ol ot i, X' R0

hogonal b 18
Y Dunmniot bl ¥ 2(X), ¥ € BP" (Chapter 7)
' Shifted data matrix of observables, Y’ = g(X'), Y’ € RP*" (Chapter 7)
7 Sketch matri for randomized SVD, Z € B (Sec. 1.9)
Measurement matrix times sparsifying basis, © = C¥ (Chapter 3)

r s for SINDy (Sec. 7.3)
2 Marix of coefficients of candidate functions for SIND (Se. 7.3)
= Matrix of nonlinear snapshots for DEIM (Sec. 125

A Disgonal matsi of cigemvalues

Y Input snapshot matix, Y & B*

@ Marix of DMD modes, & 2 X'VE'W.

W Orthonormal basis (e.¢. Fourier or POD modes)

Tensors
(4B N-way amay tensors ofsize /y x s x -+ Iy

111 €1 norm of a vector x given by 11
12 €2 nom of a vector x given by I
112 2-nom of a matix X given by X

; 3
)

v ?
= max, 1
N

-1 Fobeiu o o s mati X gvn b X1y

I Nulernomaf i X givenby [, = rate (/5°%)
dorm <m)

(o R s (10560 = %605 0

(7 toner product.For veson,

Operators, Functions, and Maps

sysien

¥, Direcme fow nap u!dymmlnl system through time 1
jous-ime dynamical systs

G G omtom




Opeatrs, Funchons, and g,

fenlmaenn o

z

saerEEamo

ontinued
insfer function from inputs o outpus (Chapter §)

Loss function for suppor vector machines (Chapter 5)
Koopman operator (continuous tme)

Koopman operator associated with time ¢ low map
Laplace transform

Loop transfer function (Chapter §)

Linear parial differential equation (Chapters 11 and 12)
Nonlinear parial diferential equation

Order of magnitude

Sensitivty function (Chapter 8)

‘Complementary sensitivity function (Chapter )
Wavelet ransform

Incoberence betvween measurement matrix € and basis ¥
Condition number
Koopman eigenfunction

Gradient operator
‘Convolution operator



Most Common Asronyms
‘Convolutional neural network

o Deep

DM Dy mode decomposion
FFT  Fast Fourier ransform
ODE Ordinary differential equation
PCA  Principal components analysis
PDE  Partal iffeential equation
POD  Proper orthogonal decompasition
ROM  Reduced order model

SVD  Singalar value decomposition

Other Acronyms
Alternating directions method
"N A mmaton son
ALM - Augmented Lugrange multiplier
ANN Anificial neural network
ARMA  Autoregtessive moving average
ARMAX  Autoregressive moving average with exogenous input
BIC  Bayesian information criterion
BPOD  Balanced proper orthogonal decomposition
DMDe  Dynamic mode decomposition with control

D
CoSaMP  Compressive samplin gmmmmm..
CWT  Continuous wavelet ta
DEIM  Discrte empinca ierplation method
DCT  Discrete cosine transform
DFT  Discrete Fourier transform
DMDe Dynamic mode decomposition with control
DNS  Direet numerical simulation
DWT  Discrete wavelet transform
ECOG  Electrocorticography
<DMD  Extended DMD.
EIM  Empiricalinterpolation method
EM  Expectation maximization
EOF  Empirical orthogonal functions
Eigensystem realizaion algorithm
Extremun-secking conrol

MM Gaussian mixture model
HAVOK  Hankel altermative view of Koopman
L oo L
KL Kullback-Leibler
ICA_ Independentcomponent snlysis



Other Actonyms, ontinued
hunen-Lobve transform
LAD. Lot st v
LASSO  Least absolute shrinkage and selection operstor
LDA  Linear discriminant analysis
LQE  Linear quadratc estimator
LQG  Linear quadrtic Gavssian controller
LOR  Lincar quadratic regulator
LTI Linear fime invarian system
MIMO  Muliple input, multiple output
MLC  Machine learning control
MPE  Missing point estimation
mrDMD  Multi-resalution dynamic mode decompasition
NARMAX  Nonlinear autorcgressive model with exogenous inputs
NLS  Nonlinear Schridinger equation
OKID  Observer Kalman fler identification
PBH  Popov-Belevitch-Hautus test
PCP  Principal component pursuit
PDE-FIND  Partial differential equation functional identification
of nonlincar dynamics.
PDF  Probabilty distribution function
PID  Proportonsl-integral-derivative control
PIV. Panicle image velocimetry
RIP Restricted isometry property
SVD  Randomized SVD
RKHS  Reproducing kemel Hilbert space
RN Recurrent neural netwiork
RPCA - Robut princpl components i
SGD  Stochastic gradient desce
SINDy  Sparse identifcation of mnhnmr dynamics
SO Single input,single output
SKC. Spase epreenation for clsication
SSA  Singular spectrum analysis
STET  Short time Fourir transform
STLS  Sequential thesholded least-squares
SVM Support vector machine.
TICA  Time-lagged independent component analysis
VAC  Variational approach of conformation dynamics
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Singular Value Decomposition (SVD)

of the computational era, providing a foundation for nearly al o the data methods in this
book. The SVD provides & numerically stable matrix decomposition that can be used for
a variey of purposes and is guaranteed to exist. We will use the SVID to obtain low-rank

non-say i
the soluton of a system of equarians Ax = b, Another important use of the SVD is s the
PCA)

is decomposed DIPCA has been applicd
 wide variety of problems n science and engincering.

In a sense, the SVD generalizes the concept of the fast Fourier transform (FFT), which
il be the subject of the nest chapter. Many engineering texts begin with the FFT, a it
i the basis of many classical analytical and numerical result. Howener, the FFT works in

i, we g with eSO which may b hought of o providig s b
that s tailored. - which s

T many domaim, omple syseme il eneae doa that s maraly mullgcd in
arge matvices, or more generally in arrays. For example, 4 time-series of data from an
experimen or

the weather . itis posible to
reshape ,
large mari. Similaly. the pixe vlues in  grayscal image may be siored n a mati,
or these images may be reshaped into large column Vectors in & matrx to represent the
Remarkabl

The

Overview

many other techniques develaped in this book, including classification methods in Chap-
ter 5, the dynamic mode decomposition (DMD) in Chapter 7, and the proper orthogonal
hapter 11

following sections



Singular Value Decompositon (SVD)

High dimensionality is a common challenge in processing data from comples systems,
These systems may involve lusge measured data sets including audio, image, or video
data. The data may also be generated from a physical system, such as neural recordings
from a brain, or flud velocity messurements from a simulation or experiment. In many
it patterns, which may

be characterized by a low-dimensional airactor or manifold [252, 251]
As an example, consider images, which typically contain a large number of measure-
ments (pixels), and are therefore elements of 4 h

resented in a much lower-dimensional subspace. The compressiilty of images will be
ghout this book, Complex fluid s atmo-

the low-
dimensional structure underlying  high-dimensional state-space. Although high-fdelity
uid simulations typically require at least millions or billions of degrees of reedom, there

vehicles or hurricanes in the weather
“The SVD provides o systematic way 10 determine o low-dimensional approximation
o high-dimensional data in terms of dominant patterns. This technique is dara-driven in
from data, of expert knowledge or

intition, The ind provid
s o & new coordinate system defined by dominant correlai
Moreoer the SV
ie SVD has many powerful applicat

the
within the dats.

< beyond fimensionaiy reduction of i

-

ing solutions to underdetermined or overdetermined marix equations, Ax = b. We will
s the SVD o drbse dt . The SVD i i imprat 0 chasctris he

P ctor spaces. will
e cxplored n s s, proving s mtion o o o mghdlmm«w\nl
da

n
Generally, we are interested in analyzing a large data set X € "

” W

“The columns x; € C* may be measurements from simulations or experiments. For exam-
ple, columns may represent images that en reshaped into column veetors with as
T clements e 1 e mage. The cou esor ey s represent e e of
a physical system that is evolving in time, such as the fluid velocity at a set of disrete
points,  setof neural measuremens, or the state of a weather simulation with one square
Kilometer resolution

The index 4 is a label indicating the A™ distinct set of messuremens. For man of the
examples in this book, X will consist of & rme-series of data, and x = x(kAY). Often the
state-dimension n is ery large, on the order of millons or billions of degrees of frecdom.
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" ipshots in X. For many
i & tal-skinny matix, as opposed to a shortfar matrix when

e SVD i nique matix decomposition thatexists o very complex-alued matix
o

X

v a2
where U & ©*" and V' & C"** are unitary matrices' with orthonorml columns, and
x

& R is a matria with real, nonnegative entries on the diagonal and zeros off the

diagonal. Here
i e oo U st iy el sy
w m, the matix % has at most m nonzero elements on the diagonal, and may

5
be writien as Theref ble to present X
[“}

o o1
[ o'][3]v
The full VD and cconomy SVD are shown n Fig. 11, The columns o 0 span  vector
Spac that i complementary and orthogona o thatspanned by 0. The colums of U are
called e singular vectors of X and the coluruns of V are right singular vectors. The
diagonal elements o £ € C"°M are called singular vales and they ar ordered from
Jarget t smallest, The rak of X is el o themmber of nonzer singulr valos,

x

TV v a3

Computing the SVD
< SVID is o comersione of compuiational scence and nginering, and the numerical
the SVD. enlightening. That said,

s, allowing
computation dwe
Lok for aranid he exhacnee o ffcent and sl sumercl agorhn. T he st

that follow we demonsirate how 10 use the SVID i various computational ngt

ges, and
we also discuss the most common computational siraegies and limitations. There are
numerous important resuls on the computation of the SVD [212, 106, 211, 292, 238
A mor horogh disusionof compuatonal s ca b ound in 214, Randomied
numerical the SVD of very

Sincosedn Section 15

Matlab. In Matlsh, cnmwnng e SV st

vt 5

Value Decomposition

1 s i U s oy UU° = U°
o s s s o g s X
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Full SVD

Economy SVD

Figure 11 Schermatic of matrices n the ful and economy SVD.

X,

1> [0nac, shat vl = sva(x,econ’); ¢ econony sized SvD

a8 np
552 x = np_random.zand(s, 3) % create random data matrix

533 Uhat, shat, Vhat = np.linalg.svd (X, full macrices-False)
¥ aconomy Sup

3

3 X< replicare(s, mmom(s)
)

Tonandentent (0.1}, [5.3))
} = singularvalieDecosposition(x]

In fact, most SVD
The
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DGESVD in LAPACK.
Armadillo ind Eigen.

Historical Perspective
“The SV has a long and rich history, ranging from carly work developing the theoretical

Bl e by tewar (302 whih provies conext and mary mpern s
The review theoretical work of Bell ). Sylvester
(1859), Schmidc (1907), and Weyl (1912, It also discusses more recen wo - including.
the seminal computational work of Golub and collaborators [212. 211]. In addition, there
are many excellent chapters o the SVD in modern texts [524, 17, 316]

Uses in This Book and Assumptions of the Reader
The SVD i the basis for many related techniques in dimensionlity reduction. These
methods include principal component analysis (PCA) in staisi 257), the
Karhunen-Loéve transform (KLT) [280, 340], empirical orthogonal funciions (EOFS) in
climate (84, the pope nhogoaldecomposition (POD) in i dymics (251, and
c arange
of diverse fields, many i s Dnly differ in how the data is collected and pre-
processed. There is an excellent discussion about the relatonship betsween the SVD, the
KLT and PCA by Gerbrands [204].

“The SVD is also widely used in system identification and control theory 1o obiain
reduced order models that are balanced in the sense that staes are hicrarchically ordered
interms

For this chapter, we assume that the reader is familiar with liear algebra with some.

5 (418, 256,

o numerical lincar algebra, with discussions on the SVID [524, 17, 316].

Matrix Approximation

Perhaps the most useful nd defining property of the SVD is tht it povides an aprimal

Tow-rank approximation to a matrix X. In fct, the SVD provides a hierarchy of low-rank
k s

Values and vectors, and discarding the e
Sctmit o Gram Sty gcncﬂlm:d the SVD to function spaces and developed an
sppesimaion theoe, esabliin irnced SVD s e sl -k sprosim-

by Eckart and Young [170], andis sometimes referted 0 s the Eckart- Young theorem.

Theorem 1 (Eckart-Young [170)) The opiinal rank-r approxination 10 X, in a least
squares sense, i given by the rank-r SVD truncation X:

_ ammin X - Xlr =

s




Singular Value Decompositon (SVD)

Here, U and ¥ denore the firs  leading columns of U and V, and % contains the leading
7 sub-block of E. | - i the Frobenius norm.

Here, we establish the notation U ated SVD bsis andthe sl spproi-
‘mated matrix X) will be denoted by X = UEV*. Because % is s donal, ek SVD
approximation is given by the sum of r distnet rank-1 matrices

F O SO S s

data may
“This i an important property of the SVD, and we will eturn 10 it many times. There
i

for X, in the £ sense, than the truncated SV approximation X. Thus, high-dimensional
Tand V.

in lnge data matrix X. Howeser, here e ofen dominan low-dimensional paterms in
the dat, and the trncatcd SVD basis U provides  coordiate transformation from the
ighdimensional messurrnen spac o foeimensional pattem space. This s the

1 for

benefit of large data set,
It ind analysis. Finally, many red in Gsee

Chapter )

atsactor,

onder models(see Chapter 12),

Truncation

The truncated SVD is ilusirated in Fig. 12, with U, £ and ¥ denoting the truncated

matices. 1 doe o vl hen s f e gl vl in £ may e e
H thatare smaller

han the mumber of nonzero singular values (i, the rank of X), the truncated SV only

approximates X:

X= U5V a6
“There are mumerous choices for the truncation rank 7. and they are discused in Sec. 1.7
I we ehoose the truncation value o keep all non-~ero singular values, then X = UEV” is
exac,

Exampl: Image Compression

wai wral o

ftive example of this inherent compressibilicy. A grayscale image may be thought of as &

real-valued matrix X € K", where n and m are the number of pixelsin the vertical and
e

Fourier frequency domain, SVD transform coordinates), images may have very compact
approximations.

st sl by v X € s ve ik
il vesical b ezl o b consitnt with g Tt
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Full SVD

The subseipt e’

P12
sfte trunction.

‘Consider the image of Mordecai the snow dog in Fig. 1.3 This image has 2000 x 1500
pixels. I s possible to take the SVID of this image and plot the diagonal singular values.
as in Fig. 1.4. Figure 1.3 shows the approximate matrix X for various trancation valucs

account

. . and the singy
for almost 0% o the image variance, The SVD trncation resuls in @ compressi
the orignal image, sinc only th fs 100 colums of U and V. along with the fst 100
digonl clements of . mustbesored in . 5 and V.

First we loadth i
heinwend (. /oATA/ 03 fog"
Edoil robioray 01 Chmest 150-sgray, 356 bit-sdouble.
a1y Y side(k.0s
Tagenci): axis off. cotoraap gray
and take the SVD:
.53 = svacn);
e e compte e st s s e VD for i s
(r=5.20,and

cor 1001, 8 runcation value
;152008 (152,157) V(2 10x) 1 8 Approx. inage
aagese dappron, smis ofF

figw
Eita(l e mmeer(r, W 1)
ena
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Original . 0.57% storage

e

o

= 100, 11.67% storage

e 1.3
Orginal image resoluion is 2000 x 1500,

Finally, we plot the singular values and cumulative energy in Fig. 1.4

subplot(1,2,1), semilogy(diag(s), k')
bplot(1,2,2) )

Mathematical Properties and Manipulations

pretations of the unitary matrices U and V as wel as  discussion of the SV in terms of



1.3 Mathematical Properties and Manipulations 11

)1

Singular value, o,

Fgure 1.4 (&) Singulr

X XX XX
| ﬁ’!l Eﬂw '
= ¥ .

P15 XX foramatix Note
hat both correlation matrices ar symmetric.

s 1. (5) Comulativ energy in the s  modes.

the data will be explored [ i

Interpretation as Dominant Correlations
“The SVD is closely relted 1o an eigenvalue problem involving the correlation matrices
XX* and XX, shown in Fig. 1S for a specific image, and in Figs. 16 and 17 for generic
matrices. 1f we plug (1.3) into the row-wise correlaion matrix XX* and the column-wise:
comelation matrix X', we find:

vy o

xx=v[s o]L'u[ﬂv' —vitv am

0],
[& Yo
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-

P17 X

Recalling that Uand V ase unitary, U, 5, and V ase soluions (0 the following eigenvalue
problems:

_—

weu-off ). aso

XXV = Vi (1:86)

nter v weorX Fyr—

P and o XX il v he s o igenalues It ollows X sl
adoint (e, X orX
cigemalues of X.

U are cigen-
vectors of the correlaton matrix XX and columns of V are cigenvectors of X°X. We
choose 10 arrange the singulu values in descending order by magnitude, snd thos the
columns of U are hicrarchically ordered by how much corcltion they capture in the
columas of X; V similarly captures corrlation i the rows of X.

hots
It often impractical to consiruet the matrix XX because o the large size o the state-
. ‘ . e then XX~
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X

2.
E

has & tilion clemens. In 1987, Sirovich observed tha it is possible to bypass this large
matrix and compute the fistm columns of U using wha is now known a the method of
snapshos (4

U e only compute the cigen-decompostion of X*X. whichis much smaller and more
manageable. Fom (18, we then obtain ¥ and 5. 1 here aec e singulr values in
. e ve only hecp e 7 non o pr £, ad e comsponding cloms ¥ of ¥
From these matices it

follows:

a9

Geometric Interpretation
“The columns of the matrix U provide an orthonarmal basis for the column space of X,
Similarly, the columns of V provide an orthonormal buss for the row space of X. If the
columns of X e syt messreents i i, e U e sl s, snd ¥
encode temporal paterns

O proery ht mates the VD ity e he st it bt U V¢
unitary matsices, 5o that ans
that solving a system of bmmuonx mvnlvmg Uorv e Mlnvle a5 maltiplicaion by
the transpose, which scales as O(nr2), a5 opposed to traditional methods for the generic
inverse, which scale as O(1%). As noted in the previous section and in [S7], the SVD is
il st 1 ekl e o e compc sl cot agrs KX

XX,

T D Xty preted ey b o oy gaty
(x| il = 1) © B" maps into an ellpsoid. (y |y " c R
|hmugh X. This is shown graphically in Fig. LS for a sphere in &* and a mapping X
th three non-zero singular values. Because the mapping through X (i matrix muli-
plication) s inear, knowing how it maps the unit sphere determines how all other vectors
will map.




Singular Value Decompositon (SVD)

For the specific case shown in Fig. 1.8, we consirue the matrix X out of three rotation
trices, R,. R, and R..,and a fourth

con(Bs) —sin@y) 0] T cos) 0 sin(es)
sine) coson 0f| 0 10
0 0 1] Lsine 0 cosi

1o 0 [ 0 0

%[0 costn —sinen | [0 @ 0

0 sine) cos@n JLo 0 o,
—os.

o Ers
e oo st do ot commuts, and 10 e o ofcotion i foneof

Inthis case. 6,

ower dmenson! sispece. The roduet o,
X. The matrix V s the identity.

is the unitary matrix U in the SVD of
Godo 11 Construet rotation matices.

theta = [pi/15; -pi/9; -pi/20);
Signa - diag((3; 1; 05115 + s

B = 1100,
0 cos(theta(1)) -sin(theta(1));
© sin(theta(1)) cosl(cheta(i))l;

Ry = lcos(cheta(2)) o sin(chs
01 0;
“sin(theta(2)) 0 cos(theta(2))]:

@) v o

Rz - [cos (theta(3)) -sin(theta(3)) 0; ¢ rota
sén(theta(3)) cos (theta(s))

o

X = RevhysRxsSiona; + rotate and scale

ot 12 Pl sphers.

XR = 0x; YR = Oay; 2R = Osz
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Invariance of the SVD to Unitary Transformations
X usefl propenty of the SVID i that i we It o right-mlipl our data matix X by 3
onitry transformaton, it preseres the terms in the SVD, excep ot the corresponding
et o ight unary mari U o V, respecively. This s importan implicaion,snc e
e Chaper 2 F s unit
SVD o data X = ZX will b exacty he ame s he SV of X, except that the modes
0 will b be the DFT of modes U 0  #U. In adion. the marince o the SVD o
unitey tansformaions eaabl e use of compeessed mezsuremeas 1 rconsiet VD
hat ar sars nsome ansormbass (e Ciapcr 3,
" imvrince of SYD to uitry ransformtions 1 geometicall e, a uniary

structures. We denote 4 left unitary transformation by C, 5o that ¥ = CX, and a right
unitary transformation by P, so that ¥ = XP*. The SVD of X will be denated UxBxV
and the SVD of ¥ wil be Uy Ey Vy.

Left Unitary Transformations
First, consider a left unitary transformation of X: ¥ = CX. Computing the corelation
maix Y'Y, we find

VY =X'CCX=X'X. 0
The projected data has the same eigendecomposition, resultng in the same Vx and Sx
Using the method of snapshots (0 reconsiruct Uy, we find

Uy = YVx5! = CXVxZg' = CUy. an

“Thus, Uy = CU. By = x. and Vy = V. The SVD of ¥ is then:

¥ = €X = CUE ;. an
Right Unitary Transformations
For a ight unitry transformation ¥ — XP, the correlation matrix Y i:
YV 2 PXXP < P ERVRP i
withthe following eigendecomposiion
VYRV = VA2 s
This,

Vy = PVy and Zy.

Uy = YPVxZg! = XVaEg = Us. 1)

. We may use the method of snapshats o reconstruct Uy:

Thus, Uy = U, and we may wite the SVD of ¥ a5

v

P = UxExViP" [0}

Pseudo-Inverse, Least-Squares, and Regression
b dasali

A

b, wm
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where the consiraint marix A and vector b are known, and the veetor x is unknown. If A

Tow spaces of

Fist,conside the wndendetermined system, where A € €77 and n < m (e, A is a

Shor-at mati). s tht thee e fver cquatons than unknowns. This (ype of sysem is

likely to have full colum rank, since it has many more columns than are requied for a

Jinarly independent basis. Generically, i a shorfu A has full column rank, then tere
i b1

bers s ot

Similaly, conside the ovendetermined ystem, where n 3> m i...a tall-skiny matix),
50 tht ther are more equaons han unkaoowrs, This matix canaol have  fll colunn
k. snd s it aranted that there st vectors b that have o souton . Infet, there
will oty b oluion X b i n the colum space of Ay .. b € col(A).

Tl e ey b some e bt it iy mary st o
ol skinny matix A and cthr chices of b (hat admit 261 sluions even for & short-at
. Th laon e o b sy i .17 i by o fndamenl
Subspacesof
. A i A

“The column space of A i the same asth column spceof U
T origonl comlener 014 i ) e by oo oo 0

ere the rank  is chosen toinclude all nonzero singular values:

from Fig. 1.

+ e o s, ) i e s of e o of A, which i sl by the
columns of V. The row space of A i equal to row(A) = col(A”):

© The kemel space, ker(A), is the nrlhngnml complement to row(A), and is also
Known as the nul space. The null space is the subspace of vectors that map through

Mo st 1. Ax . v by co¥)

More precisely,if b € col(8) and if dim (ker(A)) # 0, then there are infinitely many
solutions x. Note that the condition di (ker(A)) # 0is guaranteed for a short-fat mateix.
Similarl. if b ¢ col(A), then here are no solutions, and the system of equations n (1.17)
are called inconsistent

col(A) & ker(A”) = B (118a)
Col(A”) @ ker(A) = B, «isw)

cmark 1 There is an extensive literature on random matrix theors, where the al

rverwmpev are almost certainly irue, meaning shat they are true with high Ivm’mmlm
wave a solution

A € R and random vector b B it 5 since ther s e chance st s n
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the column space of A. These propertie of random matrices will play a prominens e in
compressed sensing (sce Chaper 3).

In the overdetermined case when no solution exists, we would ofien fike to find the

solon  tha minimizes the sum-squared eror |AX — b1, the so-caled east-squares
solution. Note that the lastsquares solution also minimizes | Ax — bl n the underde-
infinitely

‘minimum norm ]2 S0 that Ax = b, the so-caled minima-norm solution.
The SV e e o o oot piiztion s i,
we subsitute an exact truncated SVD A for A, we can “invert” cach of the
e .. and VI . resling i the M- Peon e e mere (435,
426,453, 572] A of A:

0 = AA=L 19

“This may be used to find both the minimum norm and leastsquares solutons o (1.17)

AAx=AD — x=VE'Ub .20

Plugging the solution & back in to 1.17) results in:

a2
a2

Note that 00" is not ncessarily the identiy matix, bt s rather a prjection onto the
column space of O Therefore, % will ony be an exact solution o (1.17) when b i in the
column space of U, and therfore in the column space of A

Computing the pseudo-inrse A” is computationaly cffcien, afer the exper
pfront cost o computig the SVD. Ivertin the uniry matices U and ¥ imoles
‘mateix multiplicaion by the transpose maties, which are (1) operations. Iverting £
s even more cfficient since it is adiagonal matin requiing O(n) operations, In comrast,

invertng a dense square matrx would equire an O(n) operation

One-Dimensional Linear Regression
Regression is an importan statistical (00l {0 relte variables to one another based on
data [360]. Consider the collction of dta n Fig. 1.9, The red xs are obiained by adding
Gaussian white noise 0 the black lin, as shown in Code 1.4, We assume that the data
iy e i (117 e e e e T G o
solution for the slope x below (bluc dashed fine). shown in Code:

In(122b), 5

. ¥ = 1,and . Taking the left pseudorinverse:

.23
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Trueline
Noisy dat .
chl'cssmn lin, B
4 ¥
2|
b
of
2|
4
E E) 0 i

Figure 1.0 Hlustrtion oflnea egresion using ncisy dat

“This makes physical sense, i we think of x a the value that best maps our vector a o the
vector b. Then, the bestsingle value x is obtained by taking the dot product of b with the
normalized  direction. We then add a second normalization factor Jalz because the a in
1:220)is not normalized.

Note that strange things happen if you use row vectors instead of column vectors in
(1.22). Also, if the noise magnitude becomes large reative 1o the slope . the pseudo-

subsequent sections

ot 1.4 Generte sy data for Fig. 19,

x=3; .

S- e

B +liranan(eizelal);
Plotiarsea; k) ¥ o
hold on, piot(a,b, xx') &

ot 15 Compute least-squares approximtion fo Fig. 1.

10,5,V = sva(a, econ’)
xeilde = valnv(3) 07 ab;
plot(a,xcildesa, o)

in Matlab, as well 5 a piny command that may also be used.

o1 Atemative formultions ofeast-squars in Matah,

xtildes - regress (b,)
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Heat [cal /gram]

Mixture

Fire

10 Hest data forcement mixtures conainng foubase ingrecdints

Mutilinear regression
Example 1: Cement heat generation data

First, we begin with a simple buil-in Matlab dataset that describes the heat generation
for various cement mixtures comprised of four basic ingredients.In his problem, we are
solving (1.17) where A & RI*1, sinc there are four ingredients and heat measurements

o the fou igredicnts 0 the hea generaton i possle o i the mimum rror
‘oo gt SVD. 5 sk n Code 1. Al sing epres s . e
also

Gode 1.7 Mulilinear regression forcement eat dat.

1oad pads 1 zoas 2o ‘ement dataset
ngredienta;

H

5,71 = s cecon)s
vinv(8) s0" ab; + Solve Axeb using che

Plot(d,'k'); hold on
Blot (ux, -0, 1

ragress (b,8);

Example 2: Boston Housing Data
Inthis example, we explore  larger data set 1o determine which factors best predictprices

Repository [24].
There are 13 atributes th Jated h
These

Fig 111
hown i Fig. 1.1 e rend.
quite well
linear i, as in this example.
“This data contins prices and attributes for 506 homes, so the atribute matix i of size
506 > 13, It is important to pad this matix with an addiional column of ones, 10 take
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(@ ()
— Fousing value|
“ s0}| = Rogression
3 0f
20 20|

Median home value [$1K]

200 200 % 200 00
Neighborhood Neighborhood

Figur .11 Multinr regresion o home prices using varous actors. (o) Unsored dats, and (5)
Data soted by home valuc.

Significance

123456780810111213
Attribute

Fgwet12

nificancs of various atributes in the regression.

into account the possibilty of a nonzero constant offset in the regression formula, This
tercept

Godl 1.8 Maliinear regression for Boston housing data

Load housing. a:

bousing(: 10);
mmr( A
REHEPHIRT

hold on, plot (Aex,x-0');

b sorcind] - sort(housing(:,14)); § sorted va
ploc b, 'k
hola on, plof

Atsarting, :)ex, 'r-o')
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aution
In et s U s o s S et o . 2 sy squne
matix. Thercfore, U"U = UU = Ly, Howerer, o compute the prcudo-inerse of X, we
5 sinc only 5 i nvertible G alsingula values st nonzero),
cncral i e, .

Uil now, we have asumed that X = DEV i a exact SVD, s tha therak r includes
allnonzero singular alucs. This usrants that the i 5 i inverile.

mplication arises when working with  runcaed basis of left singula vectors 0.1
5 5l e hat 0" = L, where s the rank of X. Howerer, UU" Ly, whih i

hac U0

s one of the most common aceidental misuses of the SV

-6,
S = et econ)
(240 g (3 omax s (1)) ezol)) s

ER TR T +o

Principal Component Analysis (PCA)
Prmuml components analysis (PCA) is one of the central wses of the SVD, providing a
coordinate sysie comrelated data.
JEN? dy
A pre-processes the data by mean sublraction and setiing the variance to unity before
performing the SVD. The geometry of the resulting coordinate system is determined by
principal components (PCS) that are uncorrclated (orthogonal) to cach other, but have
‘maximal correlation with the measurements. This theory was developed in 1901 by Pear-
son [418), and independently by Hotelling in the 1930s [256, 257]. Jolliffe [268] provides
4 good reference text
ly. & number of measurements arc collected in a single experiment, and these
‘measurements are arranged into a row vector. The measurements may be features of an
observable, such as demographic features of a specific human individual, A number of
experiments are conducted, and cach measurement vector is arranged as 4 row in a large
X.

pllng. Not that tis convnion for X, comsisting ofrowsoffestures, s diferen than the
ihis chapter, feature “snapshot

o aringed s column. Howéve,we chook b comitnt with PCA gt i

scetion. The malrix

Enmnumm

. . the mean of all d subtract it f
™ mean & s given by
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and the mean matri is

X % a2s)

Subiracting X from X results n the mean-subiracted data B:

B-X-B. 126

“The covariance matix of the rows of B i given by

am

“The frst principal component uy is given as

= argmax ujB B, )
[

which i the eigenvector of BB corresponding o the largest eigenvalue. Now it is clear
thatuy is the

Itis b
arc:

cv=vp. 29

which i guaranteed to exst, since C is Hermitian.

pea Command
T Mt et the addions commands e and princomp (bascd on pea) o he
principal components analysis:

ll>> tv,5c0xe,821 = peat);

The matrix V is equivalent 0 the V matrx from the X, up 1o sign changes of
the columns, The vector s2 contains eigemvalues of the covariance of X. also known as
principal component variances; these alues are the squares of the singular values. The

neral, we ofien
withthe various pre-processing steps. i s n s

Exampl: Noisy Gaussian Data
Consider the noisy cloud of daa in Fig. 1.13 (3), generated using Code 1.9, The data is
‘zenerated by selecting 10, 000 vectors from  two-dimensional normal distribution with
2ero mean and unit vriance. These vetors are then scaled i the x and y directions by the
values in Table 1.1 a /3 Finaly.

tiple standard deviations, shown in Fig. 1.13 (b). The singular values, shown in Table 1.1,
match the data scaling. The matrix U from the SVD also closely matches the rotation
mattix, up 0. sign on the columns;
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Table 1.1 Siandard devation of data and normalzed sinqur values.

Daa 2 05
sV 1974 0303
@ ®
o § -
¥ v
o o -
E E !
- 4 -
Fpuro 113 The

sl (o1 -+ X and o3 + 1, cyan).ar shown i b).

04998 0,862
08662 04998

o (theta) ; + ko "
sintthera) cos (theta) §

X2 Tedtag ei) randn(a, npeince) dxzqk/L]'cre (2, nb0ince) ;
atter (X(1,:,X(2, 1), 'k,

Gode 110 Compute PCA and plot confidence intrvls.

Xavg = mean(x,2);

H Geones (1, nPol
(0,501 = VA aart (np fntel,
seatter(X(1,:),X(2,:), k. ", 'Linei

theta = (0:.01

550 = Usgs [eos (thata); sin(thetall; ¢ 1-std cont
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Cumulative energy

Singular values, o,

5 0 150 20 50 10 10 2w

Figure 114 Singular valuesfo the Ovarian cancer data.

plot (xava ) xava(2) + xetae, )
plot (x \g(xnz.‘g:dn ).Xava(2) + 2exetald, s}
Plot (e aca (1)) Xava(2) + Sexecala; ),

Finally, it s also possibl to compute using the pea command;

‘Example: Ovarian Cancer Data
The ovarian cancer data set which is buill nto Matlab, provides a more reaistic example
o illustrate the benefts f PCA. This example consists of gene data for 216 patenis, 121
o whom have vrancancet and 9 fwhom do ot Forachptent. et s vetor o
data contaiing ype
o . el he g dmension ofthe dc eares Howeve,we e fom Fi. |14
tha thee is significant variance captured i the first few PCA modes. Said another way.
the gene data is highly corelatd, 5o that many patients have significant overlap in thir

PCA, and PCA ha
imensiond] bologiea and gnctc data 4451

ipea patients
without cancer when plotted i the space spanned by the first three PCA modes. This is
shownin Fig. 1,15, which is generated by Code 111, Thisinherent clusering in PCA space
of " machine |
For cxample, we will see in Sec. 1.6 that images of different. human faces will form
PCA space. The use of these clusters will be explored in greater detail

clusters
Chapter .
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prncipal componentcoordinates.

Gode 111 Compute PCA for ovarian cancer das,

1oad ovariancancer; ) ovarian cancer data

w,s,v1
for

)
)
)
)

. Linewiath,2) ;

. Linewiath’ ,2) s

Eigenfaces Example

One
In this problem, PCA (5. SVD on mean-subiracted data) s applied 10 4 lage library of
facial images 10 extract the most dominant corrlations between images. The result of this
decomposition s a st of eigenfuces that define a new coordinate system. Images may
e represented in these coordinates by taking the dot product with cach of the principal
omponents. 1 wil be shown in Chapter 5 that images of the same person tend to cluster
e iz s, mking i il slomation o il ogntion nd
classficaion [510, 48]. The eigenface problem was fist sudied by Sirovich and Kirby
1491 and expanded on in [291], Tis lpplvwl\or\ o automated facial recognition
ety Tk ot Fetand 01991153
we demonstrate ths algorithm using e Etendd Yl Fce Dabae B (20,
cammmg of cropped and aligned images [327] of 38 individuals (28 from the extended
daabase, and 10 from the original database) under 9 poss and 64 lighting condiions’.
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Fpue Yale databs

.
speciic person. Leftpanel gencrated by Code (112,

Each image is 192 pixels tal and 168 pixels wide. Unlike the previous image example in
Section 1. large column
Vector with 192 x 168 = 32,256 clements. We use the fist 36 people in the database (eft
panel of Fig. 1.16) as our raining data for the eigenfces example, and we hold back two
people as a test set. An example of all 64 images of one specific person are shown in the
right panel. These images are loaded and plotid using Code 112,

Godo .12 Plot an image for cach person inth Yale database (Fig 116 3)

losd .. /DATA/al1Faces. nat

al1%eracns - zeros(nes,mes); s

for i=1:6

for 5-1:6
a11persons {1+ (i-1) ensien, L+ (3-1) am:3 em)
hape (faces (1, Lssem(nfaces (1:count 1)) n,m) s
1

inagesc (allpersons), colormap sray

face is computed and sublracted from each column veetor. The mean-subiracted image.
X 7

“Ths,taking the SVD of the mean-subisacted matsix X results in the PCA. The columns
Of U are the cigenfaces, and they may be reshaped back into 192 x 168 images. This is
illusrated in Code 1.13.
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Mean-subtracted faces

Person1 Person2 Person 3 Person k-
B & X
| | face™
|
svd(X,"econ’);)
I A I
\ \ \ [ -
(-G
&

Eigenfaces

Figure 117 Schemic procedure (0 bt egenfocesfrom by of fces.

Gode 113 Compute eigenfaces on mean-subtracted dats.

e (i1 .wmmsu ,gm.
avoPace = mean (trainingFaces,3) e

5,5,V] = svd(x, econ’);

inages: tavarace n )
imamse reshape 0023 smra)

Usin et 0, obtained by this code, we now atempt 10 sppnay
mage that was notin the raining data. A the beginning, we held back tw
Endiidnt (b 57 and 50 el and we o s ne o et s a3 e i,
. We will sce how well a rank-r SVD basis will approximate this image using the
following projection:
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Test image

of various oder . Test

Pl 18 Appoximas peston of s e i s s
mage i not n trsiing s

“The cigenface approximation for various values of 1 i shown in Fig. 118, as computed
using Code 1.14. The approximation i rlatively poor for r = 200, lthough for r > 400
it converges 04 passable representation of the test image.

It is iteresting to note that the eigenface space is not only useful for representing
fuman s bt may o b wed 0 apposimate « og (i 119 or o appcine
(Fig 3
P magsapcs cotespondin 0 brsd, ot ol st s
such as cheeks, forehead,

ot 108 Approvimate estmage that was omited from aining it
testFacens
£

testFace - avaFace;
25 50 100 200 400 800 1600)
reconFace = avgace + (U(:,1:x)e (U(s,1:7) ‘stestFacels)) ;
Iagesc zeshap(FeconFace, i,ml )

e further investigate the use of the eigenfaces as a coordinate system, defning an
ciger . By pjecting an imge X oo he it 7 PCA modes,we b 3t
of condiates i s spc . Some principal componenis may capture the most
faces, while other be
more dividual may
capture differences in lghting angles. Figure 1.21 shows the coordinates of ll 64 images
of o lils e oo e S ) owpoie, gt by
Code 1.1 well
o e b e ecognion and chicaion cmpm
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Figur 119 Approximat representation f an image of 3 do usin cigenfaces.

Test image =50 =100
>

Figure 120 Approximat representation of a cappucein sing cigenfaces.
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"
.
S5 -
2o,
3
:
PC5

‘and the corresponding image is shown.

classifcation.

ot .15 Prject imag
potential for automa

Lesun(ntaces (1:Plnun-1)) :eun(nfaces (1:Pimum) ) ;
Lieun(ntaces (1:p2nun-1)) :sun(nfaces (1:p2mum) )] ;

- avaracesones (1,120 (02,2)) ;
PCanodes)  +P1;
" PCanodes)  +P2;

111 ronc

seacooras

ase1 (2,1, 7kd")
Vi

Truncation and Alignment
Deciding how many singular values to keep. i.. where 1o truncate, is one of the most
important and contentious decisions when using the SVID. There are many factors,includ-
ing. specifications on the desired rank of the system, the magnitude of noise, and the
distribution of the singular values. Often, one truncates the SVD at  rank r that captures
pre-determined amount of the variance or energy in the original data, such as 90% or 99%
truncation. Although crude, this technique is commonly used. Other technigues involve
identifying “elbows” or “knees” in the singular value distibution, which may denote the
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ransition from singular values that represent important patterns from those that represent
noise. Truncation may be viewed as a hard threshold on singular values, where values

Jarger than a threshold 7 are kept, while remaining singular values are truncated. Recent

under certain conditions, providing a principled approach to obiaining low-rank marix
approximations using the SVD.

tion,
of adata matsix.
dat

Optimal Hard Threshold
A recent theoretical breakthrough dete

s the optimal bard threshold  for singular
hasa

with Gaussian white noise [200]. This work builds on 4 significant ierature susrounding
various techniques for hard and soft thresholding of singular values. I this section, we
warize the main results and demonsirate the thresholding on various examples. For
more detals, see [200]
First, we assume that the data maix X is the sum of an underlying low-rank, or spprox-
imately lonw-rank, matrx Xime and a noise matrix Xooie:

X = Xine + 7 Xooi. 30

“The enties of Xy are assumed (0 be independent, identically distrbuted (i) Gaus-
sian random variables with z¢ro mean and unit variance. The magnitude of the noise is
characterized by y. which deviates from the notaion in [200]".

oise magnitude y s known, there are closed-form solutions forthe optimal
hard threshold 1
LK € R s square, then
@3y, a3n

2. IfX € RV is rectangular and m < n, then the constant 4/+/3 is replaced by a
function of the aspec /.

MBIy, 1.32)
[ R

B0+ (g1

Not ht his xprsson e 0 (131) when = .11 <, then =/
When he i magniade y i unknown, which s more il i resvord sppi

aton, h i 5 osaile 1 ctmate the e magnlde and el te ibtion of

il vl b wing o, he e g vl In s o, thr s sl

orm sotion o . st b appromted mmericaly,

= (e

7 (200, o oo st o s 3 dete the KV gl v
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3. Forunknown noise y, and a rectangular matrx X & R, the optimal hard thresh-
oldis given by
()0 (=)
Here, w(8) = A(B)/pp. where 1 i the solution tothe following probern:

/w [+ VB -0 -a- v 1
I —

s

Solutions t the expression above must be approximated numericaly. Fortunaely
12000 [t

“The new method of optimal hard thresholding works remarkably well, as demonstraed

on the examples below.

Example 1: Toy Problem
hownin Fig. 1.2,

L6

and we contaminate the signal with Gaussian white noise (Code 1.17). A de-noised and

(Code 1

15),

as well as using a 90% energy truncation (Code 1.19). I is clear that the hard threshold
3 e e e ke s el g e Sgea s (G 120)

Fig. 1

itis clar that there are two values that are abov thres
ot 116 Compute the underlying ow-ank sgnal (Fig 122 &)

clear all, close all, elc

NI
Utrue - [cos (17at) . sexp(-£.°2) sin(1let)];
- (20, 0.5

st
Verue - [sin(set) . vexp(-t.2) cos (134t}

figure, inshow(x);

ot .17 Contaminatethe signal with noise. (Fig 122 ()

sionesrenta (size 1))
(X0l

God 118 Truncate using optimal ard hreshld. (P 122 (¢)

10,5,1] = svatxaoisy)

N = size(Xnoisy.

ot = (47egte ]« st ssigms; 4 i
© = max(tind (diag (3) scutott) rode
Felean s s 1or) 230571 S
Eigure, inshow (xelean)

[T ———
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Original Noisy
Hard Threshold 90 cutoff

k2 mar an i after op
et (415 o ncson e on 0% ey 9,

ot 119 Truncat using 90% eergy citerion. (g, 122 (4)

DD G U IO IENy R
730 - min(find(cdss0.50 capture

X90 = U(:,1:790) #5 (11290, 1:£90) +V (1, 1:290) "5
£igure, inshow(xs0)
Got 120 Plot singular values for hard threshold exapie, (Fig. 1.23)

semtlosy(@lag(e) ok Linsiidta 1.5), hold on, gria on
Logy (atag (s (Lir,1:5)), "or", ‘LineWidth’,1

Example 2: Eigenfaces
we revisit e 1.6, This provides

amore ypical example, since the data matrix X is rectangular, with aspect atio f = 3/4,
and the noise magitude is unknown. 10 also not clear that the data is contaminated with
white noise. Nonetheless, the method determines a threshold . above which columns of
U appear to have strong facial features, and below which columns of U consist mostly of
noise, shown in Fig,
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(: (b
w o]

Zi0 £ o

£ £

2 ]

@ [+

0w ww ww @ 3
Figure 124 Hrd thresholding for eigenfaces example,
Importance of Data Alignment

Here, we discuss common piflls of the SVID associated with misaligned data, The fol-
lowing example is designed 1o illustrate one of the central weaknesses of the SV for

h i his would look like a white
rectangle placed on a black background (see Fig. 125 (). If the rectangle s perfectly
aligned with the - and y- axes of the figure, then the SVID is simple, having only one

Value o (see Fig. | \ and vy
that define the widih and height of the white ectangle.



1.7 Truncation and Alignment

0° Rotation (b)

10° Rotation

10"

0 500 750 1000 20

itha square s

spectum ()
comples (0.

107, a5 in 5,

axes, additional non-zero singt
(b.d) and 1.26)

Got 121 Compute the SVD for & wel-lizned s rtsed s

25,

X(/4:30n/4,2/4:3:0/8) = 1

imshow () 1

dsstartindsn-1)

senilogy (a!
semilogy (ding (81

a valles begin o appear in the spectrum (ce Figs. 1.25
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@ [N —
N <
F 4 EB )
3 0
Z EN
\ & 10
107!
om0 w0 7w -

Fgue 128
and the comesponding SV spectu, diagtS), ()

T st s canple sk o e SVD i Gl gomer e
‘meaning that it depends on the coordinate system in which the data is represente
e have seen carlier, the SVID is only generically invariant to unitary transformations,
‘meaning that the transformation preserves the inner product. This fact may be viewed as
both a strength and 2 weakness of the method. First,the dependence of SVD on the inner
Morcover, the SVD has

v
meaning Howerer

the data. In fict, the SVD rank explodes when objects in the columns translate, otate,
or sl ich vy i s ot it ot i el e prcesc

For instance, ple was built on a library of images that had been
etalousy copped, et e im0 senc, Wiout aking e
important pre-processing steps, the features and clustering performance would be under-
whelning

s of the data is a major im-

inability of the SVD to capture translations and rotation
aon. or exmple he SVID i il h method f chic o e o 3k ammm\.un
of data from partial diferential equations (PDES), as wil be explored in Tand
12 However the SVD 1 fudsmentalty  dtadrvn separstion of varisbie. which ne
. for
lized det ctain the ¢ appl
u

o duta

with symmetriesis a significant open challenge in the

Gote 122 SVD for  sqire rotted through varous angles (Fig 126)

s =12 o ang
imrotate (%, (3-1)+d, bicu
a = floor ¥
- startind:starcindin-1);

airot1)
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sumplon(1,2 1), dmsgerc tror), colommap((o o 97 cnl)
bplot(1,2/2)| semiloay(diagi(s), x en(3, )

Randomizsd Singular Velue neemnnasmm
large dat
atmdem computational mathemarics and data science. In many cases, maix decompo-
ions are explicitly focused on extracting dominant Iow-rank structure in the malrix, as
illustrated throughout the examples in this chapter. Recently, it has been shown that if &
matrix X has low-rank structure, then there are extremely effcient matix decomposition
algorithms bused on the theory of random sampling; this is closely related (o the idea of
sty ad he igh-imensionalgeometry of s veton, wichwil s exlored in
Chapter 3. These so-called

cost Moreover, Iy . from
4K and 8K video, internet of things,etc.) it i often the case that the nirinsic rank of the
d

space grows. Thus. the computational savings of randomized methods will only become
more important i the coming yers and decades with the growing deluge of dats.

Randomized Linear Algebra
Randomized linear algebra is & much more general concep than the reatment presented
here for the SV In addiion to the randomized SVD [464, 371, randomized algorithms

veloped for principal component analysis [454, 2291, the pivoted LU decon-
poiion (455, (e piveed QR decompostion (162, nd he ymamic mode decompos-
tion [175]. Most randomized matrx decompositions can be broken into a few common
steps, as described here, There are also several excellent surveys on the topic (354, 228,
334,177, We assume that we are working with tall-skinny matsices, 5o that n > m,
although the theory readily generalizes o short-fa mattices.

Step 0 denify a target ok, 1 < .
Step 13 Using random projections P to sample the column space, find o matrix Q
e colanes spprsiic e colu s o X . 0 vt X =

Step2: Projec pace, ¥ = Q'X, . 0

Step3: Reconstruct high dimensional modes U = QUy using Q and the
‘computed from Y.

Randomized SVD Algorithm
Over the past two decades, there have been several randomized algorithms proposed
0 compute 4 low-rank SVD, including the Monte Carlo SVD [190] and more robust

approaches based on random projections [464, 335, 371]. These methods were imp
 incorporating sructured sampling matrices for faster matrix .....n.,x,.nm..» i
Here, we use the randomized SV algorithm of Halko, Martnsson, and Tropp (225,
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which combined and expanded on these previous algorithms, providing favorable error
bounds. Additional analysis and numerical implementation detils are found in Voronin
inFig. 127,

Step 1+ pewmer
of X e B

35

X, «m

Of X, and 50 7 approximates the calumn space of X with high probabiliy. Thus, it is
possible o compute the low-ank QR decomposition of Z to obtain an orthanormal
forX:

136)

Step1
Step2.

Fpure127
oy
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Step 2: With the low-rank basis Q. we may project X into a smaller space:
v=Q'x =)
It also follows that X = QY, with better agreement when the singular values o decay

rapidiy o
v

NIV 138

Bscause Qi ool nd st he ol e of X, the matices  snd
V are the same for ¥ and X, as discussed in Section |

Step 3: Finally, it is possible to reconsiruct the high-dimensional lef singular vectors U
using Uy and @
U=QUy 1.39)

Oversampling

‘Mostmatrices X do not have an exact low-ank structure, given by r modes. Instead, there
space of X. In general, increasing the number of columns in P from r 07+ p,significantly
improves resuls, even with p adding around 5 or 10 columns [370]. This is known as
oversampling, and increasing p decreases the variance of the singular value spectrum of
the sketched matr.

Power lterations

A second challenge in using randomized algorthmsis when the singula value spectrum

decays slowly,so tha the remaiing i

in the data X, In this case, it i possible to preprocess X thrugh g pover iterarions 1454,
228, 2241 0 creae a new mateix X' with  more raid singula vlue decay:

X

) x a0

singular value spectrum of X@ decays more rapdly:
X — Uzl a4n

H diional X,

every additional pass adds considersble expense.

Guaranteed Error Bounds
One of the most important properies of the randomized SVID s the existence of tunable
ertor bounds, that 2 pe

the oversampling parameter p and the number of power itertions g. The hest attainable
ertor bound for & deterministc algorithm s

IX- QY =

o (X). a4



Singular Value Decompositon (SVD)

Inother word: P 7 subsp
X.For it

ereater e
s possible to bound the expectarion o the eror:

sax-ovi =1+ a0, a4
Whers i Ealer's unnbe.

Choice of random matrix P

Thiere ar sveral uiabl chcioe ofth randoes matix P. Gussi rasdom prsjctions
i

Inpartc s

inX. However,
a L and have
. wher the

entries can be +1 or —1 with equal probabiliy (532, Structured random projection mat
es may provide efficient sketches, reducing computational costs (o O(m10g(r)) [559)
Yet another choice is a sparse projection matrix P, which improves storage and computa-
to, bt e ot of sl e foaion 4 e k. o e e ce,whes
the n
25 random colarans ofthe m x  dentty malei, S0 that i randomly elecs olummns of X
for the sketch Z. Thisis the fastest option, but should be used with caution, as information
may be lost i the structure of X is highly localized in a subset of columas, which may be
lostby column sampling

Example of Randomized SVD
To demonstrate the randomized SVD algorithm, we will decompose a high-resolution
e T st iplemctaon oy G it pes 4t
opimized for spec, data transfer, or accuracy. In practcal applications, care should be
aken (228, 177].

Code 123 computes the randomized SVD of a matrx X, and Code 1.24 uses this

Got 12 Randomized SV algoritim,

function [0,5,)

ny = size(X,2); o -
P randning, rep) ;

q
2= en

ena
10,8 = ax(z,007

Conpute SUD on projected ¥=0'sX;




19 Tensor Decompositions and N-Way Data Arrays 41

€€ ¢

ro128
£SVD (ght

vv,5,v)
o ="awy;

ot 124 Computethe randomized SV of igh-resoluion image.

Tensor Decompositions and N-Way Data Arra
Low-rank decompositions can be generalized beyond marices. This is important as the
ot be flatiened into order o evalu-

ate conelated structures. For instance,differen time snapshots (columns) of a matrix may
include messurements as diverse a5 lemperature, pressure, concentration of 4 substance,
etc. Additonally,there may be categorical data. Vectorizing this data generally does not
make sense. Ultimately, what i desired s to preserve the various data sruetures and types
i their own, independent directions. Matrices can be generalized o N-way armays, or
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@ v v, vy
= e== ==
X @ +oy +o3 +
SVD
w uw g
® VAR £ 74
— e —
M= =N X X +
Tensor
a a a
Fowe 120
ey e

(sectorize) the dat.

tensors, where the data is more appropriately arranged without forcing a dat
process.

“The construction of data tensors requires thal we revisit the notation associated with
s addion, mulplicstion, snd o products (299, e dac e 1 colam of 3
matsi A by 4. Given matices A € B1°K and B ¢ B/*K, their Khatr-Rao product
is denoted by A © B and is defined 10 be the £/ x K matrix of column-wise Kronecker
products, namely

atening

AOB=(a@h ax @bx)

For an N-way tensor A of size Iy x Iy x -+ x Iy, e denote its
byar

“The inner product betsieen two N-way tensors A and B of compatible dimensions is
siven by

iz, i) entry

“B) =Y an

A, denoted by A pre
of A with s, namely LA} = T, AT. Final unfolding
of atensor A is denoted by mA,

Let M represent an N-way data tensorof size Iy Iz x -+~ Iy We are interested in
an R-component CANDECOMPIPARAFAC (CP) [124, 235, 299] factor model

A=Y mal oo mal, a4
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Fgure 130 Example N-way array dat st crated fromthe foncton (1.45). The data matix is:
o |

that produced the dat

o
mA™ of size I, x R. The CP decomposition refers to CANDECOMP/PARAFAC which
s o paralel ot i PARAFAC) s cannical decmposin (€A
COMP) respectively. We refer to cach summand as a component. Assuming each factor
It has b coumn-normalzed o hve it Euclidea ogt e el o the s a5
weighis. We will use the shorthand notation where % = (i1, 5)" [25]. A tensor that
has a CP decompositon is sometimes referred o 15 a Kruskal tensor.

For we consider 3- 120

M= AcoB o

Let A € RIK and B € R2*K denote the factor matices corresponding to the two state
modes and € & R*K denote the factor marix corresponding to the time mode. This
way decomposition s compared o the SVD i Fig. 1.2
To illustrte the tensor decomposition, we use the MATLAB N-way toolbox developed
byR 184,

we generate
data from a spato-temporal function (See Fig. 1.30)
exp(—x7 — 0.55%) os(21) + sech(x) tanh(x) exp(~0.25°) sn(). (145

Feuvn
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@ | |
i |
50
H 0 e
® | |
l |
s v s
o
©
o
o
o T
P

w131
e RS

“The frt fctor “The three disinet

directions of the data (paralel focors) e llstcaed i 5 the  dircton, (6 the x direcion and

(@ thetime 1.

“This model has two spatial modes with two distnct temporal frequencies, thus a two

factor model should be suffcient to extact the underlying spatial and temporal modes.
MATLAB,

ot 125 Creaing tensor dat

0:0. 202001,

& ey, ¢
fiee e A sleosiaem)
(sach () _atanhx) . vexp (-

31 asinem

Note that the meshgrid command s capable of generating N-way armays. Indeed, MAT-
LAB has no diffculis specifying higher-dimensional arrays and tensors. Specifically.
one can casily generate N-vway data marices with arbitary dimensions. The command
randn 10.10) generates a 5-way hypercube with random values in each
ofthe five directionsofthe army.
Figure the function (1
The N-vay array data generaed from the MATLAB code produces A € RI21*10115,
which i oftotal dimension 107, The CP tensor decomposition can be used 0 exract  two
factor mode for this 3-ay aray,thus producing two veetors n cach direction of space .
space y. and time 1
¢ Novay ool provides sl arhicure for peformin ensor decompos
tions which is
model

the output as model.
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Got 128 Two Factor ensor model

el-paratac
TokoAz A -facsiat m,aw

bplot (3,1,1), plotly,Al, Linewlden, [2])
Rubplot(3/23) plot (k,AZ, Linewideh  [2])

subplot(3/1,3), (€183, Linewidch’ | [21)

Note that in this code, the fac2let command twrms he factors in the model into their
component matices. Further note tha the meshgrid arrangement of the data s diferent
o st s he £ dctons e i

Figure 1.3 the V-
g ot Specifcaly, he two vctorsslong each f th e itections of he atay
are illustrated. For act nswer s

{rom he rank 2 mode (45 The st t o v e tong the gl » drction
are Gaussian as prescribed. The second set o two modes (along the original ¥ direction)
include a Gaussian for the first function, and the anti-symmetric sech(x) tanh(x) for the
second function. The third set of two modes correspond to the time dynamics of the two
functions: cos(21) and sin(r), respecively. Thus, the two factor model produced by the

low-runk functions
dimensional data matrix A.

the potential for ensor decompositions in many fields. For N large, such decompositions
be computatonslly intractabl due to the size of the
Campe st m i 130 and 131 thers s 10 di ois Utimaly, he CP
ot scale well ever,

ed. even in the simple

1751, As with the SVD, randomized methads exploit the umkllymg low-rank structure
of the data in order to produce an accurate approximation through the sum of rank-one
outer products. Additionall, tensor decompositions can be combined with constgzints on
the form (345
“This gives a framework for producing interpretable and scalable computations of N-way
data amays.

Suggested Reading
Texts

(1) Matrix computations, by G. H. Golub and C. . Van Loan, 2012 [214]

Papers and reviews
(1) Calculating the singular values and pseudo-inverse of a matrix, by G. H. Golub

Kaban, Journal of he Societs for Industrial & Applicd Mathematis, Series
B: Numerical Analysis, 1965 (212],
A low-dimensional procedure for the characterization of human faces, by
Sirovich and M. Kirby, Journal of the Opiical Society of America A, 1987 491].




Singular Value Decompositon (SVD)

Finding structure with randomness: Probabilistic algorithms for constructing

‘approximate matrix decompositions, by N. Halko, P-G. Martinsson, and J. A,

“Tropp, SIAM Review, 2011 [230),

@) A randomized algorithm for the decomposition of matrices, by P-G. Martin
son, V. Rokblin, and M. Tygert, Applied and Compuational Harmonic Analysis,

2011 (371].

‘The optimal hard threshold for singular values is 4/+/3, by M. Gavish and D, |

Donoho, IEEE Transactions on Information Theory, 2014 [200]




Fourier and Wavelet Transforms

decouple. and
are amenable d ana

in a wide variety of domains,including data analysis (.., the SVD), dynamical systems
d control (., defining

coordinate systems by contollability and observability). Perhaps the most foundational
and ubiquitous coordinate transformation was introduced by 1.-B. Joseph Fourier in the
arly at [185],

and cosine functions of increasing frequency provide an orthogonl basis for the space of

with the specifi frequencies serving as the eigemalues,

ourie’s seminal work provided the mathematical foundation for Hilbert \pue\ e
ator theory, approximaion theory, and the subscquent revolution in analyt
ondl mahemtis. i orwaed o hundied s, and e it Forc oo

compresion, bl ommiction ntworks modem deiesand bardvare, e
scale,and advanced data anal . the fast Fourier
o i s it s profoun ol n shaping h e world than
any other algorithm to dat.
With increasingly complex problems, data sets, and computational geometsies, simple
Fourier sine and cosine bases have given way o failored bases, such as the data-driven
SVD.Ins

e
PDES with complex geometrics, a wil be discussed later. In addition, related functions.
called wavelets, have been developed for advanced signal processing and compression
efforts. Inths chapter, we will demonsirat a few o the many uses of Fourier and wavelet
transforms.

Fourier Series and Fourier Transforms
Before describing the computational implementation of Fourier ransforms on vectors of
» defined for con-

s . Naral,thedscsts oo ormlatonshold i e

e 1t ‘zeometry of ininie-dimensional function spaces, or Hilbert spaces, which

freedom, Thus, we begin with an introduction to function spaces
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o 0

Figure 21 Discretized functions used o llstrae he nner product.

Inner Products of Functions and Vectors
I this section, we will make use of inner products and norms of functions. In particular,
we will use the common Hermitian inner product for functions /x) and g(x) defined for
x on a domain x < la, b}

mn.w»:] SR an

Where § denotes the complex conjugate.
he inner p datfirst, bt tis defii-
tiom becomes clear when e consider the inner produt o vestors of dats. In particulr if
fix)and Fig. 2.1, we would like
is increased. The inner product of the data vectors £ = [fi f2 5] andg =

[&1 & 2] s defined by:

g =gT= )" fifi = ) fr0dlx). @2

“The magnitude of this inner product wil grow as more data points are added; i, as n
increases. Thus, we may normalize by Ax = (b — a)/(n — 1)

b

e E/(mim)m, @3
‘which i the Riemann approximation (0 the continuous function inne produc. It i now
clear that as we take the limit of 1 —» o (i, infinite data resolution, with Ax — 0), the
vector inne product converges t the inner product of unctions in (2.1).
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“This inner product also induces & norm on functions, given by

=10 = VT T = ([”/m/m«n)m e

“The set of all functions with bounded norm define the set of square integrable functions,

denoted by L2([a. b]); this is also known as the set of Lebesgue integrable functions.

“The interval . b] may also be chosen o be infinte (e.., (~0. 50)). semi-infinite (e.£.

{a. 01, or periodic (e.g., (7. 7). A fun example of a function in L2([1, 00) is f (1) =

1/x. The square of f has finite integral from 1 t0 50, although the integral of the function

itself diverges. The shape obtained by rotating this function about the x-axis is known as
7.

bril's hor,

e (rlated o the integral of )

As in fnite-dimes s the et may be used to project &

funcion o an new coorinte s deind by 3 basis o onthogonal fonctons. A
function  is precisely a function onto

the orthogonal set of sine and cosine functions with integer period on the domain [a. b]

“This i the subject of the following sections.

Fourier Series
A fundamental resul

Fourier analysis is that if () is periodic and piecewise smooth,
then it can be writen in terms of a Fourier series, which is an ininite sum of cosines and
of increasing frequency. In paticula, i f(x) is 27-periodic, it may be written as:

f= 7+;(m cos(kx) + by sin(kx)). @35
The coeBiens o and b s giveny
L
R 26
v
Ny Jry— o

which may be viewed as the coordinates obiained by projecting the function onto the

o Incther
may be re-written i terms of th inne product as:
'
[ p—— XN
Teoste /(9 costol e
n L1 0) sintko). am

TSR

where | cos(ko)|? = || sin(kx) | = 7. This factor of 1/ is asy to verify by numerically
integrating cos(x)? and sin(x)? from 7 107
The

0.L)is

PR e ) e

e
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with cocfficients a and by given by

2 T

uk:IA /mm( - )a: o
2 pres

e [ () an

Because we are expane

ng functions in texms of sine and cosine functions, it is also

form with complex coefficients o

1= 3 adt

an iy

3 w8 st + iy

b+ 3 [0 ot + 0~y ]

[kt o costhn) - s —asinko]. @100

I £x)is real-valued, then g = A
“Ths,the functions . = ¢ for k € Z (. for ineger k) provide a bass fo periodic.
i interval [0, 2). T

orthogonal:

T e =y F 7

50 (). ¥a) = 2, where  is the Kronecker delta function. Similarly. the functions
278171 provide a bass for L2 (0. 1)), the space of square inegrable functons defined
onx € 10.L)

In principle, a Fourier seres is just a change of coordinates of & function f(x) into
an infinte-dimensional orthogonal function space spanned by sines and cosines (1.
5 = cos(ka) + i sintln)

N .
Y anw=t ¥ ywonmmo. @

S

“The coefficients are given by cx = 3/ (1), ¥4(x). The factor of 1/2x normalizes the
projection by the square of the norm of Y ., V4l = 2. This is consitent with
our standard fnite-dimensional notio of change of basis. as in Fig. 2. A vector J may

be written in the (5, ) or (. 1) coordinate systems, via projection onto thes orhogonal
bases:
F=4 W;X R [EREN)

=G+ 7 @iz
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Figure 22 Cliange of coondinates of a vector in (o dimensions.

Example: Fourier Series for a Continuous Hat Function

hat function, defined from 1 (0 7

forx € [, 7/2)

T+20/n forx € [-a/2.0)
1-2¢/n forxe(0,7/2)
0 forxefn/2.m),

fo= @)

Because his function is even, it may be approximated with cosines alone. The Fourier
seres for f (1) is shown n Fig. 2.3 for an increasing number of cosines.
Fi

imation error, for an increasing number of modes. The error decreases monotonically, s
expected. The coefficients by corresponding (o the odd sine functions are not shown, as
they are ideniically zero since the hat unction is even

ot 21 Fourierseies approximtion 0 bt functon.

= eacax g

f - lengthix); nquart = floor(n/4);
£ (nquart :2+nquart) = ds (1inguares1) /n;
ElBmmuart i Sunaat) = Lody 0unquart 1) /o

Plot(x,f, k', Linehidth,1.5), hold o




E
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1 —1

Time

Figur 23 (op)Ht functionan Fourie csine seies approsimation fo » = 7. (middle) Fourie:

and igh frequency

jee (207
(e sones et ))) i

B eetn hepten/)
Plot(x, £F5, *-", ' Color’ ,COtk, +), Lineniden’
ena

Example: Fourier Series for a Discontinuous Hat Function
We now consider the discontinuous square hat function, defined on [0, L), shown
Fig. 2.5 The function s given by

0 force(o L/
Fe=1 1 forxelL/a L @
forx € BL/A. L)

around the sharp corners of the siep function. This example highlights the challenge of
applying the Fourierseries o discontinuous functions:
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o 0 = w « = w 71 @ %
mode number, &

Foure24
I Fig.23.Then
e
 —
P25
ax - 0.01; 1105
x = 0l
- length(x) ; nquart = floor(n/d);
£« zeros(size(x));
£ (nquart 3 anquart) = 1
20 = mum - vones (siza )i/
for k kit
sum v (upekex/i)) sdnea/s
Soin (2epiekex/L)) sdxa2/L;
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£F5 - £FS + Akacos(2ekspiex/L) + Bkasin(2ekspiex/L);

plot (£, i
Blot(x, €55,

‘Linewidth',2), hold on
JLinewiath’|1.2)

Fourier Transform

the function repeats tself forever. The Fourir transform integral s essentially the limit of
a Fourier series as the length of the domain goes to ifinity, which allows us to define &
function defined on (—oc, 56) withou repeating, as shown in Fig. 2.6. We wil consider
the Fourier series on a domain x & [~L. £), and then let L > 0. On this domain, the
Fourier series i:

245 [ () crsn ()] S et e

with the cocfficients given by:

e

1 Ry >
@ =g [ 1weima @16

alid for (L1
for aeneric nonperiodic functons.

Fipuwe2s
(botom) The Fourier transform is val
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=t/ L+ oo, thes discrete
f Definc = kr/L, A0 = /L, and
take the it £ 26,5 that Aoy 0
S i kA
fo=m 3 52 / Fgremitan gy o @m
o

i (. o)
). denoted by (@) 2 F(7 (). In addition, the summation wih weight Ao becomes
a Riemann integral,resuling inthe ollowis

=5 () = = [~ Fond o s

Fw) =F (s

[ o o

These two integrals are known s the Fourier tranyform pair. Both integrals converge as
tong a5 [%, 1/ 01 d < 0 and [%, | F@ldw < oc; ie.. a5 long a5 both functions
elong 0 the space of Lebesgue ntegrable functons, £, f & L!(~oc, 50).

The

linearity, and how derivatives of unctions behave in the Fourer tansform domain. These
propertes have been used extensively for data analysis and scientific computing (¢.£. 10
will

Derivatives of Functions The Fourier wnsform of the derivative of  function is
given by

oo I A

- [TEEE @19
) M A ) P
—io [ s @199
=P (@) @190

he 3

PDES ito ODE, closely reated o the separation of ariabes:
wo=an Lo iy = —cali @200

(#DE) ©DE)

Linearity of Fourier Transforms The Fourier transform is a inear operator, so that

Flaf () + frto) = aF () + BF(@). @2
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Flaf@ + Bi) =aF () + BF (@), @)
[t [*ora

In other words, the Fourier transform preserves the Ly norm, up 10 a constant. This is
closely reated to unitarity. o that two functions will retain the same inner product before
and after the Fourier transform. This property s useful for approximation and truncation,
providing the ability to bound error at a given truncation

Comvolution well Fourier

of two functions /(x) and g(x) as £ + &

eow= [ re-osedn e

Ifwelet f = F(f) and § = F(g), then:
()0 =52 [ S Qs
R I L
[ ewiwe 2250
= [ [ e an)a @0

:/:yuvu—um

Thus, muliplying functions i the frequency domain is the same as convolving functions
in the spaial domin. This will be paricularly useful for control systems and transfer
functions with the related Laplace ransform,

wf=fre @25¢)

Discrete Fourier Transform (DFT) and Fast Fourier Transform
Unil now, we have considered the Fourier series and Fourir transform for continuous
functions f(x). However, when computing or working with real-data, it is necessary
o approximate the Fourier transform on discrete vectors of data. The resuling discrete
Fourier transform (DFT) is ewtmul\y a discretized version of the Fourier series for
[ 1] obiained by discrtizing the function f(x)
i aping. A o shownin Fi 1.
“The DFT s tremendously useful for numerical approximation and computaion. but it
dost ot e el vy 3 | s he sl omlaton o mlplcaton
dense n < n matix, requiring (1) operations. In 1965, James W. Cooley
o . Tkey Pincrm devlopd o et st ot o (FFT

vectors of data
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ey N

Fipure 27 Discrete data sampled fo the discete Fourie ransform.

algorithm (137, 136] that scales as O(nlog(n). As 1 becomes very large, the log(n)

component grows slowly, and the algorithm approaches a lincar scaling. Their algorithm

s based on a fractal symmetry in the Fourier transform that allows an 1 dimensional

DFT o be solsed with & number of smaller dimensional DFT computations. Although the

and FF scomlike

4l e, e e Ollogo) ing s Vi bles he Wi e of e
o),

s important (0 note that Cooley and Tukey did not invent the e of b T, 10
ther wer dcades ofprio ok devclin sl e, altough ey provided e
‘eneral formulation tha is currently used. Amazingly, the FFT algorithm was o

by Gauss over 150 years earler in 1805 0 approximate the orbitsof the asteroids Pl

As the computations were performed by Gauss in his hesd and on paper, he required
a fust algorithm, and developed the FFT. However, Gauss did not view this as  major
appeared laterin 1366 in

Fouricr series expansion in 1307, which was laer published in 1822 [186]

Discrete Fourier Transform
Although we will always use the FFT for computations, it i ilusirative (0 begin with the
the DFT. The di by

=Y pen @
=
and the inverse discrete Fouriertransform (IDFT) is given by:

fom 15 e am
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Figure 28 Real part of DFT s for

Thus, the DFT s a fncar opersor (i... & maris) that maps the data points i F 10 the
frequency domain

Uit fil 2 (e f @28
For a givn numberof poiis . he DI epreses the data using sine and cosine
funcions with integer muliples of  fundamental fequency. o, . The DFT may
be computed by matrix multplication
I IR
Lo el i
=1 @ e Eia iy @29
Al L wgen b

‘The output vector f contains the Fourier coefficients for the input vector f, and the DFT
ianis s auniry Vandermonde it The i F i omple- e, the vt
Fhas both which

“The real part of the DFT matrix F is shown in Fig. 2.8 for n = 256. Code 22 gener-
ates and plot this matix. It can be scen from this image that there i & hicrarchical and

inereasing frequency.
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Gote 22 Generte dicret Fourier transform matix

251
& 5 et ryg

for i-1:n
gor j-1:n
DFT(L,9) = WA U131

ana

(1,9) - mesharid(1in,1:n) s
T e (00 e (3115
inagesc (real (OF))

Fast Fourier Transform
As mentoned carler, multiplying by the DFT matrix F involves O0r%) operations. The
fast

MP3 and IPG f satllte

communications, and the celular network, to name only e of the myriad applications.

For example, audio is generally sampled at 44.1 kHz, or 44, 100 samples per second. For

10sesond of e h vetr il have dinenonn =461 x 0. Computin he DFT
210", 0r 200 bl

Incontras, the FFT 100, of

over 30, 000. Thus, the FFT has become synonymous with the DFT, and FFT libraries are

FFT, ddecod-
ing of an audio signal. We will see latr that many signals are highly compressibe in the
Fourier transform domain, meaning that mostof the coeficients of fare small and can be
discarded. This ensbles much more effcient storage and transmission of the compressed
signal, s only the non-zero Fourier coefliients must be transmited. Howener, it is then
pescsiry oy sncode anddecods tecomprssed Furir i by compuing e
E e FET GFFT). This i accomplished withthe one-line comman

ssthac = eee(n); st e
3E T ikee tnats s ¢ Toverss fase Fou

The basic idea behind the FFT i that the DFT may be implemented much more effi-
ciently if the number of data points 1 is a power of 2. For example, consider n = 1024 =
219, Inthis cas, the DFT malrix Figa: may be writen s

T Das][Far 0 |[fow o
=t [‘m ,,,m][a rm][fw]’ o
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here feen are the even index elements of , s ar the odd index clements of . st is
the 512 x S12 dentity matsx, and Ds; s given by

0o
0 0
o o @31
00 0 W
This ~ a carel accounting he tems
in @20) a1 G29).fn =2, is s o b, P o b s
o P oo s e s B B b e

vector can be padded with zeros until it s a power of 2. The FFT then e el
inteleaving of even and odd indices of sub-vectors of £, and the computation of several
smaller 2 x 2 DFT computations

FFT Example: Noise Filtering
o gain Gl wih b 0 s e the T, we wil e it  simpe

p afunction of time (1)
F0) = sin(2rfir) + sin2x far) @)

with frequencies i = 50 and fy = 120. We then udd a arge amount of Gaussian white
noise 10 thi signal, as shown i the top pancl of Fig. 29

It possible to compute the fast Fourier tansform of this iy signal using the M1t

command. The ruw:r :yeclnl density (PSD) is the m\mullud wared magnitude of f.

iddle).

sy .\xrul contains two large peaks at S0t s 20 s possible

it clear that the

After imverse transforming the filtered signal, we find the clean and filterd time-scrics
‘match quite well (Fii. 2.9, bottom). Code 2.3 performs each siep and plotsthe resuls
o 23 Fast Fouricetcansfom o denoise signal.

sin(2episS04t) + sin(2epis120sc); 3

a
H w
£2E: 2 5iranan(size(c)); 1 Add some

¥ Conpute che Fast Fourier

incer/a)

4 use the £SD co £11 100
= 4 Fing a1l freq; o
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200 250 300
Frequency [Hz]

Time [s]

Figure 29 Denising with FT. (1op) Noise i added 0 simple signal given by a um of o sine
(o)’

m,ﬂm; 11
Plot(r,, x’, 'LineWidtn’,1.2), hold on
siocieier k1 Linaiiaek 115)

Tegena( fosey,  Cle:

mibplors;1.2)

EiE £ Lineniaehe 1.5), pota on
Tt L Linewidchr,1.2)
Tesendi clesh. -Filterears

subploe(3,1,3)

Plot (£req(Li  PSD(L), '+ rLinewidtn hold an

siot zeat) ,Linelidch ,1.2)
gend (‘Noisy','Filtered')

FFT Example: Spectral Derivatives
For the next example, we will demonsirate the use of the FFT for the fast and accurate
computation of derivatives. As we saw in (2.19), the continuous Fourier transform has
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Figuo210 C.
derivatv,

e ey it 40 = G0, Sty b i dtvtve of s et of
the dicrete

Tt st of B v f i e o 3tk b drte wivenmr

associated with that component. The accurscy and cfficiency of the spectral derivative

ks i pateully el for sohin i et s, s vploed e
To demonstrate this so-called spectral derivative, we will start with  function f(x)
here we can compute the analytic derivative for comparison

2728 4 s _ 2
S Ly« e L, e
Fi ly
AV Slasn) — fOw)
e o5
() o 234

“The error of both differentiation schemes may be reduced by increasing , which i the

bt i difcece kit s taun 1 i, 211 The o e

ate, wit (0 O(Ax); however, even
Snesin theonds of a Bte-ilrens e ikt b s scurcy end
as the spectral dervative, which is effectively using information on the whole domain.
Code 2.4 computes and compares the two differentiation schemes.

ot 24 Fast Fouricrtansform to compte deivtives.

ax = 1/m

x = Lf2:dxin/2

T2 ot e ioxi 225 s Funceion
4 = (oin(x) .eexpi-x.2/25) + (2/28)ex.eE); § Derivative
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10°

Figure .11 Benchmark of spectral derivative for varying dat resolution,

gth(af) -

£ox Kappa:
dE"‘l(ap.,i]  E appas1y ¢ trappa) ) /e

Dlends1) = atelend);

kappa = (aepd e/,
Kapp - gtohieranpa); ¢ oo

1.2
end (*True Derivative’, Finite Diff.",'FFT Derivative’)

1 the derivtive of a function i discontinuous, then the spectral derivative will xhibit
Gibbs phenomens, as shown in Fig. 2.12.

Transforming Partial Differential Equations
he Fouri st was riginaly formulad n the 1800535 changeof coonintes
e system wher
ple. More gencrally, the Fourier ransform is useful for transforming patial differenial
equations (PDIEs)into ordinary differentia equations (ODES). s in (2.20). Here, we will
PDEs.For an excelent
s

reatment of spectral for PDES, see Trefethen
PDEs [282]

Heat Equation
“The Fourier transform basis s ideally suited to solve the heat equation. In one spatial
dimension, the heat equation s given by

= @3
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!
! 05

0

o 1 2 B : s g

'
o
)

E 2 s . s g

Fowe212

utn) time and space, I we -

space, then F(ur. x)

(1, ). The PDE in (2.35) becomes:

@36)
since the (i) = o
. by taking the Fourier transform, the PDE i (2.35) becomes an ODE for each fixed

™
frequency . The soluton isgiven by
i) = 0,0, @
transform of

It is now clear that higher frequencies, cortesponding to farger values of o, decay more.

out. We may take the inverse Fourier transform using the convolution property in (2.24),
ielding:

2o, em

utt.x) = F Gt )

FH ) w0

e

“To simulate this PDE numerically, it is simpler and more accurate 10 irst tansform to
the frequency domain using the FFT. I this case (2.36) becomes

i = e @39

where &

the wavenumbers according (0 the Matlab convention.

ode Figs. 213 and 2.14.
Inthis example, because the PDE s I s
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0
u(t.x)

e 213 Solation of he 1 et cquaton i ime fos a il condion given by  squae et
funcion. As time evolve:
funcion.

ult.z)

214 Evolution of the 1D hestequaton in e, illustrate
diagram (g

Fall plo 1) and a1

diretly in the requency domin, wing he vecor fildghven in Coe 26. Fialy. the
lting comads e cnn Code
Figs. a

13 an s

e N T A
ofthe fgures, it bec

Eventually, the lowest w willalso decay,
uncil the temperature reaches a 3 conant sty s aistietion, which is a soluion of
Laplace’s cquation 1, n solving this PDE using the FFT, we are implicitly

assuming that the solution b periodic, so that the right and left boundaries are
dentificd and the domain forms 4 ring. However, if the domain i large cnough, then the
effectof the boundariesis small.
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Gote 25 Code 0 simulat the 11D heat equation sin the Fouie ransfor.

a-1; + Thermal aiffusivity constant
L - 100; § Length of donain
N 21000, 3 Wumber of discretization points

LN
X = -L/2idx:L/2-ax; ¥ befine x domain

§ Define

frrery e u,
secaniee (cappa) s Re-order £t wavemunbers

0 - Dux;
WOU(L/2 - 1/10) fdx: (L/2 + L/10) fax) =

wulate in Fourier frequency
le45 (@ (¢, uhat) rhetieat (t, uhat , kappa,a) , £, ££¢ (u0) )

§ irer co ree

n to spatial domain

ot 28 Right hand side for 1D beat equation i Fourir domain, /.

hateat (¢ it xappa, 2
*20 (rappa. ~ inear and

function dungs
atat 4 diagonal

Got 27 Code 0 plt the sl

One-iay Wave Equation

o of the 1D beat equation

figure, waterfall((u(1:10:end,:)));
figure, imagess (flipud(ul);

DE for

g+ cuy

tial condition (0. x) will simply propagate to the right in time with s

@40

Any.
) 0ty i sohaion. Code 2.5 st hs PDE o i conion
5 by o e i, ol s i i e For o

domain,as before, using the vector feld given by Code 2.9. However, it is also possible to
in the spatal 1 using the FFT
and then transform back, as in Code 2.10. The solution ut. x)is plotted n Figs. 2.15 and
216, a5 before
ot 28 Code tosimalstc the 11 wave equation usin the Fourie transform.
I3, § Longth of

1060 H e (o G BT

L/
-L/2:8x:1L/2-dx; ¥ Define x domain

¥ Define discrece wavemumbers
Kappa = (24pi/L)e (-N/2:N/2-1]




23 Transforming Partal iferentisl Equations 67

o
h

(X

Figure216 Evalus
diagran
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os
ult,z)
04

217 5. evolves,
Jnitilconditon stcepens, orming a shock front.

oo 210 Right hand sde for 1D wave equation n spatal domin

uhat - £€e();

duhat = iskappa, suhat;
au < Leee (aun
uat - -ce

H function dudt - rhavavespatial (t,u, kappac)

Burgers' Equation
Forthe final example, we consider the nonlinear Burgers” equation

g = it @4

which is a simple 1D exampl for the nonlincar consection and diffusion that givs rise
0 shock waves in luids [253]. The nonlinear convection u, essentally gives rise 0 the
behaviorof where portions of 1 wit » more
rapidly,causing  shock front o form.

e 2.1 simulates the Burgers” equation, giving ise o Figs. 2.17 and 2,18, Burgers’
equation is 2

quires
field
inCole 212 o s xampls, e s o s For o doan 0 onpuie 1
vap back to the spatial domain to compute the product ;. Figs. 2.17

m Tty o he vt stcpein ettt g el shok. W ot e

afinite width
oo 211 Code 10 simlate Burgers” equation usng the Fourier ansform.

chear aii, close aii, cic

1000;
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=
L=
ult.x) { =—7
—

re218 time,
diagram (ight.

ax -y

X = -LizidxiL/z-axs x don

Xappa = (2+p4/L)« [-N/2:8/2-11;
Ppa - £ftenitt (kappa:); R~

sech(x)

at - 0.035;
t - 0:dt:100s
(6710 "= odeds (0, u) hsBurgers (L, u, kappa,mu) £, u0)

equationin Fourie trnsform domain,

Gode 212 Righthand side for Burg

function utt < Khapurgers (€, . Kappa, )

+ mutda;

Gabor Transform and the Spectrogram

he y
of a given signal, it does not give any information about when in time those frequencies
oceur. The Fourie transform is only able to characterize truly periodic and staionary
signals, as time is sripped out via the integration in (2.184). For a signal with nonsta-

charactrize the frequency content and ts evolution in time.
i Gabor transform, also known as the. Fourier transform (STFT), computes
4 windowed T in s ovin window (43, 262 52), 1 shown  Fi. 219, This STFT
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210 ustion
Foure ranform.

enables the localization of frequency content in e, resultng in the specirogram, which
s plot of frequency versus time, as demonstrated in Figs. 221 and 2.22. The STFT is
sivenby

GG =fwo = [ O = G e

where g,.,(7) s defined as

S1al0) = €7 g(x 1) ere)

“The function g(r)is the kernel, ndis often chosen 10 be 2 Gaussian

s=c )

and ¢ determines the center of the moving window.
“The inverse STFT s given by:

X e
70267 (fut0) = 5 [ [ so—oeava @i
Discrete Gabor Transform

Generally, the Gabor transform will be performed on discrte signals, as with the FFT. In
his case, i is necessary o discretze both ime and frequency

v=jso @46)
T =kar @

The discretized kel function becomes;

g1 = 20050 —kan) ey
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20 S0
Frequency [Hz]

Figure 220 Pover spectaldensity of quidatic chirpsign

and the discrete Gabor transform is:

fis= = [ 1@pa @

“This integral can then be approximated using a finite Riemman sum on discretized func-

ions f and §,..

Exampl: Quadratic Chirp
s a simple example, we construct an oscillating cosine function where the frequency of
oscilltion inereases as a quadratc function of time:

S0 = cosann) where o) = on + @~ Q50

“The frequency shits from ay st = 010 @y at £ = 1y
Fig.

FETof

i
of the frequency in time. The cade to generat the spectrogram is iven in Code 2,13, and
the resuling spectrogran i plotted in Fig. 2.21, where it can be seen that the frequency
content shifs in time.

ot 213 Spectrogram of quadatic chir, shown in Fig. 221,

x = chixp(e, £0,c1,£1, quadratic’);
% - costznphiclaiio | (e m.( 2/ ecr )
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olm
1 m Mhmnm!x [lﬂ""l“m"

Frequency [Hz]
s 884 8
Powerfrequeny (dBHz)

H

PsD

Figure221
he integrated powe across rows of the spectrogran.

‘Example: Beethoven's Sonata Pathétique
Itis possibe to analyze richer signals with the spectrogram, such as Becthoven's Sonata
Puthétique, shown in i dh

recently been leveraged in the Shazam algorithm, which searches for key point markers
the spectrogram of songs to enable rapid classification from short clips of recorded
music [545].
Fie. 222 dows he st o brs f Besthoven's Sona P, sog it the
spectrogram.

Code 2.14 Toads the data, computes the spectrogram, and plos the esult.

Goo214 Compute ,W.mg,mm Becthonen's Sonata Pabétique (Fig. 2221

+ bounioad mpszead £ron hetp: /s machuorks. con/naclabencral/
T canchanger3655-mptand and-mpweice

¥, £5, NBITS, 0PTS] = mp3read( basthoven.rp3 )7

8% Spectzogran using ‘spectrogran’ conand
- a0 i s

y¥(LTe8) 5 § First 40 seconds
spectrograniy, 5000, 400,24000, 24000, yaxis') s

rogean yeing short-cine Fourier transtom ‘sete!
wlen = 5000;  + window length

h-a00; & overtap is wm -n
¥ pestors cine-traguency anas

(815, e ate] < strLly, wlen, by FS/4, BS), ¥y axis 04000z
inagesc (1og10(abs(s))); & Plot spectrogram (1og-scaled)

“To invert the spectrogram and generate the original sound:

[rdere, cecce) - daste(s, b TS/, 9
soina (x it e, b
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Frequency [Hz)

“Time [5]

e
anmotaed specrog
Artists, such as Aphex Twin, have used the inverse spectrogram of images 1o generate
music. The frequency uhgwu\ piano ey i also easly computed. For example, the 40th
ey reqency o given

£req = w(a) (((2° u/mmn 45)) w005
£req(40) ¥ fraquenc
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Uncertainty mncnues
In time-frequency

there is & fundamental uncertainty principle that imits the
abilty to ~|mulunc<ms|y atain high resolution in both the time and frequency domains.

about frequency content, and the Fourier ransform perfectly resolves frequency content,
but provides no information about when in time these

but with lower resolution in ach d
illustrated in Fig. 2.23. An aliemative approach, based on a muli-esolution analysis, will
be the subject of the next section.

i frea
([T vvora) ([ ajwra) = o asn
[ rwwra) ([ enferio) = g
This is true if £
h function 1 1) =0, Forreal ¥
ccond moment. which measures the variance if () i a Gaussian fnction. In other
cion (1) and s
(a) Time series (b) Fourier transform
(©) Spectogram (d) multi-resolution
3]
H
E
2|
H
£
Aw
a Time
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function f
ndvis v T s mplctons for s Hers sty pocipe (24015
position and momentum wave Functions are Fouricr transform

T e frquency s, the ety princile e mplication or te by o

limit. As the frequency content of a signal is resalved more finely, we lose information
dvice versa. Th
between the simultaneously atainable resolutions in the time and frequency domains.
Another implication i that a function  and ts Fourier transform cannot both have finte
. Tocalized, " 18.51).

Wavelets and Mum-nesolutlan Analysis

Wavelts [359, 145] extend the concepis in Fourier analysis o more general orthogonal

e and prilly overcome th iy riniple dsased bove by cplon
@.

Fig. 223 @)
enables different time and frequeney fdeliis in diffren frequency bands, which i par-
ticularly useful for decomposing complex signals that arise from multi-scae processes
such as are found in climatology. neuroscience, cpidemiology, finance, and tarbulence.
Images and audio signals are also amenable 1o waselet analysi, which is curendy the

ehapters. Moreover,

making them duta, There are books on
wavelets [521., 401, 3571, in additon to the primary references 1359, 145,
The basic dea in wasel with a function v (),

wavelet, and generate a family of scaled and translated versions of the function:

Vanlt @2

“The parameters @ and b are responsible for saling and transating the function Y. res
tively. For example, one can imagine choosing a and b 10 scale and translate a function o
it in each of the segments in Fig. 223 (d). I these functions are orthogonal then the basis
may be used for projection, s i the Fouriertrnsform.

“The simplest and carlest example of & wavelet is the Haar wavelet, developed in

1910227
1 osi<in
vo=1 -1 1<t asy
0 otherwise
“The three Haar wavelts, 11,0, ¥1,20. a0d 17272, are shown i Fig. 224, representing

the first two layers of the muli-resolution i Fig. 223 (d). Notice that by choosing each
higher frequency layer s a biscetion of the next layer down, the resuling Haar wavelets
are onthogonal, providing a hierarchical basis fo 4 signal.

e orthogonality property of wavelets deseribed abo al for the development
of the discrete wavelet ransform (DWT) below. However, we begin with the continuous
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o 025 05 075 1
f 1
o
4 I
o 025 05 075 T
o 025 05 075 1
t
P22 22300,

wavelt tansform (CWT), whic i iven by
Wyl b) = (. b} :] SO0 dr. @sh

re . denotes the complex oS V. Thi i ol i for cions )
pin satisly the boundedness property th

P CC as

‘The inverse continuous waselet ransform (CWT) i given by:

@s6)

0= [ [ e

New wavelets may also be gencrated by the convolution w * ¢ i is a wavelet and

erable function. v
Resond he Haae wavee, deigned o ave variousproperics. Fo cxample he Meican
hat waselet is given by

@sm)
@57

W= (1=
V@) = Virale ™
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Discrete Wavelet Transform

on data, it is necessary to introduce a discreized version. The discrete wavelet transform
(DWT) i given by

WelNGR =1 W,n:] SOU0d @s8)

hee ,4(0) s a discree anily of wavclts:
Sv(=8) as)

i, i family o walt i nhogoml s i he ase of e discrete Haarwaveles
it o )

Va0

S0= Y 0N OW0. ey

The explict computation of 3 DWT is somewhat involsed, and i the subject of several
excellent papers and texts [359, 145, 521, 401, 357 However, the goal here is not to

fom sccomplishe. By seling and trnslating  given shape cros  ignl i s possble

radeoff between time and frequency resolution. This general procedure is widely used in
audio and image processing, compression, scientific computing, and machine learing, (0
name a few examples.

2D Transforms and Image Processing
Although we analyzed both the Fourier transform and the wavelet transform on one-
ch

vo-timesional and o dinesionl sgnl. Bt e Fusierand vl o
have had tremendous impact on image processing and compression, which provi

2D Fourier Transform for Images
e two-dimenson! Pt o of s of dis X & R s by i

Sequential ow-wise and column-wise Fourier transform i shown in Fig. 2.25. Swnd\mg
the order of of

Got 215 Too-dimensions Fourier transform
P,

ead("../. . /cHo1 s
rabagray (A); % Conv
plat (L4, imagese (81

size(®,1)




Fourier and Wavele Transforms

FFT all rows. FFT all columns

e &

s, the FFT i then the FFT i tken of

Figuro225
each column of the resling transformed mati.

SRR ) - srsamie st e, )
)G
subplot (1,3,2), inagesc(loglabs (Cehift)))

for Jeiisiae(c2); wute
I U

c (£tanise (log(aba (D))

i
Sbplot(1,2,2), ina

tictent to use £e2

D= £re2(8); + muc

“The two-dimensional FFT s effective for image compression, as many of the Fourier
Thus, only a few

large Fourier coefficients must be stored and transmitted

ot 216 mage compression via the FFT.

+ by nagnicude

Begfea(s); b5 is ara
Braort - sort (aba (3t (1)) 1

Zero out a1l amell contticiencs and inverse re
for Koepr (.1 -0 oo:
thresh - m»mmmm Kege) engen(ssore)))
ind = e on nd

Atlon
Alow ;ntsufzuu 10w s

£igure, inshow(Alon)
Finally,the FFT is extensively used for denoising and filtring signals, s it i staight-
forward 1o isolate and manipulate particular frequency bands. Code 2.17 and Fig. 2.27

of a FFT threshold filer to denaise an image with G
ounced in hi

demonstrate the wse
It example, it obsrved that e e i sy o
frequency mo refore zero out any Fourier coeflicient outside of a given
-
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5.0% of FFT

1.0% of FFT 0.2% of FFT
—_— e

Fipure 226 Compressed image using various threshalds o eep 57, 1%, nd 0.2% o thelargest

Fourie cocficent.

Cote217 image denising via the FFT.

Brotee - B 4 uintd (200srandn(siza())); A
Bt-g£e2 (Broise) ;
= Log (abs (Bahi£e) 1) 5 O A e o TR

subplot(2,2,1), Lmagesc (snoise)
subplot(2,2,2), imagese(F)

HS

trx,0y] = size(s)
1,4 = meshgria(-ny/2+1:ny/2, -mx/2+Limx/2) 1

“20v.%2;
R2c150%2;
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Noisy image

Noisy FFT
Filtered FFT
o221 e hig Faurier
radius (bottom rght.

Fiit = dog(ube Btaniie E
subplot (2,2,4), inagesc (FEILL) 7 ere:
seeile

Beil

2D wavelet Transform for Images.
. the discrete wael

d compression. Code 2.18 computes the wavelet transform of an image, and the first
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Fipur 228 Hlustration oftree lvel dierse waslet ransfor,

hree levels are llusrated n Fig. 2.28.Inths figure, the hierarchical nature of the wavelet
decompositon i seen. The upper let comer of the DWT i
of the image, nd the subsequent features add fine detais o the iy

is alow-resolution version

Gode 218 Example ofa o lvel wavelt decomposiion

= 2; we c@b1%; [0,5] = wavedac2 (B, w);

o

Fig. 2.29 shows several versions of the compressed image for various compression
atios, as computed by Code 219, The hierarchical representation of data in the wavelet
transform is ideal for image compression. Even with an aggressive truncation, retining
only 0.5% of the DWT coc re retained. Thos,

cients, the coarse featurs of the image




®

Fourier and Wavele Transforms

Full image.

1.0% of Wavelets

Figure 220 Compressed image using variows hresholds o keep 5%, 1%, nd 0.5% o the largest

wavelt coeffiiens

{ bandwidih s imited and

truncated, the most mportant features of the data are transferred.

ot 219 Wavelet decompsiton for image compresson.
1€,5) = vavedesa (8,4, 1ab1")

Cobrt - mere (aba(eiih)) by magni

fox

o= [
chreeh - L,mmmm keep) s1engen (Caort)))
iza = abs(c)

crite + Threshold emall

T information is
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Rrcconuintd fvavereca (CELLE 5, dbi1)) 5
Hiaore: lasgens (uince (nrecon)]
Suguested Reacog

m ‘The analytical theory of heat, by J.-B.J. Fourer, 1978 [185].
(@) A wavelet tour of signal processing, by §. Malla, 1999 [357).
(3 Spectral methods in MATLAB, by L. N. Trefethen, 2000 [523].

Papers and reviews

(1) An algorithm for the machine calculation of
Cookey .. Tk, Mot o Conputation, 1965 17

@ The wavelet transform, tim ey localization and signal analysis. by 1
Danbechien. (EEE Trnsactons on nfomaton Theors, 1990 (1651,

@ st seegth suo sarh sigortn, by A. Voo .. i

00 51

complex Fourier series, by J. W.
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Sparsity and Compressed Sensing

The inhe the data ad repre-
Inother words

well-chosen basis, only a few parameters are required to characterize the modes that re

active, and in what proportion. All of data compression relies on sparsiy. whereby a signal

i terms of the sparse vector of coeffcients in 4 generic

math-
= (o tisparadigm upside down, nstead of collectng  hgh-dmensionsl
‘measurement and then compressing, it is now possible to acquire compressed measure-
ments and solve for the sparsest high-dimensional signal

surements. This so-called compressed sensing is a valusble new perspective that s also
relevant for complex systems in engineering, with potential 10 revolut
sition and processing. In this chapter, we discuss the fundamental principles of sparsiy
and compression s well a the mathematical theory that enables compressed sensing, all
‘worked out on motivating examples.

i consistent with the mes

ve dats acqui-

impoctot s of optimizaton ed satisics.Sparsiy i sful prpsive o promoe
have the

‘minimal number of tems required (o explain the data. This is i 1o otan's e,
which staes that the simplest expl e comct e Spae ot
tion is also useful for adding robustness with respect to oulirs and missing data, which
Senrally sk the el f et suines e, soch s e SV Th opics i i
haptrae closely elated o rndomied lae alebrn discussed in St 1, and ey

in cmm« il e et Secson 731 idenify interpretable and parsimonious
nonlinear dynamical systems models from data.

Sparsity and Compression

Most natual signals, such as images and audio, are highly compressible. This compress-
ibility means that when the signal is writen in an appropriate basis only a few modes are
active, thus reducing the number of values that must be tored for an accurate representa-
tion. Said another way, a compressibl signal x & R may be writen as a sparse vector
5 € B (contuining mostly zeros) in a transform basis ¥ & B

x=ws. an



Specifically, sparse in W if K It
(e b 5 e s 5 e oo o Wl i, then oy he fe et s
original signal X, ired

transmit the signal.

Images and audio signals are both compressible in Fourier or wavelet bases, s0 that
e ki the Foure o vl s, mos ot r sl and iy be e
exacly equal 10 ro with negligible los of quality. These few active coeficients may be

the original signal in the ambien space (i..,in pixel space for an image), one need orly
take the inverse transform. As discussed in Chapter 2, the fast Fourier transform is the
enabling technology that makes it possble to eficiently reconsiuct

cocfficients in s. This is the foundarion of IPEG compression for images and MP3
compression for audio.

The Fourier modes and wavelets are generic or universal bases,in the sense that nearly
all natural images or audio signals are sparse in these bases. Therefore, once a signal is
‘compressed, one needs only store or transmit the sparse vector s rather than the enire
maix ¥, since the Fourier and wavelet transforms ave already hard-coded on most
machines. In Chapter 1 we found that it is also possible to compress signals using the
SVD, resultng in a failored basis. In fact, there are two ways that the SVD can be used

press an image: 1) we may take the SVD of the image dircctly and only keep the.
of U and V (Secton 1., o 2)we may represent the image a a lincar
16).

an image x from the

dominant colu

relativly ineicient, as th basis vectors U and V st be sored. However, inthe second
case, a tailored basis U may be computed and stored once, and then used to compress an
entire class of images, such &5 human faces. This talored basis has the added advantage
that the modes are interpretable as correlation features that may be wseful for leaming.
Itis important 1o note that both the Fourier basis  and the SVD basis U are unitary

y e, and video
sppliation, o s ey mplstion o engcering sy, T sluion o i

o, indiain the s of colrent st xrm et sps resematon.

s ereentaton T o prfound g on o s compute, e il

Exampl: Image Compression
Compression i relatively simple o implement on images, as described in Section 2.6 and
e here sce Fig. 3.1). First, we load an image, conver t grayscale, and plat:

b=
imshon (Abw)

Next, we take the fast

2 (2
o {absecanize ) 41); § put £97 o
Inahow (matagray () (1)
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Full Image

Fourier Coefficients

Truncate
(keep 5%)
o

Figure 31 Dlustration of compression with he fast Fouie tranform (FFT) 7.

“To compress the image, we first arange all of the Fourier coefficients in order of mag-

nitude and decide whal percentage to keep (in this case §%). Ths sets the threshold for
truncation

soxt (abs
Keap = 0.05;
theeen = Bt (Floor

m

(1-kzep) +Lengtn(st))) ;
on:
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Figure 32 Compressed image (e, and viewed a a sufice (gh).

Finally, we plot the compressed image by t

og the inverse FFT (IFFT)

ormuiate ecsatacion)
imshow (A1

» el

o view the

conesponding pixl. This is shown in Fig. 3.2 Here we see tht the surace i rlaively
simple, and may be represented as 4 sum of  few spatal Fourier modes.

inresize (b, .2) ;
£ (double (Anew) ) 1
Shading flac, view(-168,86)

It important o note tht the compressibilty of images s related 1o the overwhelming

dimensionality of image space. For even a simple 20 x 20 piel black and white image.

re 290 disinet possible images, which is larger than the number of nucleons in

the known universe. The number of images is considerably mre siaggering for higher
relton et il e clr gt

s ofoe sl inages 1000 x 1000, e e ol

st the space.

the

majority of
For simplicity, consider grayscale images, and imagine drawing a random number for the

ook like noise. i a
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Fawess
anisingly ll acion of he sace
enire lifeime and nver ind an image of 4 mounain, o  person, or anything physicaly
pizable!

i other words, maural images are extremely rare i the vastness of image space, as
illstated in Fig. 3.3 Because so many images are unsiuctured or random, most of the
dimensions used o encode images are oly necessary for these random images. These

o wral o

32 Compressed Sensing

Despie the considerable success of compression in real-world applications, it sl elies

seasing [150, 112, 111, 113, 115, 109, 39, 114, 0] turns the compression paradigm upside

down: instead of collecting high-dimensional data just to compress and discard most of

the information, i i instead possible 1o collect surprisingly few compressed o randon:

measurements and then infer what the sparse representation is in the transformed basis
but until

recently finding the sparsest vector consistent with measurements was a non-polynomial

NP) hard problem

a

the framework? that

' Fin 94,

n Borgers oy

: " ——
e s the o properisof gl oo ek K’ dsycre
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for when it is posible (o reconstruct the full signal with high probabilty using convex
algorithms.
‘Math

achieve foll signal reconsiruction from surprisingly few measurements. 1 a signal x is K-

parse in ¥, rectly (1 3
itis possible to collect dramaticall fewer randomly chosen or compressed measurements
and then solve for the nonzero elements of 8 in the transformed coordinate system. The
measurements y € R, with K < p < n are given by

. 62

s

ip
. The choice of measurement matrix C is of critical importance in compressed sensing.

ofthe state, in which case the entres of C are Gaussian or Bermoull disributed random
variabes. I s also possible to measure individualentries of X (.. single ixel if x is an
image).in which case C consists of random rows of the identity matrix.

" 0.
Ths, the goal of vector with

the measurements y:
y=C¥s=6s. [E5)
“The system of
tent solutions . The i »
argmin s subjectto y = C¥s, aa
whers |l denoes he o -, ivn by the b of o e i i

also referred o as th

“Th apimizaton i (3.4 1 non-comes,and ingenera h slion cn oly be found
with a brute-force search tha is combinatorial in # and K. In partcular, al possible K-
sparse vectors in R must be checkeds if the exact level of sparsity K is unknown, the
search is even broader. Because this search is combinatorial, solving (3.4) is inractable:
for ven moderately large n and K, and the prospect of solving e probems docs ot
e i o v of xponctal

Iy, und

o optimization in (3.4) 0 convex ¢-minimization [112, 150]

argmin sl subject o y = C¥s, a3
where |- s the ¢ norm, given by

[ o oo

wewe Cante

Chuper 7
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c

<

y © s y o

(@) Sparse's (1) (b) Least-squares s (12)

35 £y i s o s snsg o, T

Solutions for thisregression st frthr considered in Chapte

The €1 norm is also known as the taxicab or Manhattan norm hecause it epresens the
distance a taxi would take between two points on a rectangular grid. The overview of
compressed sensing is shown schematially in Fig. 3.4, The ¢, minimum-norm solution is
sparse, whie the £ minimumn normn soluton is not, 5 shown in Fig. 3.5

There e very specific conditions that must be met for the £1-minimization in (3.5) to
onverze with high probability 1o the sparsest solution in (3.4) [109, 111, 39]. These will
be discussed in detail in Sec. 3.4, although they may be summarized as

L

“The measurement marix € must be incoherent with respect o the sparsifying basis
W, meaning that the rows of C are not corelated with the columns of ¥,
The number of measurements » must be suffciently larg, on the order of

= OK log(n/K))

1K log(n/K), an

The constant muliplie k1 de

ends on how incahes

1 C and ¥ are.
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Measurements, y Sparse Cocficents, s Reconstructed Image, x

Fiure 35 Note t
I dis ot Typically,compressed

Rougly kg, s o condlon s ht e el C¥ st 3 ey
transformation on K sparse ectors s, pres

rving relatve distances between veetors and

H

lated precisely in terms of the restricted isometry property (RIP)

The e of compresed gy b o s s, sl e cla
sical results on sampling reqy
Shannon Nyquis: camping theoren 14864091 s i ot signl

abling almostcertain signal reconsiuction with ¢ convex minimization. Thisis formu

in Sec. 3.4

or exact signal reconstruction. For instance, the

covery requires
i resul onl
provides  sriet bound on th required ummhng ate forsignals with broadband frequency

content. Typicall e been
compressed. Since an uncompressed signal wil generally be sparse i a transform basis,
on-Nyaquist theorem may be relaxed, and the signal may be reconstructed with

However, even though the

er of measurer  be decreased, cd sensing precise
timing of the measurements, as we will see. Moreover, the signal recovery via compressed
sensing is not stictly spesking

making it foremost a statisical theory. However, the probabiliy of successful recovery
becomes astronomically arge for moderate sized problems.

‘uaranteed, but is instead possible with high probabilty.

Disclaimer
A Howener, this schemaic is

a ac since using
o yp s important

o note tha for
Howeer,images ore oftn still used to motivate and explain compressed sensing because
of their ease of manipulation and ou intuition for ictures. In fact, we are currently guily
of this exaet misdire

Upon closer inspection of this image example, we are analyzing an image with 1024 x
768 pixels and approximately §% of the Fourier coeffcients ar required for accura
Compresion. Tt th sparity vl 3 K = 008 x 1024 768 40,000, Tos,
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aback of witha o

that we need p = 350,

e s ot 45 e o mesmens,nfering e conet s coc
FFT

5 s

e mage comprssion i Section 3.1

‘Compressed sensing for images is typicaly only used in special cases where a reduc-
tion of the number of measurements is significant. For example, an carly application of
compressed sensing technology was for infant MRI (magnetic resonance imaging), where
reduction of the time 4 child must be sill could reduce the need for dangerous heavy
sedation,

However, it is easy 10 see that the number of measurements p scales with the sparsity
Tevel K, 50 that if the signal is more sparse, then fewer measurements are required. The

of combinatorially hard £ problems t convex {1 problems may be used much more
broadly than for compressed sensing of images.

Alternative Formulations

3.
algorithms 525, 526, 52 30,243, 529,207, 531, 205, 395,

sparse soluton of (3.3) through an iterative matching pursuit problem. For instanc
compressed sensing maching pursuit (CaSaMP) [398) s computationally efficient, casy
o implement, and freely available.

e e, th
variants of (3.5) that are more robust:
S argminisl, sbjectto [C¥s — ey
Arelated convex optimizationis the fllowing:
&= argmin [C¥s — vl + 411 a9

where 1. > 0 s a parameter that weights the importance of sparity. Egs. (3.8) and (3.9) re
closely rlated [525]

Gompressed Sensing Examples

recovery
he £,

two-tone audio signal with compressed snsing,

£y and Sparse Solutions to an Underdetermined System
To see the sparsity promoting effects of the £, norm, we consider a generic underdeter-
i sy of cntons We bl i sy o sy = 04 vih = 20
Fows (measurements) and n = 1000 columns (unknowns). In general, there are infniely
many solutions s that are consistent with these equations, unless we are very unfortunate
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and the row equations are lincarly dependent while the measurements are inconsisint in
these rows. In fact, this is an excellent example of the probabilistic thinking used more
encrally in compressed sensing: if we generate a lincar system of cquations at random,
that has sufficiently many more unknowns than knowns, then the resuling equations will
have infinitely many solutions with high probabils.
In MATLAB i s sighforard o sve s underdtrmined et sy o both
i minimum £

obained using the puudn-m\'ene (related t0 the SV from Chapters 1 and ). The min-
im 4 norm solution is obtained via the evx (ConVeX) optimization package. Fig. 3.7

while the ¢-minimum soluton is dense, with a bit f energy in each vector coeficint.

Got 1 Salutions tounderdetermined lnca sysiem y = ©5,

- 1000, % dine

B a0 s unee dim(y)
e = canda o))

y = randn(p,

o P

Fipure7 Comparison of
underdetermined lnsar system.



Sparsity and Compressed Sensing

Recovering an Audio Signal from Sparse Measurements

al from
a sparse setof andom measurements, we consider a signal consisting of  two-tone sudio
signal

(1) = cos(2 x 97) + cos(2x x TT70) @10

“This signal i clearly sparse i the frequency domain, as it is defined by a sum of exactly
v o waves T g ey prsat i T, ot the Nyt smplg
rate s 1554 H. He

an sccurely consiut he signal wth o sapls il s spced st an e

ko compresad g s iplnenisdn Cole 3.2.1n ml».ex:mvph the ull signal
s generated from 1 = 0 10 it resolution of n = 4, ndomly
ampled st — 125 ocations intme. The pase vesor of soeficients i he it
osine ransform (DCT) basis s solved for using matching pursui

ot 32 Compressed sensing resonstucton of tve-tone cosine signal

(a), (b):a

Time [s] Frequency [Hz]

s
os(2m 970+ cos(2 x T771). The full signal and poser speetaldensity are shownin
pectvey.

which i from — 0 1o
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t = linspace(0, 1, m);
X 2 conise 37+ pi s §) + con(zs 777 « FREE
Xt w ££6(x); 3 Fourier transforned
BED - xt.vcond (xt) /n; § Power spectzal density

128, don samp.
erm reund{xandlp‘ b
x(parm) ressed

o

Pi'e det (eya(n, M5 build pai
Theta - Pai(perm, 1); & Neasure rows of Pal

o - comamp (Theta,y",10,1.0710,10), §
xracon = idet (s); + reconseruce €

" 1. Thas, we

p

from these uniform measurements,the high-frequency signal will be aliased resuling in
ermoncous frequency peaks.

Finally, it i lso possibl to replace the matching pursut algorithm

ls = cosamp (Theta,y*.10,1.6-10,10); & C5 via matching pursu

with an ¢ minimization using the CVX package [215]

In the compressed sensing matching pursuit (CoSaMP) code, he desired level of sparsity

K must be specified, and this quantity may not be known ahead of time. The ) mini-
Ithough

o the sparsest solution relies on having sufficiently many measurements p.
hich sy depenteon

The Geometry of Compression
Compressed sensing can be summarized in a relatively simple statement: A given signal,
Known basis,

be made precise and mathemaicallyrigorous in an overarching framework that describes
the geometry of sparse vectors, and how these vectors are transformed through random

cw @
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e e diance e prodc st of e s In other words,

nmmmymmn, e s divance, and s clond eated 1 s, which ot oy

istance, but also angles between vectors. When © acts as 4 near isometry,
i ponibl 1o e the folloing cqvaon fo he st et 3 s comen £1
‘minimization:

o @)

Cha
are required for © 10 set as 4 near isometry map with hlgh iy, The oo
propertes of various norms are shown in Fiz.
Determining how many measurements to take is reltively simple. If the signal is K-
sparse in a basis W, meaning that all bat K coeficients are 7ero, then the number of
rements sales s p ~ O(K log(n/K)) = ki K log(n/K), as in (3.7). The constant
multipler 1, which defines exactly how many measurements are needed, depends on
the quality of the measurements. Roughly speaking, measurements are good if they are
incoherent with respect 1o the columns of the sparsifying basis, meaning tha the rows
Of € have smal inner product with the columins of W. If the measurements are coherer
i ot ofthe speitying i, hen 3 messurement willpovide e nfomation
s that basis mode happens to be non-zero in . In contras,incoherent measurements
are excited by nearly any active mode, making it posible 0 infe the active modes. Delta
functions are incoherent with respeet to Fourier modes, as they excite a broadband fre

AN

ﬁ\

o
L/ o H

Fiue s £ norms. The bl

and £, the minimum-norm solution also coresponds o the sparsest sluton, withonly one

coontinaes sctiv.
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of measuements p
The nohereceof measuremens Cand th bsis i iven by (C,

(W) = Vimax e ¥ ). @1

whete ¢ is the Ath row of the matix € and ¥, is the jth column of the matrix ¥. The

coherence 1 will range between 1 and /.

“The Resricted Isometry Property (RIP)
i

oW saisti
(RIP)for spare vectors 5.

a 7“1\\-\\5 = ICUsIE = (1 -+ 011
il it oty consn 11, Th consan iy i e e e sl
number tht st th sbove iy for sy s 5 When 55 sl

i dircetly; morcover, the measurement matrix C may b chosen 10 be random, so that it
i mor dessbe o deriesastica ropeies abou e B n o a il of
" rather o a s

the number of measurements will decrease the constant 3. improving the property of
1o act isometrically on sparse vectors. When there are suffciently many incoherent
measurements, as described above, it is possible to accurately determine the K nonzero
clements of the n-length vector s. In this case, there are bounds on the constant d that
incoher-

ence and the RIP can be found in [39, 114],

Incoherence and Measurement Matrices

€ that ae suffiiently incoerent with respeet to nearly all ransform bases. Specifiall
Bernouli and Gaussian random measurement matrices satisfy the RIP for a generic basis
v 3 .
tigating incoherence of sparse marices [205],

basis,

ling

broadband ‘
at random point locations is appealing in applications where individual measurements
are expensive, such as in ocean monitoring. Examples of random messurement matrices,

pixel, Gaussian, B i 10

A partcularly useful sansorm basis or compressd sensing is obiained by the SVD',
resultng in a tailored bass in which the dta i optimally sparse [316, 80, 81, 31, 98]
A truncated SV basis may result in & more efficientsignal recovery from fewer mea-
Surcments. rogresshas been made developing a compressed SVD and PCA based onthe

(PCA) s prupr el decomniion FOD)
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() Random single pixel (b) Gaussian random

(<) Bernoulli random (d) Sparse random

Figure 310 Examples of good random mesurement matices .

Johnson-Lindenstrauss (L) lemima [267. 187, 436, 206]. The IL lemma is closely related
o the RI, indicating when it is possible to embed high-dimensional veetors in a low-
dimensional space while preserving spectral properties.

Bad Measurements
S0 far we have described how (0 take good compressed measurements. Fig. 3,11 shows a
particulaly poor choice of measurem 1o the last p colur
sparsifying basis ¥. In this case, the product © = C¥ is-a p x p identity matrix padded
nal s thatis notsctve i the last p columns of W
ctely invisible to the measurements y. In this case,
these measurements incur significant information loss or many sparse vectors.

€. cortespondi of the

Sparse Regression
The e f e 1o 0ot sty iy prtas el s
o fact, many benefits of i

cater In s section. we ot e 4 mom oy be s o el il

well-known and oft-used in statstics decades

models i as fow fators as posible. The e o v 1 1 regression is further
detailed in Chapter 4.

Outar Rejctonand Fustress

ed for data fiting
ression ft may be arbitrarily corrupted by a si
ke utier i he dt: ot are woighed e heaily m st sqres esression

However, it is well known that the e

In contrast, ! king it poten-
tially more robust to outliers and corrupt data. This procedure is also known s least
absolute deviations (LAD) regression, among other names. A script demonstrating the




Figure 311 Examples ofa bad messarement matix C.

e of least-squares (1) and LAD (¢1) regression for a dataset with an outlier is given
in Code 3.3

Gode 33 Use of £ morm for rbust satscal regresion

5.5:
rrupt - x0b

a(aniexcb, 1) )
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@ outlier

Ptz
egression i obust 0 oulers (blc),

Feature Selection and LASSO Regression
Interpretability is important n statistial models, a5 these models are often communicated
0 a non-technical audience, including business leaders and policy makers. Generally, 1

regression model s more interpretable I it has fewer terms that bear on the outcorme,
‘motivating yet another perspective on sparsiy

The least
sion technique that balances model complexity with dewnrmve caabity (S13). This
principle o

I o descrpions, the simplst comeet model i vmbably the true one. Since its
inception by Tibshiraniin 1996 [S15],the LASSO has become a comerstone of statistical
‘modeling, with many modern variants and relted technidques (236, 558, 264).
i closely related (0 the earlier nonnegative garrote of Beeimen [76], ad i also related
o carler work on soft-thresholding by Donoho and Johnstone [153, 154, LASSO may
e thonghtf s  spaity-promotin egrsion hai beneis o he iy o e
126, o known he clasic net

hafreqnzml) used regression technique s the £1 and € penaly terms from
LASSO and ridge regression [573) s»-m regression will be explored in more detal i
Chapter 4.

G e of obration of e preicons s oo of ¢ e, i
vt ol o A o o o i e eomes Mathematically,
this may be written as:

Ax=h. [
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Least-squares regression wil end o resultin a vector x that has nonzero coeficiens for
all enies, indicating tha alfcolumns of A must be used to predict b. However, we often
el hthe sl ol ol b sinper, gt ey b s, The

O adds an £ penalty term 0 regularize the least-squares regression problem; ie., 1o
pmm avrting

argmin |AX — bl + 21 @15

Typically,the parameter . i varied through a range of values and the fitis vlidated
against a test set of holdout data. If there is not enough data o have a sufficiently large

of training and 20 % for per-
formance. i ofa el

This
that has relatively few terms and avoids overfiting.
Many

iy
date predictors. Thus, it is not possible o use standard compressed sensing, as measure-
ment noise will guarantee that no exact sparse solution exist that minimizes A% — bl
However, the LASSO regression works well with overdetermined problems, making it 1
el regression b o tat ancly venon o e gonetic et n g 39

the ) ibshirani's 1996

paper [518].
LASSO regression is frequently used to build statisical models for discase, such as

lifestyle, biometris and geneic information. Thus, LASSO represents a clever version of
the ek s, whrey ey l possble it formation s v
into the ifted and sieved

predictors

n utome, amnged in  veto b € R Each owcome inb i ghen by conbinston
ofexsty20uof
2 matrix A ¢ RIS,

zanantio0, 101,
(0; 0;
Aex 0 2

“The vector x is sparse by construction, with only two nonzero entries, and we also add
noise tothe observations in b, The least-squares regression i

>x12 = piav(a) b

2 - -0.0232
013395
-0.0825
Z12m20
“oloar
0.0413
-0.0500



Note thatall coeffcients are nonzero.
Implementing the LASSO, with 10-fold cross-validation, is a single straightforward

describes the data while avoiding overfiting, we may plot the cross-validated error as

resultng model is found via Fitlnfo.Index1SE:
0.7037

o
o
o
o

o
o
o

il

Fguo31s
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Note that the resulting model i sparse and the correct terms are active. However, the
egression values for these terms are not accurate, and so it may be necessary o de-bias the
L final dentificd:

soxpesianed = pin (AL b (x12)50) 45
tivemissed

rse Representation
Implicitin
low-dimensional siructure, they admit a sparse represeniasion in an sppropriate basis o
dictony Inslion 103 igna being spase i an SVD o Fourie basi, t may s be
sparse in o el In

UV e o v e proution e dicionary X
et al. [360] demonsirated the power of sparse representation in  dictionary of
et g for ot clafcation of huan faces, despte significant noise and occlu-

s 08, 43, 91, 2051
s schematic of SRC i shown in Fig. 3.14, where o library of images of faces is
i this example, of20
ifferent people in the Yale B database, rsultng in 600 columns in ©. To use compressed
sensing. i ¢)-minimization, we ned © to be underdetermined. and so we downsample
each image from 192 168 10 12 x 10, 50 that the flatiened images are 120-component
vectors. i
. A v it imge y consontin o s . spoprialy dovrsanped o
i o of © wing
be spurse,

The resuling.

computing the £ reconstruction error using the coeficients in the s vector corresponding
teachof
i chosen for the est image.

ot 34 Load Yale faces datsand buldtining and st st

mx,n baseind = sum(nfaces(1:k-1))

mas - baseind + (Linfaces(0));
(s, (k-1) snTrainel skenTrain

(¢, inds (LenTrain)) ¢
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1 e : =i

' “

Tetimage * Person#k
(Person 7) ferson

Person 7

Figwre 314 Schemtic averview ofspare represetaion or classfcation,

k-1) enTest sl kenTest) =X (:, inds (afrained:nfrai

s 1o build © by

e

hape (Train () )
Conponall = Lnresize (tonp, (12 10), lancaos3’)
Theba(irk) = reshape (compbmail, 16,1

Theta(:,k) - Theta(:,k) /aorm(Theca (:,k))
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Test image Downsampled

Person #k

rea1s
imageis corecly idntied s he 7 person n the libary

Test image

Reconstruction Sparse errors

oceluded by ke mustche.

Person #k
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Test image Downsampled
i
Reconstruction Sparse errors.
Person #k
ar e with 30%
oceludad el (randornly chosen nd uniformly distibuia).
Test image Downsampled
T FOTRY I
v e
i

Sparse errors

Person #k

Figwo 3.1
wimage.
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Cote 36 Buid est images and «wmmm o abainy.

X1 Test(:,126)

mustache - dmb)euqbzurayHw\xe.sd!um stache Jpa')) 1255)
hape (must. 1) + mistache

loor (3+1engeh (randvec) ) ;
vals30 = uincs(255srand(sise(Firetsol)) s

30) = vals3o; § 308 occluded
1+ S0vrandn(size(x1)); § random noise

TEST IHAGE:
)

Vi 301, dancions')
U0 = rashapa (tenpSnaid, 120,
a

variable sL(M); ¥ sparse vector of coef
mininize( normisi 1) s
subject &
nor(Thetassl - ¥1,2) < ope;
ev_end;

e (Trains (s1. /norwTheta’ )
Lmamse (reanape b= (eains (51 JorThetal sy 1m w1

4= ko) enTrained entrais
binEzE () mora - (Frain "1+ (52(0) . /norwTheta 1) 1)) /norm(

S Gingrn)

Robust Principal Component Analysis (RPCA)

o outliers and corrupted dat lysis (PCA) suffes from the same
weakness, making it fragile with respeet o outlers. To ameliorat this sensitvit, Candes
etal. [110] have developed a robust principal component analysis (RPCA) that seeks 0
decompose a data matrix X into a structured low-rank matrx L and a sparse matrx §
containing outlers and corrupt dat

X=Lis @.16)
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The principal components of L e robust to the outliers and corrupt data in S. This
luding

video surveilance (where the background objects appear in L and forcground objects
spac n S e eognton e 0 1. v, sions, 6
).

Malhemalmany. the goal is (0 find L and S that satsty the followi

k(L) + STy subjectto L +S =X, am
However, neiher the ank(L) nor the Sl terms are convex, and this s not @ racable
optmization probinn. Similar o the compressed sensing problem, it i possble (0 solve
for the optimal L and i £3.17):

ip L1 + 21811 subjectto L+ =X @1

Here, - . which

forrank. Remarkably. the solution o (3.18) converges t th Soluton of (3.17) with high
probability if . = 1//max0r, 7, where n and m are the dimensions of X, given that L
and § saisy the following conditons;

L Lisnotsparse
2 ot low-rank; we assume that the entries are randornly distributed so that they
do ot have low-dimensional column spac.

“The convex problemm in (3.17) is known as principal component pursuit (PCP), and
Ived using the augmented Lagrange multiplier (ALM) algorithm. Specifically.
i augmened Logrngion ey e contraed

L0 SX) = L 43181+ (X L= §) + 51X - L8 @3.19)

A gerer slaion wikd e rthe L ad e it iz C ot e Lagrnge
multipliers Y1 = Yi-+u(X~ Ly —S0), and iterate unil the solution converges. Howerer,
for this specific system, e alterating directions method (ADM) [337, 5661 provides o
simple procedure o find L and §.

s, shrinkage operator (1) = sign(x) max(lx| ~ 7. 0)is constructed (MATLAB.
funcion shrink below;
function out = shrink(x,cau)

out = sign() . max(abs (X) -tay,0) ;

ena

Next, the singular value threshold operator SVT, (X) = US. (E)V* is consiructed (MAT-
LAB function SV below):
function out - SVI(X, tau)
[0,8.) = sva(X, ‘scon’) ;
out = Dashrink (£, tau) v

I the Netis
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Finally, it s possible 0 use S and SVT operatorsiteatively (0 solve for L and §:
Gode 38 RPCA using altemating dicctions method (ADM).
RECA(X)

l4n2/ (4+sun(abs (X(:1))) 1
1/ogee (nax o1
nor(X, ' Fro’) ;

o (size (1)) ;

) & (count <1000 )

with

Load allFaces.mat
X - fac

(-, 1infaces (1))
11,51 = RECACH)

In this example, the original columas of X, along with the low-rank and sparse com-
ponens, are shown in Fig. 3.19. Notice that in this example, RPCA effectvely fll in
accluded regions of the image, corresponding (o shadows. In the low-rank component
Lo and filled in with the most consistent low-rank features from
he cienfes Ths tchniqu ca sk e e o remone othr eelons uch ¢ ke

mustaches, sunglasses, or noise.

Image3 Imaged  Imageld  Imagel7 Image20

Fipure 319 Ouput of RPCA for imsges i the Yale B dtabase.

Original X

Jow-rank L

Sparse S
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Sparse Sensor Placement

Unil now, we have investigated signal reconstruction in 4 generic bas
or wavelets,
Structure is assumed, except that the signal is sparse n a known basi. For exampl, com-
pressed sensing works equally well for reconsircting an image of a mountain,a face, or
cup of coffee. However,if we know that we will be reconsiructing a human face, we can

. such as Fourier

a
optmizing sensors ora particulr feature ibray ¥, = U buil from the SV,

s it i possibe o design taloed scnsos for & prticlar irar, i contst 0 the
previous approach of random sensos in a generc librry. Nesr-optima sensor lcatons
may be obtined wsing ; hat scale wel .

factoriza follow Manohar

ct al 3661 and B. Brumon et l. 1391, and the reade s encouragd to fnd more detils

her. Similar approsches willbe used for efcent sampling of reduced-orde models

i Chapter 12, wher they are termed hyper-edacton. There s also extension of the
(3651,

formationsdisussedin Chapee 9.

Optimizing sensor locations is important for nearly all downstream tasks, including
classificaion, prediction, estimation, modeling, and control. However,identifying optimal
Jocaons imols bt fore s rough the combiorlchoies of  seors
out of n possible locations in space. Recent greedy and sprse methods are making this
earch racuable and sl (0 e prolems. Reducng the nubr of s rough

faser state estimation for low latency, high bandwidih control.

Sparse Sensor Placement for Reconstruction
‘The goal of optimized sensor placement in a tilored library ¥, € R is (o design
wix C € R s

y=C¥a=oa 320

is a5 well-conditioned as possible. In other words, we wil design C to minimize the con-
diton number of € iy e e o ety e ik s

fven noisy measuremens y. The condition number of a matrix 6 is the ratio of its
maimum nd mmam et vales indicaing how et malipicaion
mvemng a noisy signal. The condition number is 4 measure of the worst-case ertor when
i the singular vector di value
i ligned with vector:

bt

iod + s @2
T the s o dstses by e codion e s mapping oogh
Then shown schematicaly in Fig. 320 for p = r.

e the number of sensors is équal o the rank of the library, L. p = r. then 0 s &
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itk permission from Manohar et a. (3651

as possible, When p > .
imum singular value, the trace, o the determinant o @ (resp. M). However, cach of these:

configurations. lerative methods exist to solve this problem, such as convex optimization
6], -

ing terative 1 x n matri factorizations. Instead, greedy algorithms are generally used to
approximately optimize the sensor placement, These gappy POD [179] methods orginally
H -

srated by using principled sampling suategies for reduced order models (ROMs) (53] in

luid dynamics [355] and ocesn modeling 5651, More recently, variants of the so-called

empirical interpolation method (EIM, DEIM and Q-DEIM) [41, 127, 159] have provided
ear optimal sampling for interpolative reconstruction of nonlincar terms in ROM.

Random sensors. 1n general, randomly placed sensors may be used 1o estimate mode

coefficients 2. However, when p = r and the number of sensors is equal to the number
of modes, the condition number is typically very lage. In fact, the matrx © s often
number s near 101, Oversampling, as in Sec. 1.5,

rapidly improves the condition number, and even p = r + 10 usually has much better
reconstruction performance.

QR Pivoting for sparse sensors. The greedy matix QR factoizaton with column piv-
oting of ¥ explo cd-order moel e
@ ancuary simple and st s optmizaton.The QR ot ol i st

»  and provides nearly opimal ored 10 speciic SVD/POD
basis. ¢ luding Mat-
ab, LAPACK, and NumPy: I addiion QR can b sped-up by ending the procedure afir
the i pivots are obained.
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The reduced marix QR factorzaton with colun ivoting decomposes a it A €
R o nitary matix Q. n upper-riangutar matix R and  column permutaion
‘matrix C” such that AC” = QR. The pivoting procedure provides an approximate grecdy
soluion mehod to miimize the matix volume, which s the absoute vale of the decr-
minant

ivoed coamns by Seecing  new pivo coumn ih maximal 2 o, h subiracing

“Thus QR factorization with column pivoting yields 1 point sensors (pivot) that best
sample the r basis modes ¥,

vICT=qr e
pivted QR, y
i
orwl
W ¥7CT - or a2y

“The code for handling both cases s give by

(0. Ropivot] = (bei nepai s,

CG.pivot ()41
a

= zeros(p,n);
e

Example: Reconstructing a Face with Sparse Sensors
To demonsiate the concept of signal reconsiruction in a tailored basis, we will design
opimized sparse sensors in the library of cigenfaces from Section L6. Fig. 321 shows
the QR sensor p . along with the random

sensors. We use p = 100 sensors ina r = 100 mode library. This code assumes that

QR Random

Original

Figure321 (I Orginal image and p = 100 QR sensors locations n . = 100 mode librry
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Decision
fine

Figure 22 Schemaic llstraring SVID forfeature extraction, ollowed by LDA for the aomaric
and 1291

the Faces have been loaded and the singular vectors are in a matrix U, Optimized QR
sensorsresult with shout

ertor. In additon, the condition number is orders of saller than with random
sensors. Both QR and random sensors may be improved by oversampling. The following

£ 1002 2 200, 8 ¥ of modes £, 8 of sensors
irh;

vq R, »mu = qr(psir, rvector');
o (p,nem) 5
for 31
i, pivor (9)
s

Sparse Classification

Formag lsifaion, cvenfost senorsay be i o constion.For

selected that information

o characterize two categories of data [89]. Given a library of r SVD modes ¥, it is

often possible o identify a vector w < " in this subspace that maimally distingoishes
as described Fi

sensors s xhuv map into thi - projecting out al .
are found

argminlsl; subjectio W

@2

“This sparse sensor placement optimization for classification (SSPOC) is shown in
Fig. 323 for an example classifying dogs versus cats. The library ¥, contains the first
7 eigenpets and the vector w identifies the key differences between dogs and cats. Note
ha this vector does not care about the degrees of freedom that characteize the Various
features within the dog or cat clusters, but rather only the differences between the two
categories. Optimized sensors are aligned with regions of iterest, such a the eyes, nose,
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Sensors

W,w  (sinred)

Figure 323 Sparse sensor plcement aptimizaion for classfcation (SSPOC)illstaed for
Brunton

etal. (89].
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Regression and Model Selection

Allof machine i
selection frameworks that sim o provide parsimonious and interpretable models for
data [266]. Curve fiting s the most basic of regression technigues, with polynomial and
exponentia fiting resulding in solutions that come from solving the linear system

Ax=b. @n

‘When the model is not prescribed, then optmization methods are used to select the best
model. This changes the underlying mathemaics for function fiting 1o ither an overdeter-
ined

argmin (IAx = bll +7200)  or @

argmin g(x) subject 0 [Ax bl < ¢ @b

where g(x) isa y
For over and underdetermined linear systems of equations, which result i either 10 solu-
tions o an infinite mumber of solutions of (4.1),a choice of consiaint or penalty, which is
also kaown as regularization, must be made in order 10 produce  solution. For instance,

50 that min g = i [x]2. More generally. when consideing teession o nonlincar
models, fom

armmin (A x.b)+hg()or @
argmin g(x) subjectto f(Ax.b) < ¢ @3b)

which are often solved using gradient descent algorithms. Indeed, this general framerwork
i also at the center of deep learning algorithms,

i a proposed model has over-fit or under-fit the data. Thus cross-validarion strategies are
critical for evaluating any proposcd madel. Cros-validation will be discussed in detail in
what follows, but the main concepts can be understood from Fig. 4.1. A given data set
must be paritioned into a training, validation and withhold set. A model is constructed
from the training and validation data and finally tested on the withhold set. For over-
iing, » .

on the training set while leading t0 increased error on the withhold se. Fig. 4.1(a) shows
the canonical behavior of data over-iting, suggesting that the model complexity and/or

limited n order iting. 1 i

the crror

"
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Over-fitting Under-ftting
: @ withhold 5 o
k] &
training
model complexity model complesity
e 41 b

Scence and of parsmount mpartance when evsluating  model,

the ability t0 achieve a good model as shown in Fig. 4.1(b). However ot always
clear if you are u ing or if the model can be improved. Cross-validation i of such
paramount importance that it is automatically included in most machine learning algo-
ithems in MATLAB. Importantly, the following mantra holds: i you don's eross-validate,
you s dumb.

“The next fes chapters wil outline how optmization and cross-validation arie in prac-
tice,a f
and strueture 10 §(x) 50 as 10 achieve interpretable solutions. Indeed, the objective (10%5)
function
e piiion ke O s, oy ot ol et i
chosen in order o Such

' i

Classic Curve Fitting
Curve fiing i one of the mst basi snd foundarional toos in data sience. From our

nomial fiting was advocated for understanding the dominant rends in real dats. Andrien-

arie Legendre used leasi-squares as early as 1805 to it astronomical data [328], with
Gauss more fully developing the theory of least squares as an optimization problem in
a seminal contribution of 1821 [197]. Curve fitting in such asronomical applications was

by planets and comets. Thos one can argue that data science has long been u cormerstone
of our scientific efforts. Indea. it was through Kepler's access o Tycho Brahe's state-of-
the art astronomical data that he was able, after cleven years of research, to produce the
foundarions for the laws of planetary motion, positing the elliptical nature of planetary
orbits, which were clearly bestft solutions o the aailable data [285].

A broader mathematical viewpoint of curve ftting, which we will advocat throughout
his text,is regression. Like curve fiting, regression atempts (0 estimate the relaionship
among variables using a varity of statistical tools. Specificaly, one can consider the
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general relationship between independent variables X, dependent variables Y, and some
unknown parameters B:

V=X @

function 7 is ypically p B arc found

pr
In what ollows,

curve fiting as & special case of regression. Importantly, regression and curve fiting dis-
cover relationships among variabls by optimization. Broadly speaking, machine learning

based on data. Thus, a its bsolute mathematical core, machine learning and data science
Fevolve around positing an optiization problem. OF course, the suceess of optimization

Least-Squares Fitting Methods
o illustrae the concepts of regression, we wil consider classic least-squarespolynomial
fiting for characteizing wrends in data. The concept is sraightforward and simple: use
a simple function to describe a trend by minimizing the sum-square ermor between the
selected function () and its fit o the data, As we show here, clasical curve fiting is
formulated as a simple soluton of Ax

Consider setof n data poinis

), (2 ) ) @s)

Further, assume that we would fike to find  best it lin through these points. We can
approximate the line by the function

1

and o, the vector f of (4.4, e ch

Bxt B @)

(A, B) = B X + . Thus the function gives a linear model which approximates the
data, with the approximation errorat cach point given by

S ) =y + Ex @n
hee i the e vl of the ot a E s the o o th it rom this vl
f).
The choce of extor metc, o norm, s 1o compute 3 goodaes-of-it will be crica in
his chapcr
£ esstsquare), 1. 0 L, noms, Thee v defned as olows:
Ewt= max 1700~ il Maimum Enor (6 (480
B =4 S 1w - Mean Absolute Error (¢1) (456)

31— m’) Leastsquares Brror (), (4.80)
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Fiwe a2 Eoe, Ey nd B2, T o), the dat has ot

With outliers. (5) showstht th predicions re significantly diferent.

Stuch regression erfor merics have been previously considered in Chaptr 1, but they will

‘norms, one can more broadly consider the ertor based on the €, -norm

E,,(/»:(%):mm—w) “9)

For different values of p, the best fit ine will be diferent, In most cases, the diffrences
are small. However, when there are outliers in the data, the chaice of norm can have
signifcant impact.
‘When fiting a curve t0 & st of dats, the root-mean square (RMS) error (4.8¢) is ofien
chosn 0 e miimise. i culled e . i 42 depicts s e i
Ex Ey

Infheacsd by th ne it ot wmch neenn b v T £, o £ e ..mly

Uit b m ol T e el for s e e e somrced

ot a1 Resression for lincar .

1
1518202322
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patninseazch (L2, (11,0,
Pa-tninsearch (€13 1 11, 01,915

polyval (p3, xe) ;

olyval pi,x); y2-polyval (p2,xf); y3

subploc 2,1,2)
Plot (xf, i, k'), hold on
Blot (xf.y2, k-~ 'Line

Blot(xe, 3, k', anmn 1)
Loty ror (ineetdeh, 1511, hold on

e )

For each error metric, the computation of the error metrcs (4.8) must be computed. The
fminsearch command requires that the objective function for minimization be given. For
the three ror metrics considered, this results in the Tolowing set of functions for fmin-

ot 42 Maimum e (.

function
Erman abs 50N axis -y s

Got 3 Sum of sbsolue errr (.
unc
Broun(ab 50 (1) ekins 1y )15

Gode 44 Leastsquares eror £

function
Eroum(abs ( %001 axins 20-y 1.72

Finally, or the outler &

the influence ofthe rror metries on producing a lincar regression model.

Got 45 Data which includes an cuticr.

x-(12345678510
(0.2 0.5 0.3 0.7 1.0 1.5 1.8 2.0 2.3 2.2)

Least-Squares Line

Specifically,
“To show this explicily. consider applying the leastsquare fit criteia 1o the data poiats
123,

5 30) where . To it the e

Bxt @10

It
o this dat,the exvr E i found by mirimizing the sum
mef el Zw.x. +5:
Minimiing s som s dfscntaion Sy he st o and s e
a

chosen so that 3 minimum occurs. Thus we requi O30z = 0.
Note that although a zero derivaive can indicate ither & minimum or maximum, we know

w? @i

Ex(f)
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this must be & minimum of the eror since there is no maximum error, c. we can always
hoose a line that has a arger erro. The minimization conditon gives:

ks

g L+ g =0 @i
2+ -0 =0. @i
=
U 22 2systemof Aand B
Tiad I n)(m) (}::.xm) L oaxeh
(=) (3 Sn “m
“This inear MATLAB.
22 2 matix
: s In paricular,  prsbol
it 10 et of dotarequires he fiting function
£ = s’ 4 ox + s @i

where now hetree constants ., and s must b found. These can b soved fo it
e 3 x 3 syvtem resuling from inimizingthe eror Ex(Br. B, ) by aking

@150
(@it

@ise)

In fact, any polynomial 6t of degree & will yield a (k + 1) x (k + 1) linear system of
equations Ax = b whose solution can be found.

Data Linearization
Although a powerl method. the minimization procedure for general iting of arbitrary
functions results in equations which are nontsivial o solve. Specifcally, consider iting
data o the exponential function

1060 = Prexp(ix) @16
“The error o be minimized is

Ex(prp) = 3 rexp ) — @i

‘Applying the minimizing conditions leads 0

ks

01 Y 2pexpBin) - b expBri) =0 (@18

i
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[

T =0t Y amenin - i) @ish)
“This in tur leads 0 the 2 x 2 system.
PITTTIEIES SR w0
23 e - 3 mexp(fion) =0 @io)

“This system of equations is nonlinear and cannot be solved in a srsightforward fashion,
Indeed, a solution may not even exist, Or many solution may exist. Section 4.2 describes
bl for solving sy

equations
“To avoid the dificuly of solving this nonlinear system, the exponential fit can be fin
carized by the ransformation

Iny) @200
X=x @200
=t @200)

“Then the fit function

hexp(fin) @21

an be linearized by taking the natural log of both sides so th

10y = (B2 expB1)) = In o+ INEXPBI)) = i+ B = ¥ = BiX 4. (422)
By fting o the natural o ofthe y-data
G = ) = (X0 1) @)

the curve ft for the exponen
bandled. Th
methods can be used to solve the resulting linear system Ax = b,

I function becomes a linear fting problem which is easily
fiting.

Nonlinear Regression and Gradient Descent
Polynomial and exponential curve fiting admit analyticall tractable, bestfitleastsquares
Jutions. Ho thematical
ramework is necessary for solving a broader setof problems. For instance, one may wish
1o fita nonlincar function of the form £ (x) = i cos(zx -+ ) + i 10 a data set. Instcad
of solving a linear system of equations, general nonlinear curve fitting leads to 3 system
o e e general theory of assumes that the fitting
function takes the general form

S = s @2
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where the m < n fiting coeficients § € R are used o minimize the error. The root-mean
square error s then def

Exp

DU B —w? @2s)

respect o each parameter i

12, m @26

In genera, this gives the nonlinear et of equations

D/m‘w— m— =0 “2n

Mostattmpts at solving nonlinear systems are based on terative schemes which require
a good iniial guesse to converge to the global mi ertor. Regardless, the general
fiting procedure is sisightforward and allows for the consin

‘match the dat, s
be provided for by the user. Otherwise, rapid convergence to the desired root may not be
achieved.

fon o best fit curve to

shows two example functions to be minimized. The fis i & conves function
mg 4.3, Convex functions are deal in that guarantees of convergence exist for many.

ims, and grodient descent can be tned 1o perform exceptionlly well for such
o Th seomd s s, Smton sl hoes many of the typical

Tocal minima as well as flat regions where gradients are diffcult o actually compute, .
the gradient is near zero. Optimizing this nonconves function requires a good guess for
the nitial conditions of the gradient descent algorithm, although there are many advances

Figure 43
funcion. Convex functions have many guarsnies of convergence, whil noncomsex functons e
For ocal

challenging or optimizaton.
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around gradient descent for restarting and ensuring that one i not stuck in a local min-
ima. Recent training aliorithms for deep neural networks have greatly advanced pradient

willbe in Chape
Gradient Descent
For high-dimensional systems, we generalze the concept of a misimum of maximum, ie.
an extremum of function / (x) e gradient must be
zero, o that

Vi =0 @)

Since saddles existin higher-dimensional spaces, one must test i the extremum point is &
minimum o maximum, The idea behind gradient descen, orsteepest descent, i (0 se the

alocal minimu point of £(x).

consider

fen 29

which has a single minimum located at the orgin (x, y) = 0. The gradient for this func-

Vi) K+ 63§ @30

where & and § arc unit vectos in the x and y dirction, espectvel:

Fig 4.4 ilustats the radient siepest descentalgorthm. AL the intal gues poin,
the gradin V. ) is computd. Thisgives th dirton of siepest descent (owards the
minimum point o (3. . the minimun i located n the direction given by ~V./(x)
Notethat the gradient docs ot point at the minimum, bt athe givs th locally stecpest

ath for minimizing J (x). The seometry of he stcepest descent sugaests the consruction
of an algorithm wherchy the nex point in th ieraton s picked by ollowing the sicepes
descent o that

e (0) = x =89 0w) @3n

where the parameter 8 dictates how far to move along the gradient descent curve. This
formula represents  generalization of a Newton method where the derivative is used to
‘compute an update in the ieration scheme. In gradient descent, it s crucial to determine
how much (o step forward according 1o the computed gradient, so that the algorithm is
always is going downhill in an optimal way. This requires the determination of the correct
value of & in the algorithn,

To compute the value of 3, consider the consinuction of a new function

Fo)

T8, @)

which must be minimized now as a function of 5. This is accomplished by computing
F /05 = 0. Thus one finds

P
oV rVIe0

= @)
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T ?
©

Coptima) soltion.

v
v point.
i kst it it s g
For the cxample S =2+
asfolows:
it = =0V = (1= 20 £+ (1 =68y § @
“This expression i used o compute
F®) = fou®) = (1 =292 +31 - 657 @35)
Whereby is derivativ with respect 05 gives
F'3) = =401 =202 = 36(1 - 65)” (@36)
Setting F'(5) = 0 then gives
40y
8= sy @

as the optimal descent step length. Note that the length of 5 is updated as the algorithm
progresses. This gives us al the information necessary to perform the sicepest descent

Search for the minimum of the given function.
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Gote 46 Gradient descentexample
x(1)- 2 tial guess
£ ) 2y 2 ineial funer
for 3+1120
G e03)°2 498y 9)°2)/ 2ex )2 ¢ sty ()1
x o pdae values

1<10%(-6) ¥ ch

42 abs(£(341) €. convergence
break

ena

As is clearly eviden,

descent search algorithm based on deriative information i
similar to Newton's method for root finding both in one.
dimensions. Fig

jmension as well zs higher-

I a5 the bi-conjugate gradient descent method (biegstab) and the generalized method
of residuals (gmres) (220}

M
st sl th ardictcon b compuned i umericalagorithm. e gpnent
command can be used to compute local or globl gradients. Fig. 4.5 shows the gradient
terms /3 and 4 /4y for the two functions shown in Fig. 4.3, The code used to produce
these critcalterms for the gradient descent algorithm i given by

I taex, agy

sradient(£,dx,dy)

fe
or dirtly from data. The output are matrices containing the values of 4/ /3x and of /3y
over the discretzed domain. The gradient can then be Jpproximate either local
or global gradients to excaute the gradient descent. The following code, whose results
are shown in Fig. 4.6, uses the interp2 function (0 extract the values of the function and
gradint of the function in Fig. 4.3(b).

Gode 47 Gradient descent example wing intrpolation
x1)
A
a.

nterpz (X,¥,dFy,x (1) Y (1) ;

for §+1110
elafninsearch(*delsearch’,0.2, [1,x(end) ,ylend) , dfx, dfy, X, .
F); * opcinal tau

+ update x, y, and £

x(541),y Gea1) 5

afy=interp (X,¥,dFy.x (341} .y (G+1));

42 abs(£(34)-
break

1<10%(-6) * ch
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af fou

Figur 45 Computaton ofthe gradient for the two functionsillstatd i Fig. 4.3 Inthe eft pancls,
and (©) putedfor Fig 430,

numerically generats he gradien

I this code, the fvinsearch command is used o find the correct value of 3. The function
o optimize the size of the iteratve step s given by

function mindel=delsearchidel,x,y, aEx,4Ey, X, ¥, F)
x0mx-aeledfx;

yomy-ae1adsy;

mindel=interp2 (X, Y, ¥, x0,70) ;

This " introduction A wide range

Fornow,
ne can sce that there are & number of issues for this nonlinear optimization procedure

Atternting Descent

Another commn technique for optimizing noninea functions of sevral varabls s the
ariables,

opimization s done ieratively in one variable a a time. For the example just demon-

suated, this would make the computation of the gradint unnccessary. The base satezy

i simple: opimize along one varable at  time, secking the minimum whil holding al

other variables fixed. Aftr passing theough cach vaiabe once, the process is repeated

the ieration



faw)

430
(400,10, ~5), (=5,2) . The s f these (e circles) gets stuck ina local

Fiure 45
areshown: (19,

Inerpolaton of the sradient function of Fig 4.5 are used o update the soluions.

Je.y) N\
: ,""n’// \\‘m“
AT 07 M

Fiure 87 3,
Shown: (0. o) = [(4,0), 0, =5). (=5.2) - The s ofthese redcircles) gets tuckinaJocal
No

Fig 46,
procedure for the example of Fig. 46. This replaces the gradient computation (0 produce
an terative update.

Cote 48 Alternaing descen lgorthn for updatin soluion
Exminterpa (6,7, xa (1)) 5 %a(2)xa (1) ¢

- ind) emin(£) ; va(2)-y

fy=interp2 (X,Y,F,%,ya(2)); ya(3)=ya(2); [-,indlemin(fy) ; ¥a(3)=x
[

Mot tht the alematin descent only i e s lon one vl t
which

isatactive in many aplicaions
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Syster

Curve fting, as shown in the previous two sections, fesults in 4 optimization problem.
In many cases, e rtmization can b
tem of equations Ax = b. Bel
opimiraon mehods s for i o, e o sonder it i any
‘modern data science, the linear system AX = b is typically massively
over- or under-determincd. Over-determined systems have more constraints (cquations)
than unknown variables while under-determined sysiems have more unknowns than con-
staints Thus in the former case, there are generally no solutions satisfying the lincar
" tead Inthe later

o diferent norms (2 and (1) used for optimization tha ar used 0 sole Ax
e 2t e e s, e o of s o o oo s o
optimal soluion achieved.
efoe proceeding furter it should be noted that the system Ax = b considered here
s resicted instance of Y = (X, ) n (4.4). Thusthe solution x contins the oadings
or leverage scores rlating th relaionship between the input daa A and oucome dta b
A simple soluton fo this lnear proble uses the Moose-Penrose pseudo insere A from
See. 14

x=A'h. 38

“This operator is computed with the pinv(A) command in MATLAB. Howenxer, such &
Solution s restictve, and a greste degree of flexibilty is sought for computing solutions.

determined systems using the ¢ and £2 norms.

Over-Determined Systems
i, . there
Ax=b.Thus,
imvolves minimiring the emor for example he least
appropriste value of &

quares £ error £, by finding an

argin | Ax — bl @39
“This basic architecture does not explicily enforce any constraints on the loadi
o onder 1o ot izt emor and snfore s conseant on he soluon, e b
optimization architeeture can be modified to the fllowing.

arganin A = b2 + 2 |l + 2lxlz (@40)

where the parameters 1 and % control the penalization of the €1 and £ norms, respec-
tively. This now explicily enforces a consiaint on the solution vector itself, ot just the
ertor. The ability to design the penalty by uddmg regularizing constaint is critcal for
understanding model selection in the follow

T th cxmpen e oo,  pticule focs il e gien o e e of e £, or
Thety
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Model terms Loadings Outcomes
A x b
Fore 48 I
nom 3l

o
in MATLAB [218], o compute
our solution to (4.40). The following code considers various values of the £ penaliza-

tion in producing solutions to an over-determined systems with 500 conszaints and 100
unknowns.

Got 49 Solutions fo a over-dtermined sysin.
£=500; me100;

ez nn)s

berand n,

o seviartnien

Lame[0 0.1 0.51;
for 3113

evx begin;

ariable x(m)

mininize( norm(Avx-b,2) + lam(3)enorm(x,1) );
eve_end;
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orf @X =000
F®N =01
@k =05
0w W w W W
@ () ®

panels (40, respectively.
the soluion.

subplot(4,1,3) bar (x)
subplot(a,3,9+5), hist(x,20)
a

e parameter
" i o ot b i it =0 =qum¥em o o o dag
£ norm promtes
 sparse solution where many of the components of the solution vector X are zero. The
histograms of the solution values of % in Fig. 4.9(d)-(1) are particularly revealing as they
show the sparsfication process for incressing 2
“The regression for over-determined systems can be generalized o mairx systr
s Fig4 s e, e o command s soply o e e of e
‘matix b and solution matix x. Consider the two Solutions of an over-determined system
generated from the following code.

ot 410 Solutionsforover-determined matri systen.

300 5 p=20;
Aerand(n,m); berand(n,p);

Lane(0 0.1];
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(@A =00

®) ) = 0.1

2

Latee (aomatArx-b,2) + Tan(i) vmormte, 1015
plot(2,1,3), peol

(x.), colormap(hot), colorbar

Fig 4. of this matr. stems.
ofthe e 0 penaly. N st the i of e £ norm s e o und
produces a matrix which is dominated by zero enties. The two examples in Figs. 4.9
410 show the €3.and £ o
oluions. n e llowin sction of it baok. 1 nos wilh b exploled 0 prdice
parsimonious models from data

Under-Determined Systems
For undecmined sy hre e an it e of possbls uions sisying
= b. The goal in this case s to impose an addiional constaint, or set of consrints,




13

Regression and Model Selection

Model terms Loadings Outcomes
A x b

Figure 411 I his cae, Ax = ban be
A
system can be stated as
min ], subject 10 Ax= b @an

vher e p dones e o o tevctor .ot simpliy, s cosider e ; 0 0
£ norm promtes

sparsity i soloion

e gin s e comes it pcage € 0 compute o o 0 (441
“The following code considers both 3 and ¢ penalization in producing solutions to an
under-determined systems with 20 consraints and 100 unknowas.

Got 11 Soluonsforan unde-determined mati sysems,
20; ne100
Aeranaln,m); berand(n,1);

vk begin;

variable xa(n)

nininize  som(x2,2) )1
subjec

vx_begin;
variable x1
iitnizs  men(at; 1111
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subject to
Rexd o= b,

cend;

“This code produces two solution vectors X2 and xI which minimize the €2 and ¢ norm
Sy, Noe e vay st v allovs e 0 pose conssins i e ptzaon
routine. Fig fore,

In fact,for this

parsiy p o

the 100 unknowns.

AS with the over-determined system, the optimization can be modified to handle more.
‘eneral under-determined matrix cquarions as shown in Fig. 4.11. The cvx optimization
package may be used for this case s before with over-determined systems. The software
engine can also work with more general p-norms as well as minimize with both £, an
£2 penalies simultancously. For instance, 3 common optimization modifies (4.41) (0 the
following

min (1111 + 22Nl subject 1o Ax = b @)

i by .JU-J
ity

Figure 412 Solutions  an under-determined sysem with 20 constraints nd 100 unknowns. Panels
plotof the panel the

norm. Not that the £ pes A
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) o| @
o
H ®] ¢ ©
& ’
3 ) : ©
" polynomial degree ot T
rasars

here the weighting between 1 and 3 can be used to promoe a desired sparsificatir
of the solution
further in the following.

Optimization as the Cornerstone of Regression
I th preios st o s e s g o /1) s e o
insance, it may be desirable o produce  ine ft so that () “The coefficients
e then o byt rgrson and opiicaton ol 'dnady dscused,In what
follows, ichallow Jy selecta good
‘model forfi e i
does ot dictae a good model seection as the mre tems that are chosen for fiting, the
‘more parameters are availabie for lowering the rror, regardless of whether he additional
terms have any meaning or intepretabiliy.
Optimization sicacgies will play a foundational role in extractng interpretable resuls
i ful models from d he nterplay of

the €3 and €
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i
of data generated from noisy measurements of a parzbola

e

4N O.0) @4y
where A'(0.0) is & normally distriboted random variable with mean 7ero and standard
deviation 0. Fig. 4.13(a) shows an example of 100 random measurements of (4.43). The

Indecd, 4
parabolic ft s trvial o compute using classi least-square fiting methods outlined in the
it section of this chapter

™
 prioi inpractce, we d 1ot know wht the foncion i ned o discove . We can
raming
Hlem ¥ = 70X, ) of (4. ssiem Ax = b
[ | s
i o
Ly o
[ |t S0

where the matix A contains polynomial models up to degree p — 1 with cach row tep-
resenting & measurement,the fi ar the cocficients for each polynomial, and the matrix
b contains the outcomes (data) /). In what follows, we will consider a scenario where
100 measurements are taken and 20 term (19th order) polynomial is fit. Thus the matrix
System Ax = b resultsin an over-determined system as llustrated in Fig 4.8,

The

sion via the piny function. For this cas, four realizations are run n order (0 illstrate the
impact that a small amount of noise has on the egression procedure.
Gode 12 Least-squares polynomial 10 parbela withnoise.
a-10
11 lvucnm.‘.l\)v
o2

20, + polynonial degree

PRl (3= (0D A (3105 + build macrix A
ena
for

el a0 duranan

¥ least-square fit

5 /o
npiot (4,505 mar tan)

Fig. 4.13(b)(¢) shows four typical loadings § computed from the regression procedure.
Jdded. i

e another, Thus cach noise realization produces  very different model to explain the

m variabiliy of the regression results are problematic for model selecton. I suggests

easurement noise can
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sions about the underlying model. In what follows, we quantify this variability while also
considering various regression procedures for solving the over-determined linear system
Ax = b. Highlighted here are five standard methods: east-square regression (pinv), the

ey (440, e et el e o e viriow Ax
Specifically, the Moore-Penrose pseudo-inverse (piy) salves (4.40) with 1
e it command () or - demined syens o e sy via a

2 -0

implementation ofridge in MATLAB is a bit more nuanced. The popular clastic et algo-
and ¢ penal
0. Rob

fiting. M
tothe Huber 12601, In
ouirs e imposed o th dta 5 e power of obust . s ot propery everaed.

egardies, it s an important echnique one should consider

Fig. 414 shows a series of box plots for 100 realizations of data that illustrate the
differnces with the various regression techniques considered. T also highlights critically
important differences with optimization strategies based on the 3 and ¢ norm. From
 model selection point of view, the least-square fiting procedure produces significant
bt n the oding parametrs B asillusratd i Fig. 414, panes a. 0 and (0

QR dec
posion spectily. F o 1 peraly (gl v, hen i 14, il
(@) (@ and (0. shw that  more parsimonious model is ith low variability.
This i expcted s e 1 o e the st et of o vles . ndcd,

asthe dominant

data,

ot 413 Comparisn ofrression methods,
larbdas0.1; phizephi(:,2:end);
for 19-11200

a )
m,mm Lagso(phs, £, *Lanbda , Lanbda, "
54 (33) <norm (£-£4) fnorm (€) |
SSTOBUSELL (2, €)1 £5-phi 15 55 31) -norm (£-£5) /o
aG-ridge (£,phiz,0.5,0); e T e 1) aoem (b1 ;

Alpha',0.8); tamphisat

R 33) e ma s, 53) a8 5, 590 =

3184 (:,31) =24 ;88 (2, 31) =a5;36

heid on

e1; E2; 83 B4, ES; E6:
(1 B2 B3; B4 m5)s

“This code also produces the 100 reaizations visu

ed in Fig. 4130,
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7 =
@ wf TTEar ity
fdd L L b
400 0009
wf 1y L AL
5 El Uv ’5 10 *w
Jot © i @
B
| 04 ost
o
okl -
wf T o 3
wf T4 el @ ®
ohsbh-d-T-0-dhis o .
o 04 B ——
ol s + |
o R ]
polynomial degree 25-1
P e .
oo The
Gasson, @)L " versus ¢, penali i

reresion

e EASSO 6 e e G of o pstc .

Despite the signifcant variahiliy exhibited in Fig. 4.14 for most of the loading values
by the different . the error produced

variability. Moreover,the various methods all produce regressions that have comparable
ertor Thus despite their differences in optimization frameworks, the error from fiting is
relatively agnostic to the underlying method. This suggests that using the error alone as &

areliable, low-ertor model. Fig. 4.15(a) shows a box plotof the error produced. i e
414, Allof th

oo and o et el i igfeanty vt e
As a final note 10 this section and the code provided, we can consider instead the
of the number of In our example
of Fig. 4.14, polynomials up to degree 20 were considered. If instead, we sweep through
polynomial degrees, then something interesting and important occurs a5 illustrated in
Fig. 4.15(b)(0). Specifcally, the error of the regression collapses 1o 10°° afier the




140

Regression and Model Selection

@ % oo o
To 5
TR E : éégééé%%
ol gg? 18] e : PTITH
I IS aTeew
st deget
R— o
R e
st o

e shown i il (0 T i cxptcd s s il el
of noise. Remarkably, as more polynomial

was & quadratc function with a small amor
et ne aded e ensemble & acully ncees i the regreion el

firs, o e i

ot 414 Mode iting with polynomialsof varying degree.

En=seros (1001 ;
for 35

n: 0.1arandn(1,)) .7
uv\»pnkaph Jiin; fnalghiian;
(3 rn (£ £na) fmorm(£)

10N
(:)o[ Fip 415+ dta of el ), T ror producd by & \umpk mmimh: s
0.

our model selection ramenork of the remining sections

‘The Pareto Front and Lex Parsimoniae

Solution, the model tself should be carefully selected in order to achieve & beter, more
interpretable description of the data. Such considerations on an appropriate model date
back to William of Ocearm (. 1287-1347), who was an English Franciscan fiar, scholastic
philosopher, and theologian. Occam proposed his law of parsimony (in latin lex parsi-
moniae), commonly known 45 Occam’s razor, whereby he stted that among competing
hypotheses,th

- you have two



competing theories that make exactly the same prediction, the simpler one is the more
ly. The p s

Parsimony also plays a central role in the mathematical work of Vilredo Pareo (.

1848-1923). Pareto was an lalian engincer, sociologist, cconomist, political scientis, and

philosopher. He made several important contributions (o economics, specifcally in the
! hoi

e forpopularzng th e of the e e i o st n o et e he

el e i 5 the Pt princpe by mangemen conlant Josgh M.
1941, Stated simply, it is & common principle in business and consulting management
. o mstance, oscres tht S0% f sl com from 20% of chens. This oneet
was popularized by Richard Koch's book The 80720 Principle [294] (along with several
follow-up books [295, 296, 297]), which illustrated & number of practcal applications of
the Pareto principle in business management and lfe.

Pt and O ity sdhoatd h e phiosopty: xpln the jrty of

reducing crror, it is about producing o ottt s high degree of inerpretabilty.
generalization and predictive capabiliies. Fig. 4.16 shows the basic concept of the Pareto

Error

o L®
o Pareto Frontier

Paret
Optimal
°
Number of Terms
e, The

remaining parsimonious.
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Frontier fical e numbe

for a given number of terms define the Pareto fronter. Those parsimonious solutions that
opimally balance error and complexity are in the shaded egion and represent the Pareto
opina sluons. I gane heon e Pactooptina slaton i thougt o 3 st
that cannot be made o perform beter against one opp 2y without performing
e el gt anolhe (i s case cor andcomplenty), I conomic, i describes
siuation in which the profit of one party canno be increased without reducing the profit
of another. Our objective s o select, in 4n principled way,the best model from the space
of Pareto optimal solutions. To this end. information criteria, which will be discussed in
subsequent sections, will be used t0 select from candidate modes in the Pareto optimal
region.

Overfiting
call
‘when building models with man frce parameters, it i ofien the case in machine learning
soplcions i i dmeiond] Gt 13 ey B OV 8 el 1 i o,

ilsites i poin. Ths, ke wat s epced i Fg, 416 s the e goes
increase when considering fodels with & higher number of e andior parameters. To
determine the correct model, various cross-validation and model selection algorithms are

a " the
st section. I this example, we are simply tryin (o find the correct parabolic model mea-
sured with additve noise (4.43). The resuls of Figs. 4.15(b) and 4.15(c) already indicate
that overfiting is occurring for polynomial models beyond second order. The following
MATLAB example will highlight the ffects of overfiting. Consider the following code
that produces a training and test set for the parsbola of (4.43). The training set is on the
region x € [0, 4] whilethe testset (extrapolation region) willbe for x € [4, 8]

ot 415 Parabolic modelwith trmining and tstdaa

freste 2
figure(a) 3,11,
plot(xt, Ebrain, 'z ,Linewideh, [21)

This code produces the ideal model on two distinct regions: x € [0,4] and x € [4,8]
i

both xel04)
x € [4,8).For
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i e
MATLAB.
o i g

Enis mq.unn )
for 33
2o

Ene-zeros (100, ;

1.).2G;
G210 G ¢ e

ena
x.%2). 01

for §-1:100
fhin(x1.%2¢0.1scandn(1,n1)}.*; ¢ interpolatior
fhen (x3.*5+0. Torandn (1,n2)) +} ¢ extrapolation
anipinv(phi_Uystni; fhaiophd iean
BT} 51) oma(Eeratn Faat) aora (FEatn)

e loadin
£ne) nora

s

end o
his simple example shows sor o e o base and common feauresasociaed
Specificaly o for generlzaton, Con-
sider the results of Fig 4,17 generted from the above code, I tis cxample, the last-
square loadings (44) for  polynomial are compued using the pseudo-nvers for data
in the range x € [0, 41, The intrpolation eror for these loadings are demonsiaid in
Figs 4.170)and 0, i
e data. Spcitcally, i

o

polynomial. Extrapolation for an overfit model produces significant errors. Figs. 4.17(d)

and (¢) show the error growth as @ function of the least-square fit pth degree polynomial

model. The cror in Fig 417 i on  ogrithic plot s i grows 107, This

demonstrates a clear inability of the overfit model (0 generalize o the range x €

Indeed, only a parsimonious model with a 2nd degree polynomial can casly generalize to
the range x € [4, 8] while keeping the error small.

e above example shows that some form of model selection to systematicaly deduce

a parsimonious model i criical for producing viable models that can generalize outside

data is collected. Much of machine learming revolves around (i) using data to

generate predictive models, and (i) cross-validation techniques (0 remove the most dele-

ithout ane will
produce a nongeneralizable model such as that exhibied in Fig. 4.17. In what follows, we
wil

Model Selection: Cross-Validation

.
ically, it is easy 1o overft & model to the dat, thus leading to a model that is incapable
of generalizing for extuapolation. This is an especially pernicious issue in training decp
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p—
“or (a)
B

L]

P

5ol

101
£ @

22

2.

&

polynomial degree 7

7 (&) The e model £ (3) = over the domain x <10, ], Dta i coflcted intherion

10,41 order

For extrapoltion. 4,5,
parsbolc i, I panel (), the cror s shown 1o gow 0 1013 A zoom i o the egion an

nteral <10, iy
Serve a5 seious warning snd note of cauton i model fiing.

various techniques have been

neural nets. To overcome the consequences of overfiting
proposed to more appropriately select a parsimonious model with only a few parameters,
thus balancing the ermor with a model that can more easily generalize, or extrapolate
“This provides a reinterpretation of the Pareto front in Fig. 4.16. Specificall. the error
increases dramatically with the number of terms due to overfting, especially when used
for extrapolaton.

ting in This section

considers the former, while the lter method i considered in the next section. Cross-

validation strategies are perhaps the most common and critical techniques in almost all
Ind

validated, Take portions of your data

and build a model. Do this & times and average the parameter scors (regression oadings)
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olion s and vt whete the ol sty oy gl This commony i
statepy

cross-validation, iting polyno-
mial models to the simple function f(x) = +* (See Fig. 4.18). The previous scctions o

rmeworks svaale (o e, LASSO,obast i ., 55 wel e by o
el for “The following MAT-

imverse, the
ux based backslash. and the sparsity promoting LASSO) for k-fold cross-vlidation (k
2,.20.and 100).In ths case, one can think of the k snapshots of data as trial measurements.
As one might expec, there would be an advantage a5 more rals are taken and £ = 100
models are averaged for  final mode,

[ k=10 k=100
! @ I ©
I m_a MM L
U]
pseudo-inverse
o 10 20 o 10 20 o 10 20
! I I @ @ J ®
L. i
K .
backslash
10 20 [ 10/ 20 o 10 20
. @ ' [ o)
H
£
H
LASSO

polynomial degree 1~

Figure 18 Cross-alidation sing -{old sty with & = 2,200 100 et middle and ight

of pseudorinerse,the QR-bascd backslash, and the sprsity promoting LASSO, Note tha the
Las he

 while the

100-fold ross
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Coto 17 K-foldcros-validaion wsing 100 foldings.

degree

S000) A 8 build marrix A

criate= 10 10005
E

For 331;trials (3)
£2(x. %240 2zandn (1,0 )
saoplaviphil £y it sa1; B1(39) wnorm(£-£1) /nora(£) ;
133) snoz(r-£2) /nora (£}
bda’,0.1); E3sphisad; B3 (39}

ez A3, 391em

ioan (A1) ; A2n-mean(a2.); A3

oan (3. ;
1; E2; B3

Eox)

subplot(3,3,4), bar(Alm), axis([0 21 -1 1.2])
subplot (3,3,349), bar (A2n), axis([0 21 -1 1.2])
subplot(3,3,643), bar(Aam), axis([0 21 1 1.2])

ena

Fig. 4.18 shows the resulis of the k-fold cross-validation computations. By promoting

i . the L after even a single
k=1l

i) and QRbiedregresion b s 3 sgifan s of 0 o
e dominant quadraic . The T i resreson,even st &
P il s s quadratic and cubic term.

“The final model selection process under k-fold cross-validation ofien can involve o
dhresholding of terms that are small in the regression. The above code demonsiates the
regression on three regression s ‘Although the LASSO looks almost ideal, it sill

e QR stratcey

e e sqre

Sicients scattered across the palynomials. If one thresholds the loadings. then the LASSO
ikl vl

« quadratic-ubic model. The following code tresholdsthe louding coefciens nd then
rdaces he fnlcov-valdted sl Tis e can hn b vt agamt b
the interpolated and extrapolated data regions as i Fig. 4.19.

ot 418 Comparison of cross-valdated modcls.

s average icadinge of three n

¥ combine both threstolded and not

figure(3), bars (acor.1)
Figure(1), bars (Atot2. )
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seudo-inverse m
P ba:kslash

®)

loadings

not thresholded thresholded

147

old

The LASSO )

»
Jash, 3 LASSO, 4

Phiat:,d) (RNt
phiZet: ] YT
ena
for 33=1:6 ¢ compute inter/extra-polation
i=Ator3 (33,1101

Enaiephi_irani;
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Bni (39) =norm (£t rain-fnai) fmozm(ftrain) ;
Enae-phi_ ceani;
Bne (33) =momm (£t

£nae) fnora(£tes

“The results of Fig. 419 show that the model slection process, and the regression tech-
nique used, makes a critcal difference in producing a viable model. It further shows that
despite a A-fold cross-validation, the extrapalation error, or generalizability, of the model
ansill be poor. A good model is one that keeps errors small and also generalizes wel, as
docs the LASSO in the previous example.

K-fold Cross-Validation

420,
a data set nto a training set and a test set, The test set, or withhold set, is kept separate
from any training procedure for the model. Importantly, the test set s where the model
prodeses anexpoltionproximaon, hich e e of e st v sstions o
pastiioned into k-
ok which ar iy rndonsy wl:c:dynmlumn[vin . For mance, i sandard
10-f0ld cross validation, the training data is randomly partitioned into 10 partitions (or
folds). Bach partiion is used to construct a regression model Y = f(X;. ) for j =
10, One method for consiructng the final model i to average the loading values
(17 325y B, which are then used for the final, cross-validated regression model
‘= £(X. ). This model is then used on the withhold data to test its extrapolation power,
arae the
todel There ar a variety
hoosing the best of the k-Told models. As for paritoning the dat, a common strategy is
o break the data nto 70% training data, 20% validation dat, and 109% withheld data, For
large data sets, the validaton and withheld can be reduced provided there is enough
a0 scurtl s he o] ot

Leave p-out Cross-Validation
Another standard technique for cross-validation involses the so-called feave p-out cross
validation (LpO CV). In this case, p-samples of the rsining data are removed from the.

Kept as the validation set. A model is built on the remaining trining data and
the accuracy of the model s tested on the p withheld samples. This s repeated with a new
selection o The

accuracy of the model luated on the withheld data
the data
Model Selection: Information Criteria
deed, model
1950s. The Kullback-Leibler (KL measures

ruth and a model) and s the core of modern information theory critria for evaluating the
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. training
£
ithhold E
withhol 3
(test) data. z
T
=
cross-validated error
420 ol y
, e

overall data
raining data i collcted inorde 1 build a reression model = (X, ). Inporanty each
model ) e bes mose!

8

ey

Incither case,

viabilty of a model. The KL diverzence has deep mathematical connections to satistical

thods characterizing entropy as developed by Ludwig E. Boltzmann (c. 1844-1906), as
el v elation o informtion hory developed by Clade Stannon 4861 Model e
tion field with a large body of I

‘Burnham and Anderson {105, In what foll brief highlighs will

be given to demonstrte some of the standard methods.
“The KL divergence between two models (X, 8) and ¢(X, ) is defined as

x
100 = [ roxpros [ LB @is)

here  andj reparameeriztions o the the models ) and () respecively.From an
e quaniy 1(/.) Tost hen ¢

s used o represent.f. Note that i f - the log term is zer0 (.. log(1) = 0) and
107, = 050 that there s no information lost. In practce, / will epresent the s, or
measurements of an experiment, while  willbe & model proposed to describe

Unlike the regression and cross-validation performed previously, when compuiing KL
divergence a model must be specifid. Recall that we used eross-validation previously to
generate & model using different regression sirategies (See Fig. 4.20 for instance). Here
a number of models will be posited and the loss of information, or KL divergence,
of cach model will be computed. The model with the lowest loss of information is
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ncally rgardeda e bt ol Ths ien M proposed el X ) whes
M, we can compute (/. ¢) for each model. The correct model, o

mn-d:l i an o e e oo o min; 10/, )

dmple cxample, consider Fig. 421 which shows three differeat models that are
compared to the . To generte i igur, e llowing ende was e The
computation of the KL divergence score is also illustrated. Note that in order (o avoid
division by 710, a constan offst s added to cach probability distribution. The truth data
generated. (1), is a simple normally distributed variable. The three models shown are
variants of normally and uniformly disributed functions,

Svann(h,1) 415 3 noder
Seranda(n,1)-1; § model 3
7uzanda(n,1)-3;
4zand(n, 1)-0.5;

L:67 ¥ range £

mponent:

foblata x40.01, + generate pors
gl-hist (x2x)
Srathiet (it 5 Gabehiat (xt,x); G2-g2a+0.30q20+0.01;

Fgure 21 C. S0 The
sastcally epresening the rue dats.
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a-hiet (x5,x)40.00;

£ut/trapz(x, £); + normalize data
i .01 G2ega/apt (x/92) 1 33 ceupa
%i91.%,52,%,q3, Lingwidth , [2])

=traps(x, TnCl); T2etraps (x,Inc2); T3=trape(x,Inci);

Information Critera: AIC and BIC
“This simple example shows the basic ideas behind model selction: compute a distance
between a proposed model output g, (1) and the measured truth / (x). Inthe early 19705,
Hirotugu Akaike combined Fisher's maximum likelihood computation [153] with the KL

divergence score to produce what is now called the Akaike Information Criterion (AIC) [7)

BIC [430] which provided an information score that was guaranieed (o converge 1o the
del I

candidate models.
recise, we tum to Akike's seminal contribution [7]. Akaike was avare

/(0). Thus, Akaike proposed an aliemnative way to estimate KL divergence based on the

was a critcally enablin insight fo rigorous methods of model selection. The technical
aspects of Ak’ work comesting o ikehod estinatesand KL desgence 17,105

NIC score
AC = 2K —2log [£Gi] @ao

where K is the number of parameters used in the model, f is an estimate of the best
parameters used (. lowest KL divergence) in g(X. ) computed from a mazimum like-
lihood estimate (LE), nd x are independent samples of the data to be fi. Thus, instead
of a dircet measure of the distance between (o models, the AIC provides an estimate
of the relative distance between the approximating model and the true model o data. As
the number of terms gets large in & proposed model, the AIC score increases with slo
2K, thus providing a penalty for nonparsimonious models. Importantly, due to it reative
measure, it wil always result in an objectve “best” model with the lowest AIC score, but
quite poor the data.
AlCisone of H n

Highlighted here is the modification of AIC by Gideon Schwar 10 construct BIC (480}
BIC i almost identical 1o AIC aside from the penalization of the information criteria by
the number of terms. Specifcall, BIC is defined as
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B

log(n)K — 2log [£Gilv) @
e the number of st i, o sampe iz, comidere, T sighty diffrent
version ofthe informasion eieri has one signifcant conscquence. The sminal conii-
tionof Schvarz was o peovetat e comectodelwas ncded long wih a st of

based upon BIC for suffciently large setof data . This s n contrast t0 AIC for which in
certain pathological cascs, it can sleet the wrong model

Computing AIC and BIC Scores
MATLAB allows s to directly compute the AIC and/or BIC score from the aicbic com-
mand. This computational ool is embedded in the economerics toolbos, and it allows
ne to evaluate a set of models against one another. The evaluation is made from the log-
‘models can

be compared.
In the specific example considered here, we consider a ground truth model consructed
from the autoregressive model

o=+ 020, 055,02+ )

0.2) @i
where 1, s the alue of the time seres at ime 1, and A0,2) i a white-nois process
with mean 7ero and ariance two. We it tree auoregressive ntgrated moving average
(ARIMA) modes t the data. The three ARIMA models have one, o and three ime
delays i their el The ollowing code computesthirTog-ikelhood nd correspond-
g AIC and BIC scors

Cado 420 Computation o AIC and BC scrss.

- 100;  Sample size
DGP = arimal*Constanc’, 4, "AR', [0.2, 0.5], Variance’,2)
v = similace(06e,T) s

zeros(3,1); ¢
Tog )]~ eoed

Zocate log d v
(Estiall,y, “print , false) ;

(1< logLi2)] = e tswalz'y. prine talee)
[2221208000)] - cotinace (BocHdls. y, princ. | Eals
fate,bic] = aicbicilogh, [3; 4; 51, Teones(3,1))

Note that the best model, the one with both the lowest AIC and BIC score, is the second
todel which has two time delays. This is expected as it corresponds 1o the ground truth
‘model The output i this case s given by the following

35808470

bic -
3635887
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3686629
38737

“The lowest AIC and BIC score s 358.2422 and 368.6629 respeciively. Note that although
the correct model was selected, the AIC score provides little distinction between models,
especially the two and three time-delay models,
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Clustering and Classification

Machine learning is based upon optimization technigues for data. The goal i to find both
a lowrank subspace for optimally embedding the dats as well as regression methods
for clusering and classification of different data types. Machine learming thus provides

 mathemarical i
data mining, as well as binning the dats into distinet and meaningfol patterns tha can be
exploied for decision making. Specifically. i learns from and makes predictions based
on dat. ditis at the

in i . for processing visual

To be explicit: AL built upon integrated machine leasning algorithms, which in wen are
fundamentally rooted in optimization.
ere are o broad categories for machine learing: supervised machine learning and
unsupersised machine learning. In the former, the algorithm i presented with labelled
datasets. The training data, 35 outined in the cross-validation method of the last chap-
e i boled by  tsereper. Thus cxanpls of te npt and ot of 8 esid
e wsed 1o find h the
siven labeled data, via optimization. This et b i o prediction and classifica-
tion using netw data. There are important variants of supervised methods, ncluding semi-
relationships are missing, .. for some input data, the actual output s missing. Active
feaming is another common subclass of supervised methods whercby the algorithm can
only obiain training labels for a imited set of instances, based on a badge, and also has
o optimize its choice of objects to acquire labels for. In an interactive framework, these
can be presented 1o the user for labeling. Finally. in reinforcement learning, rewasds of
omilmens r h g ol bl lpe e o et i rr o
In contras
Thus, they st fnd pattrns e daa i principled wy i rder o dermine how 10
eluster data and generate Iabels for predicting and classifying new data. In unsupervised
leamning, the goal itelf may be (o discover patterns in the data embedded in the low-
rank subspaces so that feanure engineering or feature extraction can be used to build an
appropriste mo
In this chapter, we will consider some of the most commonly used supervised and
unsupervised machine learning methods. As will be scen, our goal is to highlight how
data mining can produce important data features (Feature engincering) for later use in
‘model building. We will also show that the machine learning methods can be broadly used
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for W classificaton, as well as models for prediction.
Critical o all of this machine learing architeeture is inding low-rank feature spaces that
are informative and interpretable.

Feature Selection and Data Mining

To exploit data for diagnostics, prediction and control, dominant features of the data must
be extracted. In the opening chapter of this book, SVD and PCA were introduced o
s In

L fo a
of cropped face images were shown. These cigenfaces, which are ordered by thei ability
0 account for commonaity (correlation) acros the data base of faces was guaranteed 1
ive the best st of r features for reconstructing a given face in an 3 sense with a anker

Importantl.

one o consider  significa

The goal of duta miing and machine learning is 10 construct and exploit the inrinsic
low-rank feature space of a given data set. The feature space can be found in an unsu-
pervised fushion by an algorithm, or it can be expliitly constructed by expert knowledge:
andfor correlations among the data. For cigenfaces, the features are the PCA modes gen-
erated by the SVD. Thus each PCA mode is high-dimensional, but the only quantity of
importance in festure space is the weight of that partcular mode in representing a given
face

T
set of  features that can be leveraged for diagnostic
control,

Sveal camples wil b developed i s how 10 genrte  fsurs e
starting MATLAB, The Fisher iris d
measurements of 150 irises of three vareties: setosa, versicolor, and virginica. The 50
samples of cach flower include measurements in centimeters of the sepal length, sepal
il et g, il Wi For s i o !mmrﬁmnlmﬂdydﬂinm
Fi 51 comiden e oy the i e of e S T llowin code sccoss
Fisher ris data

prediction, reconsiruction and/or

Got 1 Featuresof the Fisher irics

PLOEI(x1(+,1) ,X1(+,2),%1(:,4) 50", hold on
Blots (x2 (/1) 132 (+/2) 32 (+14) o’}
Blot3 (63 (112) 133 (1121 33 +,4) xo")

Fig. 5.1 shows that the properties measured can be used as & good set of features for
i m
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setosa
8 versicolor
o virginica

petal length (cm)

as
3 6
sepal width (cm)
2 sepal length (cm)

cach o setos, vensicolor,and viginica. Each flower includes @ measueement of sepal ength, spal
widt,peal lengih,and petal widh The it heee ofthse are lustated here showing ha these

berween thespecies.
in this feature space. The setosa iis is most distineive in ts feature profile, while the
versicolor and virginica have a small overlap among the samples taken. For this data sel,

quired to generate 3 i How-

s i

visual cues. Rather, decisions about clustering in feature space occur with many more
variables, thus requirng the ad of computational methods (o provide good clasificato
schemes.

we consider i Fi lection from 0
A specific goal for this d

I
for cachcut nd dog i he 6464 pic spce of the mage Thus cach mage s 4095

cigenfaces, we will use the SVID to extact the dominant corrclations among the images.

after!

the 160 images (80 dogs and 80 cats)
Gotes2 Features of dogs and cats
Load dogData.na
tData
o ul=([de-1 cat)) s
0,5, v1-ava(Co-mean (€D(:)) , econ’)




s whie dogs

promote s ears fom
thei epresenton.

“The original image space, or pixel space, s only one potentialset of data 1o work wih.
The data can be transformed into a wavelt representation where edges of the images are
emphasized. The following code loads in the images in their wavelet epresentation and
computes a new low-rank embedding space.
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s Fis e
e hetore, i
important.

o3 Wascle esturesof dogs and s,

2-mean (€02 (:)) ,"econ')

e quivaletof i 5. in vt spce s show i Fig. 4. Nt ha e wavelt -
it

ing it cas ecision. "
neaion s crkia o sonssciog fscive achine i lgome

‘Whether using the image space dircetly or a wavclet representation, Figs. 5.3 and 5.4
respectively, the goal s to projeet the data onto the feature space generated by cach. A
o et pice s i diinguiting st allow o 0 o vy
of tasks that
feature 1o an individual image is given hy he ¥ s in the SV Spcincaly cch
olumn of V determines the loading, or weighting, of each feature oo a specific image.
Histograms of these loadings can then be used to visualize how disinguishable cats and
dogs are from each other by each feature (See Fig. 5.5). The following code produces
histogram of the distrbation o loadings for the dogs and the cats (frst 80 images versus
Second 80 images respectively).

Godesa Feature histograms of dogs and at,

inspace (-0.25,0.25,20);
15
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raw images wavelet images
mode 1
1 10
0 0
02 01 0 01 02 02 01 0 01 02
mode 2
1 10
0 0
%2 01 0 o1 02 02 01 0 01 02
mode3
10
o1 0 01 o2 o1 0 o1 o2
mode 4
10 10
0
o1 0 01 02 02 01 0 oi 02
rgress

usin the second mode.

subpior(s,2.200.3)
pafibiesivla e, ) abin)

c (v (811160, )
p;mxm,gm iapars, Linewiden, (21)

Fig
images as well as the wavelet ransformed images. For both the sets of images,the disri-
bution of oadings on the second mode clearly shows a strong separability between dogs
and cat. The waxelt processed images also show  ice separabilty on the fourth mode.

Features that provide srong separability between diffrent types of data (.. dogs and
cats)are typically exploited for machine leaming (asks. This simple example shows that
feature engineering is a process whereby an initial data exploraton is used to help iden-
ity picnil preocesing methods. TheseFesres an he el the computer iy

o ety A Tl e cons 5 wich e s g dod
Pea r their
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raw images wavelet images

<] 02

0 PCA,

02702 02702

and their the dta

cusily separtes the dat

wavelet ransformed counterparts. As will be seen later,the wavelet ransformed images
de a higher degree of separabil

Supervised versus Unsupervised Learning

As previously stated, the goal of data mining and machine learning is (o construct and
exploit the intrnsic low-rank feature space of a given data set. Good feature engincering
and feature extraction algorithms can then be used to learn classifies and predictors for
the data, Two dominant paradigms exist for learning from data: supervised methods and

sets, the
siven, and regression

o find the best model via optimization forthe given labeled data. This model i then used
Torpredicon and <lascation g new dts. There e mporant varansof i o
architecture which include semi-supervised leaming, active learning and reinforcement
learming. For unsupervised leaing algorithms, no training labels are given so that an
algorithm must find patterns in the data in 4 principled way i order to determine how (o
cluster and classfy new data. In unsupervised learning, the goal itself may be o discover
pattems in the data embedded in the low-rank subspaces so that feature engineering or
feature extraction can be used to build an appropriate model,

p consider Fig. 5.7
“This shows a scatter plot of two Gaussian distrbutions. In one case, the data is well

I the second case, the two distibations are brought close together 5o that separating the.
data is & challenging task. The goal of unsupervised learming s to discover clusiers in
the data, This is a trivial task by visual inspection, provided the two distrbutions are
suiieny sepred. Oterise i tecomes vy il o diingih clusers n te
s Superied her

Jassiy
oo o ithr e o magen, Mach e e unperiacd scitecre, o he s
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unsupervised supervised

5 0 5 5 0 5

Figure 7 lustraion of unsupersised versus supervised larning. In th lf panels (4 and (¢

For
Inth

s For

with the data provides  simple way to classify all the unlabeled data points. Suprvised
it I

be staed wticaly. L

Dew e
o that D i an open bounded setof dimension n. Further, lt

Dep 52

s s of clsctioni o Rt s asing D gven g o .

Label  for Sach pink whte = 115 Label o th dotscan o many
forms, from numeric vlus, including integer abels, o text stings. For simplicity, we will
label the data in a binary way as cither plus or minus one so that ;€ (£1).
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For unsupervised learing, the following inputs and outputs are then associated with
learning a classification task.

Input

dua [ B jezi= (120 .m) 630
Output

abels [y, < (1), j 2] ¢

“Ths the mathematical framing of unsupervised learning is focused on producing labels
¥, for allthe data. Generally, the data x; used for training the classifier is from D', The
classfier s then more broadly applied, i i generalizes, 1 the open bounded domain D.
I only sampl domain, then
it often the case that the clssifer wil not generalize well

earming classifcaton tusk can b stated s fllows,
Input
dua xR jez m) G0
abels [y, € (1), je 7 € 7) )
Output
tabels [y, (1), j € 7) 640

In this case, a subset of the data is abeled and the missing labels are provided for the
remaining data. pe

ax u w0

D, The clssifer
fthe data used to build a classifir only samples  smal porion ofthelarger domain, then
it often the case that the cassifer wil not generalize well

For the data sets considered in our feature selection and data mining section, we can

D and . The Fishr s data of Fig. 5.1 which e
quantites. We begin with the data collcted

x; = (sepal length, sepal width, petal lengeh, petal width) 535
Thus each iris measurement contains four data fields, or festure, for our analysis. The
lbels can be one of the following

¥ = lsetosa, versicolor, virginica) 56
Inthi s the el s sing, ndher e ofhem. N o ol
tion of [ there we

only whicl
e e etes 1. Genealy, ther e bl nd hey e o et g
Finally, there i the domain of the data. For this case

D7 € {150 iis samples: 50 setosa, 50 versicolor,and 50 virinica)  (5.7)
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and
D € (the universe of setoss, versicolor and virginica irses]. 58

We can similrly assess the dog and cat data s follows:
X, = (6464 image= 4096 pixels] 9

where each dog and cat i labeled a5

¥ = ldog. can) = {1, -1} 510
are text strngs which values, This
formulation of

Finall
€ 1160 image samples: 80 dogs and 80 cats] 1)
and

D & fthe universe of dogs and cats). 1)

Supervised and unsupervised learning methods aim to eithercreate algorithms for clas-
sification, clusering, or regression. The discussion above is 4 general srategy for classi-
ficarion. The previous chaper discusses regression architectures. For both tasks, the goal
s 10 build & model from data on D that can generalize to D. As already shown in the
preceding chapter on regression, generalization can be very diffcult and cross-validation
strategies are critcal. Deep neural networks, which are state-of-the-art machine learning
algorithms for regression and classification, ofien have difficuly gencralizing. Creating

Some of the diffcultes in generalization can be ilustrated in Fig. 5.8, These data sets,

Essentially,the
nonlinear manifold that is often difficul to characterize. Moreover, i the sampling data
D only captures & portion of the manifold, then a classification or regression model will

10

o)

s

o

s %

10 d o
5 0 5

rass

Morcover, s svalable, the
for D.
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D, a

can be in higher dimensional space. Visualization in such cases is essentialy impossible
What

on D) that may or may not be labelled. There s quite  diversty of mathematical methods
available for performing such tasks.

Unsupervised Learning: k-means Clustering
A

We
will start with one of the most prominent unsupervised algorithms in use today: k-means
clustering. vector valued data

oul

toaclus P cluster This

el pattioning ofthe dats st e Voronet el
Known, the num-
ber of partitions & is generaly unknown and must also be determined. Alteratively, the
user simply chooses & number of elusters to extract from the dat. The A-means algorithm

i of each cluster and then updating
icts the update rule of the k-
e . The g procent o ollo. (1 s il s o s

k

observation as belonging o the nearest mean. (if) Once labeling is mmplclm. find the.
group. P

Fiuess
aiven (black -+

ight +. Once abeld, B
il the means comerge.
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sart back at step () in the agorithm. This is a heuristic lgorithm that was first proposed
by St Loy i 957 (39, sough i ol i 1952

ans objective can be sated formally in tems of an optimization proble.
Spectcaly, the following minimization dscibes i procee

algmmz DN 5.13)
Cay=te)

e the p; denote the mean of the jih cluster and D, denotes the subdomain of data
ot whh ha it Thi iz the wikiclitr s of suires. T gen-
erlsoin the opmizaton probles s sted i NP, mkin it Compatonaly

that they
Cros-validation of the &-means algoritn, s well 2 any machine lear
is ritcal Without

algorithm,

e l

the classificr o different
lecton of st g 0 s o, Th llovin portons of code
zen

s and panmm)mg P o raining and testset.
Gode 5 -means data generstion.

Rerandnntendi 1) ye0.beranta (i 115

ipse
andn (v 1)

Zands m)

S oo (theta) —-mnmnav, “inich,

I N A RN EO
stz )
Blot(x(1:h] y (1) 1xo0), botd on
Tortes (omi Ty3 om s omeh)

3 training
x:

ks (maisend) v (nisesend];
Xatestelx(ni+liend) y(nisliend)];

Fig. 5.
wehave gmuml st check i s i s I g:mm! pii
the case. T i  number of clus means

© updzm them in p

‘guess and many modern versions of the algorithm also provide principled strategies for
nitalization.
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Figure 10 Musration ofthe k-means ertion procedure based upon Lioyd's lgorthm [339]. Two.

“The means e

e approximately fourteratons.

oo Lioyd algorithn for -means.

=01 0]; g2=1 01y ¢

Classi-(classt; [¥(33,1) ¥(33, )11

Classz(classz; [¥(33,1) ¥(33.2)11;

g1=[nean (clase1(1:end, 1)) mean(classi(1:end,2))];
G2 [nean (c1ase2 (1:end,1)) mean(class2(1:end,2))];

106
data relabeled. atons, This plic-

» how
lbeling of ll of the data. MATLAB has a buil in k-means algorithm that only requires
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4

Fpure i1 k-means clusteing of he data using MATLAB's means command. Only the data and

1 wouldbe mislabeled whilesix of S0 green bll are misabeled.

data matrix and the number of clusers desired. I is simple (0 use and provides a valuable
diagnostic ool for data. The following code uses the MATLAB command mean and 1lso

Gotes7 - means sing MATLAB,

{ind, c] =kneans (¥,2)
Plot{c(1.1) ¢ (1,5). ke, Linewideh', [2])
Plot(e(z/1) e (2,2) | ke’  Linewideh: | (z])

s e ) 20

)z
ez e 2 /e 6] un
s d)o(l/!lepe]-

e Fiesin

ope) sxapeb;

Homety. cploriaa) bola o

plot (xeep, ysep, ' L12)),axis (02 4 -3 21)
£igura(1), subplot(2,2,2)

plot (x(n}1send) v (ni+izend), 'xo’), hold o
siot U ni.diend] 3 (113 end) ey

Blot (xeep, ysep, 'k, ‘Linewideh', [2]), axis([-2 4 -3 21)

Fig 5,11 shows the resuls of the k-means algorithm and depics the decision lin sep-

arating the data into two clusters. The green and magenta balls denote the true labels of

the dat, showing that the £-means fine does not cormectly extract the labels. Indeed,

supervised algorithm is more proficient in extracting the ground truth results, as will be
pler. Regardl

comectly.
e suc

i i :
s afasth Jgorith he ry accurate,
ol i fen fhe on i muperised methods o he ot s fnied Snowiedse
of the data. Cross-validtion effort, such as A-fold cross-validation, can help improve the
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model and make the unsupersised leaming more accurate, but it wil generally be less
accurate than a supervised algorith that has labeled dat.

Unsupervised Hierarchical Clustering: Dendrogram
Another commonly used unsupervised algorithm for clustring data is a dendrogran.
Like k-means clustering, dendrograms are created from a simple hierarchical algorithm,

tuth s known. Hierarehical clustering methds are generated ither from & top-down or
batom-up approach. Specificall, they are one of two types

Agglomerative: Each data point x; isits own cluster iniially. The data is merged in pairs

edinto s cluster This is the in hierarchical

clusteing.

Divisive: In this case, all the observations x; are intially part of a single giant cluster. The

the alzorithm stops according to & user specified objective. The divisive method can split
the data unil cach data point i ts own

In genrl the mring and spltin of s s ssomploed wih 3 e, ey
algorithm which is casy t execue computationally. The results of hierarchical clustering
re vy preseed 4 dendogra,

05 ®
0 o
°
2 0 2 4 6
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1 . iteration 1 iteration 2
K O
4
3

@ iteration 3 @ iteration 4

§~ g

Fgures 1

merged poits

In this section, we will focus on agglomerative hierarchical clusering and the dendo-
B. Like the | buildi

the dendropram proceeds from a simple algorithmic structure based on computing the
distance between data points. Although we typicaly use a Euclidean distance, there are
 number of important distance metrics one might consider for different types of dat.
Some typical distances are given as follows:

Euclidean distance I, ~ xcl 140

‘Squared Euclidean distance [x; — x¢ 3 (5.14b)

Manhattan distance Ix; ~ .l G140)

Maximum disance %, ~ xcll G.140)
s

Mahalanobis distance /x, — 07 €1 (3 —x0) G140)

where €1 i the covariance matrix. As already illusirated in the previous chapter, the

be exploied for clustering and classificaion.
Fi

poinis x; Enclidian
distance), i) the closest two data points are merged into a single new data point midway
inal ints.

-1
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B

“The algorithm continues untl the data has been hierare
point.

Fgwos1a

Jevelofhreshold.

merged into o single data

from MATLAB.
Fig. 5.12 shows the data under consideration. Visual inspection shows two clear clusers
thatare asily discernible. As with k-means, our goal i 0 see how well a dendrogram can
extractthe two clusters.

oo Dendrogram for unsupervised clustering.

)
endrogran (%, 100, Threshold’, thresh) |

45 X2(1650,4)1 5
¥2 = paist (13, euclideant ) ;
R
Chreshoo.85emax(z(:,3)

Fig. 5.14 shows the dendrogram associated with the data in Fig. 5.12. The structure of
the alzorithm shows shich points are merged as well a the distance between points. The
threshold command is important n Iabeling where each point belongs in the hierarchical
scheme. By seting the threshold at difrent level, there can be more or fewer clusers
i the dendrogram. The following code uses the output of the dendrogram 10 show how
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w
2
0

Fipure 15 Clusering outcome from dendrogram rousine. This i  summary of Fig. .14, showin

0

o each of the points
512)should

o o ht ey e o e e ol o 1 o e et The st 30
o do o i, 1 T i apor i

quadrant

1 cluster and the

the data was abeled. Recall tht th frst 50 dat
Second 50 data poinis are from the magenta clustr,

points are from the g
ot 59 Dedrogram labels for cats and dogs.

10 100, 150
©(1s0.5 50.51,

so1,'x
to 100]

Fig. 5,15 shows how the data was clustered in the dendrogram, If perfect clusterng had
been achieved. then the first 50 points would have been below the horizontal dotied red
line while the second 50 points would have been sbove the horizontal doted red lne. The
vertical dotted red fin is the line separaing the green dots on the left from the magenta
dots on the right

The following code shows how 3 greater number of clustes are generated by adjusting
the threshold in the dendrogram command. This is equivalent o seting the number of
clusters in k- ereater than two. Recall
to compare with when doing unsupersised clustering, so tuni
important

the threshold becormes

e

0. 25umax 2(
i or

a0
Xt
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i Fig.
e s o e s dove coer e et

. 5.16 shows a new dendrogram with a different threshold. Note that in this case,

provide a
method whereby data can be parsed automatically into clusters. This provides a siarting
point forinterpretations and analysis in data mining.

“The third unsupervised method we consider is known s finite mixture models. Often the
models are assumed to-be Gaussian distributions in which case this method s known
s Gaussian ixture models GMMD, T busic assumpion in Y s method i tht o

Like k-means and hierarchical clustering. the GMM model we fit o the data requires that

that best it the data especially useful since the assumpion that each mixture
model has a Gaussian disribution implie that it can be completely characterized by 1o
parameters: the mean and the variance.
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“The algorithm that enables the GMM computes the maximum-likelibood using the
amous Expectation Mosnicron (EVD asortm of Dempr, L and Rubin (145

.t the algorithm finds a local which
estimtes the true parameters that cannot be diretly solved for. As with most dats, the
abserved data involves many latent or unmeasured variables and unknown parameters.
Regardi

ble i I guess. The EM

distibutions. The algorithm then recursively updates the weights of the mixtures versus
the parameters of each mixture. One alernates between these two uniil comergence is
achieved.

In any sueh teration scheme, it is not bvious that the solution will converge, or that
the soluton is goo, since it typicaly falls into a local value of the maximum-fkelihood.
But it can be proven that in this contex it does converge, and that the derivativ of the
kethod iy clow 0610t it W n o st e pont

156111 . withno

For example, one of found by EM ina.

mixture model
Cqal 1o an o he e o, Crons-vaidton o e sl some of the common
i gues;

Fx.0) =Y ap f(x). ©,) (515)

Where () is the measured PDF, £, is the PDF of the mixture f, and  is the totl
number of mixtures. Eachof the PDFs /() is weighted by a (a1 + 0 + n

par ),
models more precisely then: Given the observed PDF f(x;. ), estimate the mixture
weights @, and the parameters of the distribution @, Note that © s a vector conlaining
all the parameters ©,. Making this task somewhat easier s the fact that we assume the
form of the PDF disuibution /, ().
For GMM, vector @, S

mean 1, and variance . Moreover,the dissibution f, () is normally distribated so that
(5.15) becomes

18,00 = YNy 7). 516

“Thus once one assumes a number of mixtures &, then the task is 0 determine c, along
with s and g, for each mixture. I should be noted that there are many other distibu-
tions besides Gaussian that can be imposed, but GMM are common since without prior
Knowledge, an assumpion of Gaussian distributio is typically assumes
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An esimateof the etond
ctimate (MLE) o Fisher. The MLE computes the valu of @ o te ks of
e
e 7
Lo s
e the o ikclhoodfontion L i
L©)= 3o 1x,10) 19

and h

when the derivative is ero, produces a local maximizer. This maximizer can be computed

form,

. hisestinatecan b usd to stimate

@ y(5,.0,)
o

whih s the poscrior robabilty of component membershi of ;i the pih disribution,

Inotherwords,doe , belong othe pihmixtur? The .sip f the EM algorithm uses his

posro compe ks For ML e dgrm s s oo Gven

il parametiztion of @ and .

%0, ©)

519

Ny ol
N 07
With an estimated postrio probabilty, the M-step of th algoritun then updats the

paramters and mixture weights

@) 20

=15 ) 21
G o)
s ym(,‘_,,:.,)(x ) o
Tian®)

e e s 54 i b omren e oo b e prm
Memated uni comergencs itk a spcified tolerance, Recall

10 itz e lgorim. the numbr o mintre models k st b spcied snd

E- and M.

The GNM is popar since i sinply s & Gasian disiatons (0 . i i
reasonable learning. The G

e thn st amprsd mthos 3¢ o & means and s st s
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FiureS17 GMM it of
image data.

simply delfined as algorithms. The primary assumption in GMM i the number of clusers
and the form of the distribution ().

model on the second and
nens of the dog and cat wavelet image data introduced previously in Figs. 5.4-5.6. Thus
The

fitgmist command i used to extract the mixture model
ot 10 Gausian mixture model forcas versus dogs.

dogeat=y(:,2:2:4)
Giiodel=Fitgndist (dogeat,2)
10 Ghihoded . A1C

aubplot (2,2,

wm,,w,mﬂ *2)paf (@iiodel, 1 x21)) 5
bplot(z,2,2)

eEmosh (s (i 12) pa (G, 33 x21)) 5

The resuls of the algorithm can be plotted for visual inspection, and the parameters
fical

along with the mean in each of the two dimensions of the feature space. The following is
isplayed to the screen.

sixing progorcion: 0.355838
oese 0lons

Conponent 2
Mixing proportion: 0.644465
Mean: | 0.0756  0.0076

ic

of mixtures required to describe the data
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rea [, .

rca, o
°

poor discrimination
optimal projection

Figure’.18 lussation oflineas discriminantanalysis (LDA). The LDA optimization method
The igure

functons in sn optmal way:

Fig. 5.17 shows the results of the GMM fittng procedure long with the original data
of cats and dogs. The Gaussians produced from the fiting procedure are also illustrated.
“The fitgmdist command can also be used with cluster 1o label new data from the feature
Separaton discovered by GMM.

Supervised Learning and Linear Discriminants

‘We now twm our attention to supervised learming methods. One of the earliest supervised
methods fo of isher in taxon-
omy (1821, His linear discriminant analysis (LDA) is 6l one of the standard technigues
for classification. It was generalized by C. R. Rao for multi-class data in 1948 [446]
“The goal of these algorithms i to find a lincar combination of features that character-
izes or separates two or more classes of objects or events in the data. Imporantly, for
this supervised technique we have labeled data which guides the classification algorithm,
Fig. 5.18 illustrates the concept of inding an optimal low-dimensional embedding of the

“The LDA algorith

of points. This then makes classfication easier because an optimal feature space has been
selected,

“The supervised learning architecture includes a trsining and withhold set of data. The
withhold set is never used o train the classifie. However, the training data can be par-
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titoned into A-folds, for instance, to help build a betier classfication model. The last
chapter deails how cross-validation should be appropristely used. The goal here is to
cision about how 10 clasify data

are comsidered and projected onto new bases. Inthe et figure,the projection shows that
the data is compltely mixed, making it i separate the data. In the right fizure,
which is the ideal charicature for LDA, the data are wel separated with the means oy
2 being well apart when projected onto the chosen subspace. Thus the goal of LDA
s o-fold: find  suitable projection that maximises the distance berween the inier-class
data white minimizing the intra-class data
two-class LDA, this esults in the following mathematical formulation. Construct
a projection w such that

wSpw
o 522
W Spw 62

a and within s S
Sp — uz — )" (5.23)
R ) 3 e 29
e datasts s well
29
ner
: lrea
S e ot i NATLAD

Perorming an LY \

G Tor ] = 1,2, withcoresponding labels ;. the lgorthm will i an opimal

classification space as shown in Fig. 5.18. New data x; with
Ctdt st duced i he fetresecton of i chipter. Speccaly, e comsidr he
dog and cat images in the wavelet domain and label them so that y; & (1] (y; = 1is &
dog and y; = —1 is a cat). The following code trains o the first 60 images of dogs and
cats, and then tests the classifier on the remaining 20 dog and cat images. For simplicity.

betsieen dogs and cats (See Fig. 5.5).

Gode 11 LDA analysis of dogs vrsus cats.

n(eD())) 5

xtraine(v(1:60,2:2:4); v(81:140,2:2:4)1 5
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Labelsy, € {+1}
Wavelet
Images

dog (+1) = cat (1)

Raw
Images

Fguos1o

3 i+l
20 negativ ones.

vectorof 20 ones followed by

- (ones (60,1); ~Leones (69,1)]
Cenee v (61:80,3:204); v{1411160,212:4)]
class-classity (cest, xtrain, label) ;

Eruche[ones (20,1); ‘Leones(20,1)1;
E-100_sun(0.5+abs (c1ase-truch) ) /104100

est: the

Note that the el smand in MATLAB takes in the three matrices of inte
raining data, the est data, and the labels for the training data, Wh is produced are the
o line for online

el for the tet set. One can also extract from this command the decis

use. Fig. 5

$ d fourth PCA modes wh
as shown in Fig. 518, The returned labels are cither 1 depending on whether cat o dog
i Tabeled. The ground ruth labels for the test data should return a +1 (dogs) for the first
20 test sets and a 1 (eats) for the second test set, The accuracy of classificaton for this
realization i 82.5% (2120 cats are mislabeled while 5/20 dogs are mislabeled). Comparing
the wa

good.
420 dogs e i
e data s faily Timited and cross-validation should always be performed to
st the s e followingcod s 00 ialsof the sty comma where
selected and tested against the 2 20 images.

Of cour
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Gote 12 Cross alidarion ofthe LDA anslysis

ndzcex2(61:80) 460

)5 viingz,2:2:4)1;
(indze,2:2:401;

Luones(60,1)]
1ucnes (201115
CEratn)} /4041005

Fig. 520 shows 100 rals. ariabiliy tha
ecifcal; 1006, but canalso be

as low as 40, which is

line) s around 70%. Cross-validation, as unm highlighted in the regression o
ertcal for estn

chapter, is
 robustifying the model. Recall that the methods for producing &
classifier are based on optimization and regression, 5o tha allthe ross-validation methods
can be ported o the

cring and elassification proble.
In addition 10 a linear discriminant line, 4 quadeatc discriminant line can be found
o separate the data. Indec, the classify command in MATLAB allows one 1o not only

he following

Average

Accuracy

0

30

20

0

X 20 0 80 100
Trials

Figure 20 Performance of the LDA over 100 il Notethe variaily thatcan occur in the

classifer e
importance ofcross-vlidation forbuild

robust clasiicr.
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commands are used 1o produce labels for new data as well as the discrimination line
between the dogs and cats

odo 13 Ploting th linear and quadetic discimination lncs.

subpien(z 2,3)
=

Cowni(Ix y1s) v x vl 2)
30.21);

Fig.521 4

them. This 4 hich i returned
with classify. The quadratc line of separation can often offe a e more flxibility when
e
1o compute. Thus,they a
of the sciences for clasifcation of dta

suunnrt Vemr Machines (SVM)
One of st successful data mining methods developed to date s the support vector
echine GVhE - core chie Tearning (ool that s used widely in industry and
science, often providing results that are bettr than competing methods. Along with the

With enough training data, the SVM can now be replaced with deep neural nets. But

02

01
rCA,

o
9 o1
02

03
01 0__ 01 02 01 001 02
PCA; PCa,

Figure21 Clasification lin for s inear disriminant (LDA) and () quada

dut a given taining
sample.
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otherwise, SVM and random forest are frequently used algorithms for applications where
the best clasification scores ae r

“The original SVM algorithm by Vapnik and Chervoneriis evolved out of the sttistical
learning lterature in 1963, where hyperplanes e optimized to splitthe data into distnct
clusters. Nearly three decades laer, Boser, Guyon and Vaprik created nonlincar classfiers
by applying the Kernel trick to masimum-margin hyperplanes [70]. The current standard
incarmation (soft margin) was proposed by Cortes and Vapnik i the mid-1990s [138],

Linar SUM
“The key idea ofthe linear SVM method i to construct a hyperplane

Woxth (5.26)

» perplane. Fi

tial hyperplanes spliting a set of data. Each has a different value of w and constant b,
“The optimization problem associated with SVM s (o ot only optimize a decision line
which the data, lrgest margin
between the data, shown in the gray region of Fig. 5.22. The vectors that determine the
boundaries of the margin, ie. the vectors touching the edge of the gray regions, are termed
the support vectors. Given the hyperplane (5.26), a new data point x, can be clasifed by
simply computing the sign of (w - x,+5). Specificall, for classification lbels y, € (1],

woxth=0

wexHh=0

@ Woxth=0
°®
<} o*®
woxh<0® ®
T ]
°
"~
margin L
‘margin
52 y
in @) and
muches i 0. nd .

i < (i ight o
30 3;-+) = Sgn(w - x;-+5). So nly the s of w x5 s 1o be determined inorder 0
{abelthe da.
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the data 10 he left o right of the hyperplane is given by

i x+h) s2m

magenta bl
ball,
“Thus the classifir y, is explicitly dependent on the position of .
Critial 10 the success of the SVM is determining w and b in a principled way. As
with all machine learning methods. an appropriate optimization must be formulated. The
opimization is aimed at both minimizing the number of misclassfid data points as well

as creating the largest margin possible. To constructthe optimiztion objective function,
we define aloss function

e x 0 ity = signtw-x,+6)
g =ty sgnn s = {1V ZSRRNE o
Stated more simply
0 i datais coneetly labeled N
‘o 1 ifda i ncorretly labeled 62
uniy. ove m dat po
i the sum of the loss functions £(y,.5,).
In addition loss unction, [
as posible. We canthen frame the lncar SVM optmizaton problem a5
,
armin Y065+ I sbetio mnl vl =1 (530

Although this is a concise statemen of the opimization problem, the fact that the loss

optimize.
the solution. A more common formulation then is given by
.
.uﬂm;m,, $0+ I bt mn v =1 G530
ais theloss f nd H(E) = max(0, 1 — ) s calld a Hi

loss function. This is & smooth function that cous the oy
and that allows for
employed.

sber of erors in &

Although casily interpretable, linear classifers ae of limited value. They are simply too
restrictive for data embedded in & high-dimensional space and which may have the struc-
llustrated in Fig. 5.8

pace. To do this, ply map into
‘anonlinear, higher-dimensional space

X 00 53
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We can call the #(x) new observables of the data. The SVM algorithm now learns the
byperplanes that optimally split the data into distnet clusters in & new space. Thus one
now considers the hyperplane function

F0 =W b4 b 639
with corresponding abel y, € (1) for cach point (%))
This simple idea, o enriching feature space by defining new functions of the datax,is
a

» two
=l

of the data.

) e G )= Gz + ) (534

“This gives a new set of polynomsal coordinates in x, and 3 that can be used to embed
the data. This philosoph s simple: by embedding the data in a higher dimensional space.
itis much more likely to be separable by hyperplanes. As a simple example, consider the
data illustated in Fig. 5.8(0). A linear clssifer (or hyperplane) in the xi-x2 plane will
clearly not be able 10 separate the data. However, the embedding (5.34) projects it
three dimensional space which can be casily separated by a hyperplane as illusrated in
Fig. 5.3,

The abilit of SVM 0 embed in higher-dimensional nonlinear spaces makes it one of
e most successful machine learning algoritims developed. The underlying optimization
algorithm (5.31) remains unchanged, except that the previous labeling function §; =
sign(w. x;-+b) is now

5 = signw - 803, +h). 39

“The function #(x) specifis the enriched space of observables. As & general rul, more
features are bettr for classification.

Kemnel Methods for SVM

Despie its promise, the SVM method of building nonlinear classifers by enriching in
higher-dimensions leads 10 a computationally intractable optimization. Specifcally, the
arge number of additional feaures leads to the curse of dimensionality. Thus computing
the vectors w is prohibiively expensive and may not even be represented explicily in
memory. The kernel trick solves this problem, In this scenario, the W vector s represented
as follows

wePae) 530

where a; are parameters that weight the diferent nonlinear observable functions (x; ).
“Thus the veetor wis expanded in the observable set of functions. We can then generalize:
(533)10 the following

00 = Y0000 + b 61
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°

decision hyperplane

o Ml e ns 5810) using the varsbles
(i) e 3 ) in (5.34), A hyperplanecan now casily separse the

“The kernel funcion (479] i then defined as

Kixjow

@) 00 538)

‘Wit this e definition of w, the optimization problem (5.31) becomes

=
g Y 0.9+ 31 e 01 shicstto minfsw =1 (539)

where s the veetor of  coeficients that must be determined in the minimization
ess. There are different conventions for representing the minimization. However, in
this formulation, the minimization is now over @ inscad of .

Taylor
“ ct way [479]. The

ver computing the coordinates o the data in tha space, bt raher by simply computing
the inner products betseen all pairs of data i the feature space. For instance, o of the
‘most commonly used Kernel functions are

Rl b ncions (RBEY K800 (—ylh 1Y) (5400
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Palynomial kemel: K (x;,%)=(x; -x+ )Y (5.400)

where N is the degree of polynomials 1o be considered, which is exceptionally large to

the disance between individual data points ; and the classification line. These functions
can be differentiated in order o optimize (5.39).

“This represents the major theorctical underpinning of the SVM method. T alows us
1o coniu ighe-imensioa s usin obserlsgenrted by kere ntions

25 of the kemel

as an option.

God 14 SVM clasiication.

aturess1:20;

xtraine [v(1:60, features) ; v(81:140, features)]

Label- fones (60,1); -1rones(s0,1)1;

Ceat- [v(61:80, features) ; v(141:160, features)] ;
-lones (20,1); -1eones (20,1)]

a1 - Eiteam strain Laber)

test_labels = predict (Nl test) ;

= fitcemixerain, Lavel, Kerno
teat1abe odict (Wal, test) ;
Qua1 - crossval (na s en
Classioss = koldLoss (cHdl) § conpu

Not that in this code e have demonstrated some of the diagnostic features of the SYM
B,

with training. This is  superfiial treatment of the SVM. Overall, SVM is one of the most
sophisticated machine learning tools in MATLAB and there are many options tha can be:

Classification Trees and Random Forest
Decision trees are common in business. They establish an algorithmic flow chart for mak-
ing decisions bused on crteria that are deemed important and relaed to & desired out-

the workflow
involved in the decision making process. Decision tree learning provides a principled
method based on data for ereating a prediciive model for classification and/or regression.
Along with SVM, elassification and regression trees are core machine learning and data
mining algorthms used in industry given their demonstrated success. The work of Leo
Breiman and co-workers [79] established many of the theoretical foundations exploited
today for data mining.
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dendrogram hicrarchical clustering previously demonstrated. I this case, o goal s ot
o move from bottom up i the clustering process, bt from top down in order 0 create the
best splits possible for classifiation. The fact tht it s a supervised algorithm, which uses
Iabeled data,allows us to spit the data accordingly.

There are significant advantages in developing decision tres for classification and
reeson: ) hey oflcnproduce bl sl thatcan be rpticly diplaycd

making them easy 10 interpret even for nonexperts, (i) they can handle numerical or
caegorcldts squallywel G theycan b sl vl o st e il
of the model can be assessed, (iv) they perform well with large data sets at sci o

the algorithms mirtor human decision making. again making them more n\xelvmmble and

e success of
of innovations and algorithms for how o best split the data. The coverage here will be
limited,
Recall that we have the following:

dua fxj <R jezi= (120 m) a1
abels [y, € (£1). j €7 € 7) 410)

“The basic decision tre algorithm is firly simpl: () scan through cach component (fea-
) 0 1) ofthe vector x; to idenify the value of ; that gives the best
e

/. The feature giving 1
i)

individual o K
aleaf, on anew branch of the ree. This i essentially the inverse of the dendrogram

consider the Fisher 5.1 For this data, each
flower had four features (petal width and length, sepal width and length), i three labels
(setosa,versicolor and virginica). There were flty flowiersof each variety for a total of 150
data points. Thus for this data the vector x; has the four components

sepal width (s420)
sepal length (5420
x5 = petal widih (5420)
petal lengih. (5420

“The decision tre algorithm scans over these four features in order 10 decide how 10 best
Split the data. Fig. 524 shows the splitting process in the space of the four variables x1
through xy. Iiustrated are two data planes containing 11 versus x; (panel (b) and 13
versus i (panel (a). By visual inspection, one can see tha the x5 (petal lengih) variable:
Inf;
5 = 235, No further spliting is required (o predict setosa, a this irs spit s suffcient
The variable s then vmvldm the next most promising splitat x; = 1.75. Finally, a third
splitis perform 5. Only three split are shown. This process shows that the
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split 1
6
HE z [w o setosa
. 25 @ versicolpr
r 5 o virginic}
H b5 4 oal
ER 3 °
3 H
2 g
g T ol
[
o 4 6
4, petal width (cm) 1, sepal width (cm)
[
et Ech v o o
e b conetclsaton o e il s he . The bl 1 = 25 rovides
et 5
s o s
i,

versoor vighica

Fgueszs
areconducted,creating aclassfcation e tht produces a clss eror of 4675

are elear visible. My the xy and
Fig

for Fig. 5.24

The following code fits 4 tree (o the Fisher irs data. Note that the fitctree command
allows for many options, including  cross-validation procedure (used in the code) and
parameter tuning (not used i the code)
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n of Fisher s da,

Gote15 Decision ree el
Toud tiaheriria)
tree-titctree (mea, species, Haxtunspl
view(tres. mmxm, Mode! " graph' ) ;
ClassError = kfoldloss (cree)

tar,3, Crosaval’,“on’)

e resulis of the spliting procedure are demonstrad in Fig. $.25. The view command
active window showi ructure. The tree can be pruned and
The cl

senerates an

the Fisher irs data is 4.67%.

dogs
P wavelet images. The
ot 16 Decision re classfction of dogs verss s,
ioad dogpace_una
dog wave cat.
e wizsvaico msen (e}
feacure
Lnc 121,80, Features) ; v(81:140, features)!
ones (60, 1
(s (141:160, features) ] ;
Erathe lones (20.1)5 -1sones (20,1)15
AL - Elsceres erain, abel Maxtunsplice 2, Crosstale on')

cla - kfoldLoss (wal
vmmm Trained(1}, ‘Wode’ ‘grapn’);
keolaLoss (ual}

Fig. 526 shows thersuling lssifcaton e, Not tht the decision uss eaing alo-
first to spl along the x2 and x;

P since show them to
be more distinguishable than the other PCA components (See Fig. 5.5). For this splittng,
which ross-validated,the clas error achieved is approximately 16%, which can
be compared with the 30% error of LD,

we consid
ode shows some important uses of the classification and regression tree architectue. T
particular, the variabl

B. The following

Inthis case, Ths,
M
ted, as shown i Fig. 5.27. "
of the tre architectur.
ot 17 Decision rce classfcation of census dta.
10a censumions
sdultdacals, [ aser, orkclass: education mun,

1_statue’,‘race’ ' sex’, 'capital_gai:
el o Hours_ par. week: - saliEy D)
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2= 00450372

x4.<00199106 4G >- 00199106

Fgwreszn b

spprosimatly 165

AL = fitctree(X, salary’,'Pr Selection, curvature’,

Surzogate’, on’)

imp - predictorinportance (Wdl) ;

bar (inp, *Faceco
ticle( bredictor I
ylabel (‘Estimates’) °
h.XTicklabel = dl.Predictorianes;
n_XTickiabelRotation = 45;

As with the SVM algorithm, there exists a wide variet of tuning parameters for classi-

fication trees, and this s a superfcial treatment. Overall, such trees are one of the most

Sophisticated machine learing tools in MATLAB and there are many options tha can be:
metris.

Random Forest Algorthms.
Before closing this section, it s important to mention Breiman's random forest [77] inno-
vations for decision learning tres. Random forests, or random decision forest, are an

since the decision trees created by splitng are generally not robust 1o different samples
of the data. Thus one can generate two significantly different classification trees with
o subsamples of the data. This presents significant challenges for cross-validation. In

The

* habitof
cation.

thus providing a more robust framework for clssi
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ing and bagging. These will not be considered here except to mention that the MATLAB
acree cxpo many o thes echigues through 1 opton. Oy 1o ik abut
o 1 riin oo o oty dts s of ey 1o classy . Random
i
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59 Top 10 Algorithms in Data Mining 2008

chapter
ods available for the analysis of data. Although the algorithms are now easily aceessible
through many commercia and open-source software packages, the diffculy is now eval-
uating which method(s) should be used on a given problemn. In December 2006, various
‘machine leaning experts attending the IEEE. International Conference on Data Mining
(ICDM) identifed the top 10 algorithms for data mining S62]. The identifid algorithms
where the following: C4.5, k-Means, SVM, Apriori, EM, PageRank, AdaBoost, kNN,
Naive Bayes, and CART. These top 10 algorithms were identified at the time as being
among the most influential data mining algorithms in the rescarch community. In the
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sy s, gt was bty descibed o with i impt o o

Leuming, ssociton snayi, and ik mining, hich sl smons o important
it n duta miing s ad eclopc.Isingy decp sin s sl
neworks, which are the topic of the next chapter, are not mentioned in the artcle. The
Iadscape of dtsience wouldchang sigicandy n 2012 it the mageNET. vl

neural networks began to d meaningful metric
for classfication and regression accuracy.

Inthis section,
ructureofeach Many of them have sl been coered i this chaptr This I s not
exhaustive, nor does it ank them beyond their inclusion in the top 10 st Our objective
is simly o ighligh whs v considerd by thecommntya e sateoftheart i

his
chapter

K-means

i o ofhe wkls spend . s ety demoistd. e sl
of & k poinis. By

ofthe & o Jgorithm iterates 1

e bemans. T o e MATLAB comean 2 ollovs
Il riabels, cencers] sknaans (x, k)

“The means command takes i data X and the number of prescribed clusters £. It returns
labels for each point labels along with their location centers.

EM (mixture models)

s il e he scsund W gt o v inig. e
assumption underlying the miture models s that the observed dat s produced by
ixre ofdiflnt protailty disibuton fncions whese welghings s unkow

(m) algorithm. The structure of the MATLAB command is s folows.
Il Mode1-eirgnatot (x, k)

where the fitgmaist by defuult fits Gaussian mixtures 10 the data X in & clusters, The
Model output i 4 structured variable containing information on the probability distibu-
tions (mean, variance,etc.) along with the goodness-of-i.

Support Vector Machine (SVM)

One of the most powerful and flexible supervised leaming algorithms usd for most of
he 90 and 2000, the SVM is an exceptionl of-the-shell method fo classfcation and
vegresson. The i ide: projet he daa nto higher dimensions and splitthe data with
hyperplanes, Criial to making his work i practice was th keel tic for efficienty
valuating inner products of functions in higher-dimensional space. The stucture of the
MATLAB command i s ollows

Il Model - itcavm(xtrain,label);
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Il test_labels = predict (Nodel, test);

Iabel,
it produces  structured output Model, The structured mnhem:\hﬂw\gwnmhz
pradic commind 1 ke et dt e poduce e (s, Ther et many

methods.

CART (Classification and Regression Tree)
f e last section and " powerful
echnique of a y was ta splt the d led

ot oo s vkl 3 e o e bchs of e e s T
structure of the MATLAB command is s follows

roo (xtrain, Label) ;

i prduces st oupa . s sy optons nd ing s foc
ttree, of the best off-the-shelf methods.

k-nearest Neighbors (N)

“This is perhaps the simplest supervised algorithm to understand. I i highly interpretable
and easy to execute. Given 2 new data point x; which does not have a label, simply find
the k nearest neighbors x; with labels. ;. The label of the new point x; is determined by &
‘majorty vote of the KNN. Given a model for the data, the MATLAB command to execute
the kNN scarch i the following.

Il label = knnsearch(Mal, cest)

where the knnsearch uscs the Mal to fabel the test data test.

Naive Baye
“The Naive Bayes algorithm provides an inuitve framework for supervised leaning. It is
simple to consruct and does no require any complicated parameter estimation, similar to

Iy m pon Bayes d

onditional probabiliies. Thus one can estimate the label o a new data point based on the
prior probabilty distributions of the labeled data. The MATLAB command structure for
constructing a Naive Bayes model isthe ollowing

fitNaiveBayes (xtrain, 1abel)

vhers e caiveBayescommand s i bl alning dats dencsd by e
todel. The sed with

P .mdm o o e ot

AdaBoost (Ensemble Learing and Boosting)
AdaBoost is an example of an ensemble learning algoritm [188]. Broadly speaking.
AdsBoost is a form of random forest [77] which takes into account an ensembie of
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decision tree models. The way all boosting algorithms work is (o first consider an qual

o how diffcult they are to clasify. Thus the algorithm focuses on harder to classify data.
Thus a family of weak leamers can be trained 10 yield a sttong learner by boosting

upon a seminal theoretical contribution by Kearns and Valiant [283]. The structure of the
MATLAB command is s follows

Il ada = fitcensenble (xtrain,label, ‘Method , 'Adaoosthl )

where the ftcensemble ct
i

s one of the most powerfultechnidues [189]

amand is a general ensemble learmer that can do many more

4.5 (Ensemble Learning of Decision Trees)

1R, Quinlan (44
441, At core, the algorith splits the data according to an information ent e
Inits latest versions, it supports boosting as well as many other well known functionalites
o improve performance. Broadly, we can think of this as a stong performing version of
Jgorithm highlighted with AdaBoost gives &
i acas

Aorort Agorktan

ps Aot algoritn. he o 0 nd et s o Amwuxh i may
sound i

s The Ay
provides an effcient algorithm for inding frequent itemsets using a candidate generation
architecture 4. This algorithm can then be used for fast learmin of associate rules in the
data

PageRank
“The founding of Google by Sergey Brin and Larry Page revoled around the PageRank
algorithm [82]. PageRank produces a sati ranking of variables, such as web pages, by
computing an off-lne value for each variable that does ot depend on search queries. The
PageRank i associated with graph theory as it orginally interpreted a hyperfnk from one
page (0 another as a vote. From this, and various modifications of the original algorithm,
ne can then compute an importance score for each variable and provide an ordered rank
list. The nurmber of enbancements for this algorithm is quite large. Producing accurate
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e etworks (NNS) wers i by the Nl prie wining ik of el und

Wiesel on the primary visual cortex of cats [259]. Their seminal experiments showed

that neuronal networks were organized in hicrarchical laers of cells or processing visual

stimulus. The first mathematical model of the NN, termed the Neocognitron in 1980 {193

had many of the characteistic features of today’s decp convolutional NNs (or DCNNs),
i

“The recent success of DCNNs in computer vision has been cnabled by o critical com-
ponents: (i) the continued growth of computational power. and (i) exceptionally large
beled da ke advantage of the power of  deep multi-ayer architeeture.
Indec,altough he sl inceptonof NNs i an ot four-decade s e
analysis of s and
deep leaming [324]. Prior to this s, wers s of iy sl with
spoinalyen of howands of bced imags, Inages ided ot 15 il
labeled, high-fesolution images with over 22,000 categories. DCNNs, which are only
ot cstegry of NN, o aince anfomed th e of compies v
every meaningful compy

sets which

for elassification and identfication
Ithough ImageNet has been criically enabling for the field, NNs were textbook mate-
il i the early 19905 with a focus typically on 4 small number of layers. Critcal machine
earning tasks such as principal component analysis (PCA) were shown to be intimately
tanily, there were a num.-
ber of criical innovations which established multlayer feedforward networks as 4 class
of universal approximators [2551. The past five years have seen tremendous advances in
NN architectures, many designed and tailored for specific application arcas. Innovations
have come from algorithmic modifications tha have led to significant performance ins
in a varety of felds. These innovations include pretraining. dropou, inception modules.
data augmentation with virual exampls, batch normalization, andfor residual learning
(See R, [216] for a detailed exposition of NNs). This is only  partial lst of potential
algorithmic innovations,thus highlighting the continuing and rapid pace of progress n the
field. Remarkably, NNs were not even listed as one of the top 10 algorithms of dta mining
in 2008 15621
data sets make it perhay
of scientiss and engincers.
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As alrcady shown in the last two chapters, all of machine learning revolves fundamen-
ional funci

argmin (fu (Ao oAz, (A1) )+ ag(A)) ©1)

which i often solved using stochastc gradient descent and back propagation algorithms.
Each matrix A
layer I is a massivly underdetermined system which i regularized by 2(A,). Composi
tion and regulrization are critical for generating expressive representations of the data

and preventing overfiting, respectively. This general optimization framework is at the
e o deep e sortome,and s alton il be condred i s <haptcr
Importantly, NNs have significant potential for overfting of data so tha cross-validation
must be carefully considered. Recall that i you don' eross-validate, you is dumb.

Neural Networks: 1-Layer Networks

“The generic architecture of a multi-layer NN is shown in Fig. 6.1 For clasification tasks,

the goal of the NN i t0 map a st of input data (0. clasifcation. Specifically, we train the

NN p the data ¥ As shown in Fig. 6.1, the input

space has the dimension of the raw data x; € R”. The output layer has the dimension of
12 the output layer

the ollowi
xmmamxy, o can oot e e gt b of desgn st ating
NN What the layers? How
hould the outpt yer e d:slgned’ Stould one s ll -l o spaied comecions
layers? How between layers be. mapping

or & nolicar mapping? Much ke e tuning optons on SVM and casification ees,

Initially, we consider the mapping between layers of Fig. 6.1. We denote the various
Iayers between input and output as x4 where  is the layer number. For a inear mapping
between layers,the following relations hold

A= A 62
N = A ©20)
y= A 629
e be

represented as
At ©3

M
data and the output Iayer for a linear NN i given by
Y= AuAu-r A ©

This i generally  highly underdetermined system that requires some constrints on the
Solution in order t0 seleet  unigue solution. One constrsint is immediatly obvious: The
‘mapping must generate M distinct matrices tha give the best mapping. It should be noted
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X x@

Input Layer x
Output Layer y

Figure 1 lustration of & earal net archiecture mapping an input ayer X 0 n owpu ayery. The
i matices

e
A o Allvough he
ayerx € R sk

“The number of ayers and

frecdom in buiding 4 good classfer.

of functional responses due to the limitations of the lincarity.

Nonlinear mappings are also possible, and generally used, in consiructing the NN,

Indeed, nonlinear actvation functions allow for  richer set of functional responses than
Inthi i be

X = i ©59)
o) (©3b)
¥= filsx?). ©30)

Note that we have used diferent nonlinear functions () between layers. Ofien a single:

the data between input and output over M layers, the following i derived

Y= S A AL ) ©6)
which can be compared with (6.1) for the general optmization which constructs the NN.
As a highly underdetermined system, conszaints should be imposed in order 1o extract
a desired solution type, as in (6.1). For big data spplications such as ImageNET and
computer vision tasks,the optmization associated with this compositional framework is
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expensive given the number of variables that must be determined. However, for moderate
ed networks

dboth

covered in late sections.

A One-Layer Network
“To gain insight into how an NN might be constructed, we will consider asingle layer net-

was considered extensively i the previous chapter. Recall that we were given images of
dogs and cats, or a wavelet version of dogs and cats. Fig. 6.2 shows our construction. To
‘make thi as simple as possibe, we consider the simple NN output

¥

(dog. ca

-1 ©n

which Iabels each data vector with an output y € (1], In this case the output layer is
a single node. As in previous supervised learning algorithms the goal is to determine &
‘mapping so that ach data vector x, is labeled corectly by ¥,

‘The casiest mapping is 4 lincar mapping between the input images x; & B and the
output layer. This gives a lincar system AX = Y of the form

o
AX = [ @ UH][X\ X, ]:H! +1 1 -1] (68)
[
Input Layer x Perceptrony ¢ {1}
+1dog
1cat

Figure 62 Single layernetwork fo binary clasifiaton between dogs and cats, The output layer for
ekl A

ouput =
rearession fo the matsx A mapping the images 1 lubel space
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where cach column of the matrx X is a dog or cat image and the columns of ¥ are its
corresponding labels. Since the output Tayer is a single node. both A and ¥ reduce to
vectors. I this case, our goal is 1o determine the marix (vector) A with components a;.
“The simplest solution i 1o take the pseudo-inverse of the data maix

A=vx ©9)

Of course, we
could also slve this linear system in a varity of other ways, including with sparsity-
promoring methods. The following code solves this problem through both least-square
iting (piny) and the LASSO.

Gote1 Ltaye, incar neural network
Load dogpata
150) cat_wave(:,
B1100) Catuave 610000}
i “1rones (80,101

pat; o dos_uave cat
50)

Aelabelupin(crain); test_label
subplot(4,1,1), bax (tast_Tabels)
subplot(,1,2), bar (3]
gure (2), subplot(2,2,1)
2,32)) 1 peolor(a2),

gn(ascest) ;

figure(l), subplot(s,1,3)
in.r,1

0.1

Figura a1, subplot(2,2,2
32)); poolor(az),

6.3 and 6.4 show the results o this inear single-layer NN with single node output
layer. Specificaly, the four rows of Fig. 6.3 show the output layer on the withheld test data
for both the pseudo-inverse and LASSO methods along with a bar graph of the 3232
(my pixels) weightings of the matrix A. Note that all matrix elements are nonzero in
the peudo-inverse solution, while the LASSO ighlights 4 small number of pixels that
an Clay th peurs 5 wll a5 o ll . Fi. 64 o e mats A o e
o solution srategies reshaped into 32 32 images. Note that for the pscudorinverse, the
weightings of the matrix elements A show many features of the cat and dog face. For
the LASSO method, only a few pixels are required tha are clustered near the eyes and
ears. Thus forthis single layer network, inerpretable resuls are achieved by looking at the
weights generated in the malrix

Multi-Layer Networks and Activation Functions

“The previous section constructed what is perhaps the simplest NN possibl. I was linear,
had a single layer, and a single output layer neuron. The potental generalizations are
endless, but we will focus on (wo simple extensions of the NN in this section. The fist
extension concerns the assumption of inearity in which we assumed that there s a inear
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(@) cats

(© cats

Fguess ey

lyerscorey € w
p

Afortne

lemens,thus suggesing the NN is highy sparse

Figure 4 Weightings o h haped The ows h

A computed by LASSO. Both matricesprovidesiilr classification scores on withheld daa. They
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transform from the image space (0 the output layer: Ax = y in (68). We highlight here

Y=/ ©10)

where /() opi
“The linear mapping used previously,although simple, does not offer the flexibiliy and
dard by

S =x — linear 6.11a)
-2 153 < wren o
R o

~ o

el D, (G119

s s

functions above is

ReLU. 0) = ReLUCx).
With a nonlincar activation functon /), or if there are more  hn one um then
standard linear

i g imensionl g whereeachanry of et A ncds o e ound hroggh
opimization. Even

without using specialty optimization methods. Fortunately, the two dominant optimiza-
tion components for training NNs, stochastc gradient descent and backpropagation, are

Multple layers can also be considered as shown in (6.4) and (6.50). In his case, the
A

P 2 A
in contrast o the linear case where only a single matri is determined A& = Ay - AaAy.
“The multiple layer

the M structure,

optimization
noninear anser s
MTLAB' s sk ol ch s Tt n i, s  vide e
ind comvenient Int
ollovin code we il i 4 NN 1o clovity beowesn dogs and et 4 i he e
cample. Hovever i s <o, we allow the sl ayr 1o hae  enea wanser
function that maps the nput 1o the output layer. The output layer for this example wil be
modified 0 the following.
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Half of the datais esls
The following code buikl a network ing the train ommand to clssify between our
images.

o2 Neural network with nonlincar tansir uncions

= [dog_wave(s,1 wave (:,1:40))

- ldoa, wu 141:80) cat_wave :,41:80)];

Tabe1<Tones 4011 seres (@,
Teres(45,1) omenleni i e

)
cansig’;

net = patternnet (2, ‘crains
net.layera(1).tranafericn

= traininet,x,label) ;
net)

poxt = pertorn(net, labsl, ) s
62 = veczind(y)

)i

In the code above, the patternnet command builds a classifcation network with two
oupis (612, I o opunizs wih e oo A ih 3 sl o
radens bckrpogaon. s neayers o allows s 0 gy e s Gncton,
o i cae byperbolc angen funcions (6114 The v (ae) command produc
diagnostic ool shown in Fig. 6.5 that summarizes the optimization and N

“The resuls of
are shown in Fig. 6.6, Specifically,the desired outputs are given by the vetors (6.12). For
boh the training.
raining images (40 cats and 40 dogs) and the 80 withheld images (40 cats and 40 dogs).
“The training set produces a perfect classifie using a one layer network with a hyperbolic

1),

and cats, yielding an accuracy of % §5% on new data.

diagnostic tool shown in Fig. 6.5 allows access to a number of features critical
for evaluating the NN. Fig. 67 is 4 summary of the performance achieved by the NN
training tool. In this figure, the training algorithm automatically breaks the data into &
raining, valdation and test set. The backpropagation enabled, sochastc gradient descent
optmizion g hen e hrough  unber o i pocs il he s
valida

validation. For this case, only a limited amount of data is sed for raining (40 dogs and 40
cats), thus making it Gfficult 1 achieve great performance. Regardless, as already shown,

66.
T e ol e uly bl with e NN g ko . 3
Fig. 67, the
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Neural Network

e —
= e
- .

T T

Aigorims

D Dision: Random (dvidersnd)

T S Conpne e (559

Petattene | Gl Ewtar asmroni]

Cacutuions.  ox

e

Epoc: 0 1000

Time

petomance: 0502 S| 000
1 0624 [ BSOT ] 100006

Gradient: Y
ValidationChecks: 00 |6
Plots

Performance

(plotperform)
Trining State (lotrainstate)
Error Histogram (ploterthist
Confusion

(plotconfusion)

Receiver Operating Characteristic  (plotroc)

Plot Interval

v Lepochs.

v

imum gradient reached.
@ siopTraining | @ Cancel

Figure 5 MATL

istogram and confusion buttons prodoce Figs. 6.7-6.9 respecticly

Jidation, and “This provide:

1l assessment
of the classifiation quality that can be achieved by the NN training algorithm. Another
view of the performance can be seen in the confusion matrices for he training, valdation,
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dogs

Training

=

g

E

El

=

40
Fiuess vectorsy = [y 1" s
100%

wileld et

and testdata. This s shown n Fig. 69, Overall, between Figs. 6.7 10 69, high-qualiy ding-
nosic tools are available o evaluate how well the NN is able o achieve ts clssification
task. The performance limits are casly seen i these fgures.

The Backpropagation Algorithm
As was shown for the NNs of th las two sections, raining daa i required o determine
the weights of the network. Specifically.the network weights are determined so a o best

regression and LASSO. This shows that at it core, an optimization routine and objective

function s required to determine the weights. The objective funciion should minimize

a measure of the misclassified images. The optimization, howener, can be modified by
i LASSO.

In practice, the objective function chosen for optimization is no the true objective func-
aproxy for

different objective functions for different tasks. Insead, one often considers 4 suitably
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Best Validation Performance is 0.0041992 at epoch 22

10°
£
e
H —
z
: w?
8

10

o PR

5
28 Epochs

Figure 7 Summary ofraining of the NN over a number of pochs, The NN arcitecture

maimun of

has only This e
Fig 66,

chosen loss function s0 a5 to appron mputational
il s il o wiing NN

ckpropagation algorith (backprop) explois the composiional nature of NNs
[k o optimization problem for determining the weights of the network.
Specifically,
(See Scction 4.2). Backprop relis on a simple mathematical principles the chain rule
for differentiation. Moreover, it can be proven th mputational time required to
evaluate the gradient is within a factor of five of the time required for computing the
actual function itself [44]. This is known as the Baur Strassen theorem. Fig. 6.10 gives
the simplest example of backprop and how the gradient descent is 1o be performed. The
input-to-output relationship for this single node, one hidden layer network, s given by

ate the true objective. Ullimately,

(f ). b ©13)

b

Ths given a function f() and g() with weighting constants a and b, the output error

©19)

!
E=300-
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Error Histogram with 20 Bins

Instances

o812
szt
0783
06839

Figure 8 Summary of the ertor performance of the NN architecture for raining, validaron and tes
e Fig 66,

where y i the correct output and y is the NN approximation 10 the output The goal is 0
find a and b to minimize the rror. The minimization reqires

A critial abservation is that the compositional nature of the network along with the chain
rule forces the optimization to backpropagate eror through the network. I particulr, the
terms dy/dz dz/da show how this backprop occurs. Given functions /() and g(.), the chain
rule can be explictly computed.

Backprop results i an ierative, gradient descent update rule

(©16)

(©16%)

where 3
¢ ! withall itrative

optimization, a good inital guess is critical 0 achieve a good solution in 4 reasonable
amount of computational time

Backprop proceeds as follows: i) A NN is specified along with a labeled trining sel.
i) The initil weights of the network are set o random values. Importanty, one must
o initialize the weights 1o zero, similar to what may be done in other machine learning
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Tolning Contuson Matex Vaiaston Contusion s

Targotciass

A Contuson atrx

output class

Targer ciass

winine.
inteactve tool o Fig, 66.

algorithms. I
neuron will be identical, because the gradicnts will be identical. Morcover, NN often get
"

ifferent random values. (i) The training data is run through the network o produce
i oty . whose il st ot s 3. The dervatvcs it cspet 1o cach
I

16.v)

‘As asimple example, consider he linear activation function

S = gi.a) = at. ©17

Inthis case we have in Fig. 6.10

©182)
(©185)
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N Fw,a) (2,0 v
(& - @ 7 Q@
input hidden layer output

v =g(f(x.0).5)

Figure 830 lusrtion ofthe buckpropagation lzorthm on  one-node,one hidden L
network

b

(7 (x ), ). By minimizin the erorbetwcen the cutput v and isdesired ouput
it

sl of the weights

‘We can now explicity compute the gradients such as (6.15). This gives

d
= b0 b (6.19)

—on-vear 619

0=

“Thus with the current values of a and b, along with the input-output pair x and y and
targettuth y
perform he update (6.16).

“The backprop for & deeper net follows n a similar ushion. Consider a network with 3
hidden layers labeled 2 10 2, with the frst connection weight a between x and 21, The
‘generalization of Fig. 6,10 and (6.15) s given by

(©20)

“The cascade of derivates induced by the composition and chain rule highlights the back-
propagation of errors that occurs when minimizing the classification error.

A full generalization of backprop involves multipl layers as well multiple nodes per
fayer. The generl o i ilstatd n Fig. .. The bjecie is 0 dtmine e
of network
o be updted Indeed,
Ns can thus
sl rom e cun fdmerionaly s ach i o one ayer o ol s

ol dimensional

of the matices A, llustrated n Fig. 6.1, then
Wer = w4 8VE ©21)

‘where the gradient of the error ¥ E, through the composition and chain rule, produces the
Jgorithm $

‘component-by-component way.
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9E
o ©2)
]

Wi,
where this equation holds for the jth component of the vector w. The term 3£/

produces the backpropagation through the chain rule, ic. it produces the sequential sct
of functions (0 evaluate 25 i (6.20). Methods for solving this optimization more quickly.

Perhaps the most important method is stochastic eradient descent which is considered in
the next section.

‘The Stochastic Gradient Descent Al

Tining s corks i computonally e de  the s of e N g

trained. Even NNs of modest size can become probibitively expensive if the optimization

Foutines used for training are not well informed. Two algorithms have been especially
backy

Backprop allows for an effcient computation of the objective function's gradient while

optimization methads for rining NN continue to provide computational improvemens.
ofthe

core architceture for building NN.

for nonlinear regression where the dat it akes the general form
70 = feB) ©29)

where  are fiting coeffcients used o minimize the error. In NN, the parameters § are
the network weights, thus we can rewrie this in the form

I

FAL AL A ©29)

where the A, are the conneivity maices from one layer o the next n the NN. Thus Ay
conncesthe st nd econd ayrs, and here ar M Hidden layer

T sl ofsnin the NN 1 1o s e sror bt henetvork snd e s
“The standrd root-mean square eror for this case s defined as

g E(As As. A = agmin 3/ A1 A )<y (625)

hichcan b minmized by stingthe el derivative with rspet 0 each mati con-

Ponet 260, - we e O = O where (e st 1 rowand i coumn

Oth i mati k= 1., 1. Rel st the 1 detat s i sne thre
oot

further that
as shown in Section 4.2, this leads (0 & Newton-Raphson iteration scheme for
finding the minima.

X108 = x; — 8V (x)) ©26)
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4 is a parameter determining how far  step should be taken along the gradient
ditection. In NNs, this parameter is called the learning rate. Unlike standard gradient
descent, it an be computatonally prokibitiv o compute an optimal leaming ratc.

Alhough the optnizaion ormlaton s iy conrces,ealuain (625 s ofen
‘computationally intactable for NNs. This due to two reasons: (i) the number of malrix
eihing e o ach A, it quite T, and (1 e umber of i poit 1
senerally also larg

To render the cm\\punlmn {629 okl st SGD doc ot st e -
dieat in (6.26) using all  data points. Rather, a singl, randomly chosen data point, o &
st fo o radint dsc, s 0 spproximate h st ach sep f U
teration. I this case, we can reformulate the least-square fting of (6.25) so that

EGA1 Az A

A ©21)

and

EeAr Az Aw) = (rlse A A Aw) = 30 (628)

where () is now the fitting function for cach data point, and the enies of the marices
A, are determined from the optimization process.

W18 = W) — 5V fi(w)) ©29)
where w; is the veetor of all the network weights from A, (j the jih
Thus instead

of computing the gradient with all n poiats, only a single data point i randomly selected
and used. At the next iteration, another randomly selected point is used to compute the

data to converge, but each step is now easy 10 evaluate versus the expensive computation
of the Jacobian which is required for the gradient. If instead of  single point,  subset o
points s used, then we have the following batch gradient descent algorithm.
Wyt() = W)~ OV [ ) (©30)
where K € [k, k. k] denotes the p randomly selected data poiats  used 0 approx-
imate the gradient
“The following code is a modification of the code shown in Section 4.2 for gradient
descnt. The oo s il kg i sbanplin of e it 1
oximate the gradient. Specif dient descent i illustrated with 3 fxed
eaming e of 5 = Tcnwmhnn:uscdwﬂwmxumlclhtgmmcnlollhcﬁmcnnnxl
each step.

o3 Stochastic sradient descent algorithm.

hi6; y--:hss; n-lengthix);
cohgrid(x,y); clear x, clear y

5-exp(-0.14 (34 (X-3) .24 (¥-3) . 2))) ¢
radiont (£, )

HH, 5-1.640xp(-0.054 (34 (X+3) .2+ (¥+3) .%2)) ;
51+ (0.

tarx, dry)
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X0-[8 0 -51; y0=[0 -5 215 colalxor, "hor, ‘o'l ;
for 33e1:3
o) dimeert(a1:30)

B Hiaziasao))

)
JEx (1, 12) %01,y (1) 5
12 aryiiLi2) )y )

enterpa (4112 V(41100 [ary 1110) 120y G
oy

LE Jasl; xlex; yloy; f1-£; end
Lok b e el
£31t; end

Fig. 6.1 shows the convergence of SGD for thre intal conditions. As with gradicnt

descen, the algorithm can ge suck in local minima. Howeve, the SGD now approxi

matesthe gradint with oy 100 poins nstcad of the full 10" poiats. thus allowin for &
Importanl

gorih

ey

2,

Figure 11 Stochastic gradientdescentappied 10 the function eaured in Fig. 4.3, The
46, Each

sepor
it nstead of the 10 datapoints of the data. Three il conditions ar shown:

(20, 30) = (1401 0, ~5) (=5, D] The it ofthese(red crcles) gets stk i a local i
‘whie the other Inerpolaton of
the gradient functions of Fig. 4.5 are wsd 1 update the soutons.
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dimensional. For this reason, SGD has become & critcally enabling part of NN training.
Note tha the learning rate, batch size, and data sampling play an importan role in the
convergence of the metl

Deep Convolutional Neural Networks
With the basics of the NN architecture in hand, along with an understanding of how to

ffinly (SGD), we e sy o cosn dep comoluion neural nets (DCNN) which
Indeed,

tioners. DONN:
Bt 2 mach a3 we would ke o hae & pincipled approach to uiding DONN., hee
remains a great deal of artsiry and expert intuition for producing the highest performing
networks. Moreover, DCNNs e especially prone 1o overtraining, thus requiring special
care 10 ross-validate the results. The recent textbook on deep Ieaming by Goodfellow
et al. [216] provides a detailed an extensive account of the state-of-the-art in DCNN. It
i especally useful for highlighting many rules-of-thumb and ricks for trining cffctive

CNNs.
Like SVM and random forestslgorithms, the MATLAB package for building NNs has o

i verleing o s ke . it oot o e Vgl of i s,

How many layers should be used? What should be the dimension of the layers? e
o the vty b dsgne? Shoukd o sl o it connctons
betwween layers? How should the mapping between layers be performed: 4 linear mapping
ool mappig?

61 -

feature spaces, that
can be engincered by the choice of ativation functions. o v parametrizations
Al of these layers ae ulimaely combined into the output layer. The number of connec-
tions that require updting through backprop and SGD can be extraordinarily high, thus
e modst etorks s i sy s St compuatons s
A typical DCNN is constructed of a mumber of layers, with DCNN typically having
Rcwion 710 . Mo ecet elforshav consered the dvaags. of 5

network with approximately 100 layers, bot the merits of such architectures are still not
fully kaown.

‘comprise DCNNs, including convolutional layers, pooling layers, fully-connceted layers
and dropout.

Convalutional Layers
Convolutional ‘ourier
Chapter

Fig.6.1 boxes)
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convolution pooling
@ [] 1) (b) max
= m = m
convolution

convolution

© input

output

Figure 12 Prototypical DN architecture which includes commanly used consoltionsl and
poolin layers. The dk eray boxesshow the convolutions]sampling from ayer o ayer. Note that
cach. featre spaces.

“The etwork ultimately itegrtesall this nformation no the ouput ayes.

the data into a new ode through a given activation function, as shown in Fig. 6.12(2).
feature spaces are thus built from the smaller patches of the data. Convolutional

workers (358, 12], Note that in Fig. 6,12, the input layer can be used 1o consiuct many

of the convolutional window

Pooling Layers

i
in 4 DONN architecture. s fonction is 1o progressively reduce the spatial size of the

“This i an effective strategy 1o (9) help control overfiting and () fit the computation in
memry. Pooling. pih slce of
them spatially. Using the max operation, ic. the maximum value for all the nodes in its

of max pooling is & pooling layer with flers of size 2x2 applied with astride of 2 down-
samples every depth slice in the input by 2 along both widih and height, discarding 75%
e E would 4

numbers An
example max pooling operation is shown in Fig. 6.12(b), where 33 convolutional cell
s transformed 10 a single number which is the maximum of the 9 numbers.
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Fully-Connected Layers
Occsonally, ul coneced yers s e o th DCNN ot it regons

the fuly-connetd nyerrestoes b oty This 1 anoter mmmunl) e
layerin the DCN
purmmm

Dropout
Inded,

often ful 10 demonstrate good generalizability properties (See Chapter 4 on regression).

the predictions of many different frge neural nets for online implementation. Dropout is
a technique which helps address this problem. The key idea is to randomly drop nodes
in the network (alon wih their connections) from the DCNN during training, ie. during
Dibackprop updates o the network weights. This prevents units from co-adapting too

D “thinned”

networks. This idea is similar (0 the ensemble methos for building random forests. At
est time, it is easy (o approximate the effeet of averaging the predictions of all these
thinned networks by simply using a single unthinned network that has smaller weights

regularization methods [499]

“There are many other techniques that have been devised for training DCNNs, but the
above methods highlight some o the most commonly used. The most successfol applica-
tions o these technigues tend to be in computer vision tasks where DCNNs offer unpar-
alleled performance in comparison o other machine learning methods. Importantly, the
ImageNET data set is what allowed these DCNN layers to be maximally leveraged for

human level ecognition performance.

e use  data set that dtest st characters A, B, and C.

Fig 6.15.
Gotss Loading alphabetimages.
ad letteraTrainset
pern - randpern(1500,20)
for3 = 1:20
plot (4,5,9)
imshow (XTvain :, ¢, + perm(3))) s

i cole s the i . X, st ot 1500 2628 syl g of

ariable TTrain contains the categorical array of the lettr labels, . the i
The following cod consur nd ram  DCNN

Gots Traina DCNN.

layers = livageTnputlayer((26 28 11);
convolution2dLayer (5, 16)
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AERRAHN
AAREE
HEEBR
EEEER

Figure 13 Represeniaive ima
SH03 s g (T

s ofthe aphabet charctes A, B, and C. There are sl of 1500
e e ot e i (e

Note the simplicity in how diverse network layers
o ReLuacaionlyer is speifedsong wih he rmiing mehod of sochasic gradien
desn . The trnaetworks command et the ptionsand lyr sei

now be used on

are casily put together. In additon,

atestdata set.

God 8 Tet the DONN performance.

o proaly ety
mentioned, artstry and expert intition are critical for producing the highest performing
networks.
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Neural Networks for Dynamical Systems

Neural networks offer an amazingly flexible architeeture for performing  diverse set of
mathematical tasks. To retun to . Mallat: Supervised learning is a high-dimensional
interpolation problem [353]. Thus if sufciently rich data can be acquired, NN offe 1

“To his point,
Howener, NNs ca s b used for ftte e predictions of dymmical systems (Sec
Chapter 7.

“To demonstrate the uscfulness of NNs for applications in dynamical systems, we will
onsider the Lorenz system of diffrential equations [345]

-0 ©31)
(©310)
(®310)

e e e o e e i e <17 withthe parameters o = 10, =

nd 3 This sy il b comsiders in e el n e et e
For the present, we will simulate his demonsisation of
ow NN cn b e 1 harsten il s, Speciical e ol of hs

sate space from X, 10 X1, where k denotes the sate o the system at time 5. Accurately
in Lorenz itself is
nonlinear.

“The training data required for the NN is consiructed from high-accuracy simulations of
the Lorenz \mm The following code generates a diverse set of nital conditions. One.

sampling time s fixed at At = 0.01. Note that the sampling time i not the same as the

chosen o meet the stringent tolerances of accuracy chosen for this example.

o7 Creste rining dotaof Loren trjecoris.

torens - 8(4,) (L sig + (e - %1
T ka-x XHJ - xa)
XX - bk 1

RelTol’,le-10 Tol’,1e-11)

Fler o wbai w031 ety
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(1)

Fpres1a
conions el o e e =10, 25 10 =33 s s

e ok s o et e o o511

“The simulation of the Lorens system produces to key matrices: input and output. The
former is 4 malrix of the system at x;, while the later is the coresponding sate of the
system xe 1 advanced Ar =

“The NN must lean the nonlinear mapping from X, t0 .. Fig. 6.14 shows the various

atractor of the Lorenz system.

into the future for an asbirary inital condition. Here, a three-layer network is constructed
with ten nodes in cach layer and a different actvation unit for cach layer. The choice of
activation types, nodes i the layer and number of layers ae arbitrary. It s tivial to make
e e nd i and forc diflrnt atvation it T performance of

Loing The N s b withhe Iulllvwlng fewlines of code.

Gode 68 Build a newral ncvork or Lorenz systen.
et = fesdtorvardner (110 10 1015
net.layera(1).transterfon - 'logsig’;
setdayers ) exancterzen
net layers(3) transterec:

P aintmat, nput. output.' 7
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[Cp———" nssnz s ovea

Best Vldaton Pctorman s 507200 1 sp0ch 1000

®)

o s

[rer—

Figos1s 1

for
! Over 1000 epochs of
10 are produced. The NN is aso

process.

The code produces & function net which can be used with a new set of data to produce

predictions of the future. Specificall, the function net gives the nonlinear mapping from

10 xe41. Fig. 6.15 shows the structure of the nework along with the performance of

the training over 1000 epochs of taining. The results of the cross-validation are also

demonstrsted. The NN converges steadily o a network that produces accuracies o the
fer of 105,

Once the NN is trained on the trajectory data, the norlincar model mapping ¥ 10 x¢+1
can be used to predict the foture stte of the sysiem from an inital condition. In the
following code, the trained function net s used (o take an iniial condition and advance.
the soluton Ar

241 into the future. This iterative mapping can produce 4 prediction for the future site
as far into the future as desired. In what follows, the mapping is used 1o predict the
Lorenz solutions cight ime units into the future from for 4 given intial condition. This
can then be compared against the ground trth simulation of the evolution using a 4ih-

the dynamics.
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Fig.6.17.

Code 69 Neurl ntwork for prcicton.

)=y

Plot3 (yan(:, 1) ,yan(:,2) ,ynn(:,3), ", Linewideh  [2])

g 6.16 shows the evolution of two randomly drawn trajectores (solid lines) com-
pared against the NN prediction of the trajectories (dotted lines). The NN prediction is
This

mapping X 10 X,+1. The qualiy of the approximation is more clearly seen in Fig. 6.17
e the time evalution of the il components o x e shown ainst the NN
preictons. Ses Seton 1.5 or e et
i

M "
jonan algorithm which is approximately equivalent 0 a 4th-order Runge-Kuta scheme
I

1215) and for decades. Hi des
n made recently in using DNNs to learn Koopman embeddings, resultng in several
oo ot 135, 36 315, 560 413, 331 For e he VAMPcs e
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Simulation 1 Simulation 2

20

a(t) z(t)

o 0

20 20
o 2 4 6 8 0 2 4 & 8

50

y() y()
0 oj Ay

50 50
o 2 4 6 8 0 2 4 & 8

50

=(t)

67

Fpuos17
616,
5
e

entire time window,
e 550, 368] uses and a custom

an impressive p In an alierative formu
ation, varational w-rank models

representations of the Koopman operator o du 541 By consiruction, the resuling

and the physical interpretation of Koopman theory. In al of these recent studies, DNN

ther
leading methods on challenging problems

The Diversity of Neural Networks

There are a wide variety of NN architecturs, with only  few of the most dominant
architectures considered thus far. This chapter and book does not attempt to give 4 com-
prefensive assessment of the state-of-the-art in neural networks. Rather, our focus is on

NN t0 4 dominant position in modern data seience. For a more in-depth review, pls
see [216]. However, 1o conclude this chapter, we would like o highlight some of the
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NN architectures that ar used in practce for various data science tasks. This overview
i inspired by the neural nework 200 as highlighted by Fjodor Van Veen of the Asimov
Institute (hep:/iwww.asimovinsiitute org).

“The neural network 200 highlights some of the different arehitectural structures around
NNs. Some of the networks highlighted are commonly used across industry, while others
serve niche roles for specific applications. Regardless,
variability and rescarch effort focused on NN as a core data science tool. Fig. 6.18 high-
lights the prototype structures to be discussed in what follows. Note tht the bottom panel

s a ey to the different type of nodes in the network, including input cells, outpat cels,
and hidden cells. Additionaly,the hidden layer NN cells can have memory effects, kemmel
struetures andior convolution/pooling. For cach NN architecture, o brief description is
eiven along with the original paper proposing the echnique.

Perceptron

“The first mathematical model of NNs by Fukushima was termed the Neocogitron in

1980 (193], His model had a single layer with a single output el called the perceptron,
Fig. 6

tecture to classify between dogs and cats. The perceptron is an algorithm for supervised
earning of binary classfiers

Feed Forward
Fesd forvand ks conct e it s (0wl e by oming comecions
betuseen the units 50 that they do not form a eycle. Fig. 6.1 has already shown a version
of this architceture where the information simply pmpagmes from it to right in the
netsork. I is often the workorse of supervised learning where the weights are trained
50 as 10 best classify a given set of data. A feedforward network was used in Figs. 65
and 6.15 for training a classifier for dogs versus cats and predicting time-steps of the
Loren atractor

ply put together o hidden layers,typically
7-10 layers, to form the NN. A second important class of FF s the radial basis network.
which uses radial basis functions as the activation units 87]. Like any FF network, radial
basis function networks have many uses, including function approximation, ime scries
prediction, classification, and control.

Recurrent Neural umm« (RNN)
Wit o P G159 bt

m behavior for
a time sequence [172]. Unlike feedforward neural networks, RNNs can use their internal

shows that each cell feeds back on itsell. This self-interaction, which is ot part of the
FF ittt s o s vty of onoatons, Syl o or e delays

e Partof two key innovations: ong:shor term memory (LSTMnetworks [248] and
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@ (B)AE () VAE/DAE  (d)SAE () RBM

2 &

(i) DBM

) RNN
(LSTM/GRU)

O eoRas
REBRBAK
VaVaavave

RARRLR
X0
A

(p) DRN (@KN () NT™M
Input cell Memory cell
@ Output cell © Convolution/Pooling cell
© Hidden cell ©  Kernel cell

Figure 618 Neural necwork archicetures commorly considerd n he ltrature. The NNs are

and thei aronym s explined n he et
gared [132], LSTM is of pa portance as it revolutionized
I recognition, sttng a varity of

model in a variety of specch applications. GRUs are a varition of LSTMs which have
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Auto Encoder (AE)
“The aim of » din Fig. 6.18(b)
ing) for a set of data, typically for the purpose of dimensionality reduction. For AES, the

ransform into and out of & new representation, actin as an approximate idenity map on
the dat

techni s PCA. AEs can potentally produc nonlinear PCA representations of

e dt o molincr il o it be embedded [71]. Since most

data lives in nonlinear subspaces, AES are an important class of NN for data science, with
the sta

fnd AE
commonly used. The variational auto encoder (VAE) [290] (shown in Fig. 6.18(c) is
pop By making strong

latent variables,
eradient descent algorithms 1o provide a good assessments of data in an unsupervised
fashion. The denoising auto encoder (DAE) [541] (shown in Fig. 6.18(¢) takes a parially
cormupted input during training 10 recover the original undistored input. Thus noise is
intentionally added to the input in order 1o learn the nonlincar embedding. Finall, the
sparse auto encoder (SAE) 1432] (shown in Fig. 6.18(d)) imposes sparsity on the hidder
e g ing, whle o st i of . i i a0 0 0
e can leam useful structure in the input data. Sparsity is typically imposed by
irsholing bt e e gk iden

Markov Chain (MC)

A Markov chain is a stochastic model describing a sequence of possible events in which

the probabilty of cach event depends only on the stae atained in the previous even. So

although not formally a NN, it shares many common features with RNNs. Markov chains
Fig. 6.18(0) shows th

each cll cells
atransiion.

Hopfield Network (HN)

A Hopfield network is a form of a RNN which was popularized by John Hopfield in
1982 for understanding human memory [254]. Fig. 6.18(2) shows the basic architecture
of an all-to-all connected network where cach node can act as an input cell The network

nodes. Given an inpu, it s itrated on the network with a guarantce (0 converge (0 a local
minimum. Someimes i 10 a false patter, or memory (wrong local minimum),
ather than the sored patten (expected local minimum).

g

Boltzmann Machine (BM)
e Bolzmann mocine, sometimes calld  stochasi Hopld networs wit fiden
h ey were one of the

first neural learning int

1246]. Fig 6.18(h) shows
the structure of the BM. Note that unlike Markox chains (which have no input unit) or
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Hopfield networks (where al cells are inpus). the BM i & hybrid which has & mixture
o it e and idden unit: Bolmann machies s el appalin due 10 e
Boliz-

atistical mechanics, which is used pling function.

Restricted Boltzmann Machine (RBM)
Introduced under the name Harmoniun by Paul Smolensky in 1986 4931, RBMs have
oposed for dimensionality reduction, clasification, collsboratve filtering, feature
learning, and topic modeling. They can be trained for cither supervised o unsupervised
tasks. G. Hinton helped bring them to prominence by developing fast algorithms for eval-
g e 297 RBMs e st of B whers sticions e nposd n te N
och it sodes e N st form i gagh (S i, 618, This i of
odes from each of the o eroups of units (commonly refered 0 s the “Visbe
“hidden”

H

‘connections between nodes within  group. RBMs can be used in decp learming networks
and deep beliel networks by stacking RBMs and optionally fine-tuning the resulting deep
network with gradient descent and backpropagation.

Deep Bolief Network (DBN)
DBNs are a generative graphical model that are composed of muldple layers of latnt
hidden variables, with connections between the layers but not between units widhin each
layer [52]. Fig. 6.18() shows the architecture of the DBN, The training of the DBNs can
done stack by stack from AE o REM layers. Thus each of these layers only has to
Ieam to encode the previous network, which is efectively a greedy training algorithm for
finding locally optimal solutions. Thus DBNs can be viewed as 4 composition of simple,
umsupervised networks such as RBMs and AEs where each sub-network's hidden layer
Serves as the visibe layer for he next.

Deep Convolutional Neural Network (DCHN)
DCNNs are the workhorse of computr ision and hav already been considered in this
chuper They e sy rprscted n 5. 6180, n 3 mor i sion

6.12. Their impact and influence on computer vision cannot be overestimated. They
were originally developed for document recognition [325].

Deconvolutional Network (ON)
Networks, she

Fig. 6.18(K DN [567].
The mathematical structure of DN permit the unsupervised construction of hierarchical
image representatons. These representations can be used for both low-level asks such as
denoising, as well as providing features for abject recognition. Each level of the hierarchy

larger scale in the image. As with DCNN, it s wel suited for computer vision tasks.
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Deep Convolutional Inverse Graphics Network (DCIGN)

“The DCIGN is  form of a VAE that uses DCNNs for the encoding and decoding [313]. As

with the AE/VAE/SAE structures, the output lyer shown in Fig. 6.18() is consirained to

match the input ayer. DCIGN combine the power of DCNNs with VAES, which provides
P

Generative Adversarial Network (GAN)

In an innovative modification of NNs, the GAN architeeture of Fig. 6.18(m) trains two
networks simulianeously [217]. The networks, ofien which are a combination of DCNNs
and/or FFs, train by one of the networks generating content which the other atiempts
o judge. Spec awork generates candidates and the other evaluates the.
Tyl the generaiv netwrk et 1 map o e spa 1 4 il o
disribution of iterest, while the discriminative network discriminates between instances
from the true data distibution and candidates produced by the generstor, The generative

owork's "

E

“fool” the discriminator network by producing novel synthesized instances that appear to
The GAN

Liquid State Machine (LSM)
“The LSM shown in Fig. 6.18(n) is  paricular kind of spiking neural network [352]. An

external sources (he inputs) as wellas from other nodes, Nodes are randomly connected
0 cach other. The recurrent nature of the connections turns the time varying input into 3
spatio-temporal patiern of activations in the network nodes. The spato-temporal patterns
of activation are read out by linear discriminant units. This architecture s motivted by
spiking neurons in the brain, thus helping understand how information processing and
discrimination might happen using spiking neurons.

Extreme Learning Machine (ELW)

With the same underlying architecture of an LSM shown in Fig. 6.18(1)
FF network for clasification, regression, clusering, sparse approximation, compression
st kg il 3 il e o il yer of e s, vhes e
parameters

et . The i

Misa

nodes can be randorly assigned and never upma o canbe
In most cascs,
idden odes are usally earnd i single sep, which eseatally amounts 10 learning
lincar model [108),

Echo State Network (ESN)
ESNs are RNNs with a sparsely connected hidden layer (with ypically 1% connectivity).

assigned (See Fig. 6.18(0). Thus like LSMs and ELMs they are not fixed into a well-
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dered
an generate specific temporal pterns [263],

Deep Residual Network (DRN)

DRNs took the decp learning world by storm when Microsoft Research reeased Decp
Reskat Lesrin for e Rcogiion [237], Thee networks ed t 1 s winnig
entris in all five main tracks of the ImageNet and COCO 2015 competitions, which

“The robustness
o R et en by various visual recognition tasks and by nomvisual
ok voling spcch and nguae DRN are ey dec FE networks whee thre e
extra connections that pass from one layer to a lar two to five layers downstream. This
n be 150 layers

deep, which i only abstractly represented in Fig. 6.15(p).

Kohonen Network (KN)

Kohonen networks are also known as self-organizing feature maps [298]. KNs use com.-
petitive learming 1o classify data without supervision. Input is presented to the KN as
in Fig. 6.18(a). afier which the network assesses which of the neurons closely match
that input. These self-organizing maps diffe from other NNs s they apply competitve
leaming as opposed 1o error-correction leaming (such as backpropagation with gradient
descen

propertcs of the input space. This makes KNs useful for low.-dimensional visualzation of
high-dimensional daa.

Neural Turing Machine (NTM)
An NTM implements a NN controller coupled o an external memory resource (See
ns [219]. The memory
posste o optniz them wing
eradient descent. An NTM vith 2 LSTM comeller ca s simple ot such 1

Suggested Reading
Texts
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Data-Driven Dynamical Systems

Dynamical systems provide & mathematical framework 1o deseribe the world around s,

it
of il cqtons o frtie mapings st descris e cvolution of e e o 3
. Tis formulion s gl nough 0 cncompas 3 sggeig nge o penon-

Muids, climate science, inance, ecology, social systems, neuroscience, =p..|mm|ugy. and
nearly every other system that evolves i fime.
odetn dynamical systems began with the seminal work of Poincar on the chaotic
mion f p;
of hundreds of years of mather
full history of
est and atention of the greatest minds for centurics, T baving been applied to countless
ks and chllning problrs. Dnanicl sy provides an of e st complee
ected felds of mathematics, bridging diverse topics from linea algebra and
vl exustions. to opoloy, il sy, and gcometry. Dynaicl s
atral i the modeling and analysis of systems in nearly every fild of the
e, syl and e seences.

cal

odein, begeig wih Nevion s L. T

well-c

tions and first princip! giving way

demiol field: where

h undersanding
Lopiion from neural recoings, prdicing and suppewng the spead o dvee, o
'

In addiion, the classial geometric and statistical perspectives on dynamical systems
are being complemented by a third aperator-theoreric perspective, based on the evolu-
tion of measurements of the system. This so-called Koopman operator theory is poised
o capitalize on the increasing availabilty of measurement data from complex systems.
Morcoer, Koopman theory provides 4 path (o ideniify intrnsic coondinate systems (o
represent nonlinear dynamics in  linear framework. Obtaining linear represenations of

29
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sonaly v sy i the el o evoltonzs ou iy 0 it nd
control these syste

s chapr resns 4 mdern perspetis on dymamical sy he conet o
cume gl nd penchallnges. Datdriven dynaical sysems i iy voving
ield,

current dmdommnl: In partcular, we will focus on the key challenges of discovering
dynamics from data and finding dat-driven representations that make nonlinear systems
amenable o linear analysis

Overview, Motivations, and Challenges

st
and open challenges in dynamical sysiems.
Dynamical Systems
Throughout this chapter, we will consider dynamical systems of the form:
an

where x s the state of the system and i a vector field that possibly depends on the state
x,tme 1, nd et of parameters .

For example, consider the Lorenz equations [345]
@29
@)
@29

th parameters

10, =28, nd
in Fig. 7.1 In this case, the state vector s x =[xy <] and the parameter vector is

8=l » 4"

/3. A trajectory of the Lorenz system is shown

i
exhibits chaos, Two
rajectories with nearby iniial conditions wil rapidly diverge in bebavior, and after long
times, only statistial satcments can be made.

Itis simple o simulate dynamical systems, such as the Lorenz system. Fi
ficld fx. 1) is defned in the function loren:

fumction dx = lorens(c.x, Beta)

 the vector

nc(;(nu(xm x(1
1)

)+ @eta 2 ) ) a5
i) axta @ax2)s
in

Next, 8 nd
Beta = [10; 28; 8/31; ¥ Lorens’s paramsters (chaotic

0: 1 2005 ¢
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options = odeset('RelTol’, le-12, AbsTol, le-124cnes(1,3)) 1

Finally, we simulate the equations with odeds, which implements 4 fourth-order Runge
Kutta integraton scheme with adaptive time step:

€ x)=0de45 (5 (£, %) 1 ), tspan, x0,0ptions) ;
683 x

it 2),x

We wil ofien consider the simpler case of an autonomaus system without time depen-
dence or parameters:

000 a3

In general, (1) € M is un n-dimensionl state that lives on & smooth manifold M, and
bundle TM of M 50 that f(x(1)) € TyyM. However, we
mpler case where X is & vector, M = R, and s a Lipschitz
continuous function, guaranteeing existence and uniqueness of solutions t0 (7.3). For the
eneral formulation, see [1],

Discrete-Time Systems
We will also conside the discete-time dynamical system

i = Fu) s
Also known as a map, the discrete-time dynamics are more general than the continuous.
time formulation in (7.3), encompassing discontinuous and hybrid systems as el

For example, consider the logistic map:

St = Bl —x0). s



2

Data-Driven Dynamical Systems.

Figure 72 Atacing sets of thelogistic map fo varying paranecter .

As the parameter f s increased, the atractng set becomes increasingly comples, shown
in Fig. 7.2. A series of period-doubling bifurcations oceur unil the atracing set becomes
fractal

Discrete-time dynamics may be induced from continuous-time dynamics, where X, is
obiained by sampling the trajectory in (7.3) discretely i time, so that x; = x(kA?). The
discrete-ime propagator ., is now parameterized by the tme step Ar. For an arbitcary
time 1, the flow map F, is defincd as

R S a0

“The discret-time perspective s often more maural when considering experimental data
and digital contol,

Linear Dynamics and Spectral Decomposition
possble.

of the form
an
for the anal i d control of such systems.
“The solution of (7.7) is given by
(0 +0) = Mxt) as
The dy
A, given by the spectral decomposition (¢igen-decomposition) of A:
AT=TA a9

When A then A is a dingonal
Ay and T
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with cigenvalues . In this case, i is possible 0 write A
(7.8) becomes.

AT, and the solution in

Xo 1) = TN T x(1). @10
More generally, in the case of repeated eigenvalues, the mateix A wil consist of Jordan
blacks [427], See Section 8.2 for a deailed derivation of the above arguments for control
systems. Note that the continuous-time system gives rise 10 a discrete-time dynamical
system, with F, given by n (7.8).Inthis case,

cigenvalues are i 2

“The matrix T defines  transformation,

st . wher he dynamcs become decoupled

x,into intrnsic cigenvector coordi-

am
nother words :

an
Thus, it is ighly desirable 1o work with lincar sysems, sinc it is possibl to casily

No such closed-form solution or simple finear change of coordinates exist in general for
. motivating many of

Goals and Challenges in Modern Dynami s
s we generally use dynamical systems to model real-world phenomens, there re 4 num-
ber of high-priorty goals associated with the analysis of dynamical systems:

I Future state prediction. In many cases, such as meteorology and climatology, we.
cek predictions of the future stat of & system. Long-time predictons may sl be

Chaenging

2 Design and We may seck 1o tune the parameters of a system for
improved performance or stability, for example through the placement of fins on
arocket,

3 mati L s often possible dynamical system
through fecdback, the syste o modify
the behavior I this case, it i often necessary 10 estimate the full stat of the system

limited measurement

4. Inerpretabiy and physéal nderstanding,Prhap  mor ondamentl gl of

b asystenr's
a and solutions to the of

Real-world systems are generally nonlincar and exhibit mult-scale behavior in both
space and i

i the specification of parameters, and in the measurements o the system. Some systems
are more sensitive o this ncertainty than others, and probabilistic approaches must be
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used. Increasingly, i is also the case tha the basic equations of motion are not specified
and they might be intractable o derive from firt principles.

“This chapter will cover
systems. p
il systems:

I Nonlinearit
il s, hing e cocpe bl i Ve s o -

(i cgeavees and sigonvectons) of tho maix A, kading o geacal rocedees

for prediction, estimation, and conirol. No such overarching framework exists for
. loping thi I framework

tallng ofthe 21 cntry

cal
o e of o Incsaons o il s d mua.c orbits, global
oclinic and homoclinic orbits connecting these siructures, and more general
atractors (zsz\ “This geometric theory.originating with Poincaré, has transformed
odel complex sysiems, and its success can be larzely atsibuted 1o theo-

retical esults, such as the Hartman-Grobman theorem, which establish when and

here it is possible to approximate a nonlinear system with inear dynamics. Thus,
it often povitie o ,wxv the et of s s (e i ol
lihougt

ronide auattaie oty et modes, it anlys e remined ey
qualitative and computationa, limiting the theory of nonlinear prediction, estima-
tion, and control away from fixcd points and period
2 Unknown dymamic, Prhas n cvn s el halngearise rom the lck
of known governing cquations for many modem systems of inerest. Increasingly.
escarchers are tackling more complex and realstc systems, such as are found in

hese

neuroscience, epld:mmlugy and ccology. In these fields, there is a basic lack of
Known physical fist principles from
cquaionsof moton. Even n syscms where we do know the governing equations,

such as urbulence, protein folding, and combustion, we sirugele to find patierns in

bl song i the dominant behavior volves.

ol il sy were sl by mkin s spprosimaions
and then denvmg il iffaentsh cqtation el vi Newton's sccond
Drame simplication could ofien b de by exlfing symmetics and cever
coordinate systems, as highlighted by the success of Lagrangian and Hamilionian
i 12,3691,

subjective, and there is @ growing need for automated model discovery techniques

hat are relevant 1o the dynamics but may go unmeasured. Uncovering these hidden
effects is a major challenge for data-driven methods.
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from data and that enable

ammm s Ovrsoming the g of wkown dynumlu and nonlincarity
i

pential benei o oyl feldsof sience and engicerng
Trocghont s chaper e Wil exploe hee s i ither dcal and describe 3

number of

systems;

Operator theretic representations. To address the issue of nonlinearity, operator-
theoretic approaches to dynamical systems are becoming increasingly used. AS we
Il

7.athat
s operator that advances.

advances measurement functions, and the Perron-Froben
probability densities and ensembles through the dynaics
2 Data-driven regression and machine learning. As data becomes increasingly
sbandat, nd we contins (0 it sy i s ot b (0 i
principles analysis. regression an ning ate beconsing vital to0ls 1o
discover dynamical systems from m m; is the basis of many of the techniques

i umw. includis samic mode decomposition (DMD) i

73

Section
e data-diiven Koopman methods i Secion 7.5, s wellas th. e of geneic
programming to idenrify dynamics from data (68, 477)

It is important o note that many of the methods and perspectives described in this
chapter are interrelated, and continuing to strengthen and uncover these relationships is
the subject of angoing research. It i also worth menioning that a third major challenge
i the high-dimensionality associated with many modern dynamical systems, such as are
found in population dynamics, brain simulations, and high-fidelty numerical discretza-

subsequent chapters on reduced-order models (ROMs).

Dynamic Mode Decomposition (DMD)
Dynamic mode decomposition was developed by Schmid [474, 472 inthe fluid dynamics
mporal coherent siructures from high-dimensional data.

community (o identify spati

dimensionality reduction in high-dimensional systems. In contast 1o SVD/POD, which
aults in a hierarchy of modes based entirely on spatial correlation and energy content,

while ion,
each mode consists of spatially correlted structures that have the same lincar behavior in
time (e.g., oscilations a a given frequency with growth or decay). Thus, DMD not oy
provides dimensionality reduction in terms of reduced set of modes, but also provides
ot o o s ol 0 n e

of the original 1474, 4721, R

So0 M
and colliborators ciablahd  mporan onnecton etwn DVD and Koopman




26

Data-Driven Dynamical Systems.

ory [456] (see Section 7.4). DMD may be formulated s an algorithm to identify the
bestfit linear dynamical system that advances high-dimensional measurements forward
i time [335].In this way,

interest 17
Wai  shr oo e, DM basbecone 3 wu.mN algorithm for the data-

P
o e d, 5 3. o Do g of e sovcrning o,
i instead based purely on measurement data. The DMD algorithm may also be seen as
connecting the favorable aspects of the SVD (see Chapter 1) for spatial dimensionality
reduction and the FET (see Chapter 2) for temporal frequency identifcation (129, 317)
Thus, each DMD mode s associated with a particular eigemalue % = a + ib, With &
particular frequency of scilltion b and growth or decay rate .
ere are many variants of DMD and it is connected 1o existing techniques from sys-
tem idenification and modal extraction. DMD has become especially popular i recent
yearsin large part due 1o its simple numerical implementation snd strong conneetions (o
nonlinear dynamical systems via Koopman spectral theory. Fnally, DMID is an extremely
cally, aciliating aed 0
comped g <on s, nd e sl shniges. T somesion:
sions will e discussed a the end of thi sectior

The DMD Algorithm

ek evcloped by T (5351 Whres el formutions. gd nform

sampling o me, the approach presented here works with irregularly
sampled i i concten s o v et texpermts o il
simulations. Morcover,

definition o Finall

o the efficient and P asisthe

original formulation by S unl
DMD s inherently data-driven, and the fist step is 10 collect a number of pairs of

by (X0 X

e the state of

where 1] = 4 + A, and the timestep At is sufficiently small 0
befe may

oo
arranged nto two data matices, X and X

L
x,[w SR .

[
[\, | \}
X=|xt) xap it} @.130)
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e o fomultions of Shmid 472} wd Rowley ot s 1456 s o
sampling in time, so that f5 = KAt and 1f = 1 far. I we assume uniform
sampling i time, we will adopt the notation Gea.

e DD aortn sck the eding pesrl dcomposion i cigenvilues and
cigenvectors) of the best-fit linear operator A that relates the two snapshot marices in
time:

~AX 2
The best it operator A then establishes & linear dynamical system that best advances
snapshot measurements forward in time. If we assume uniform sampling in time, this
becomes:

PREY @13

Mathematicall, the best-it operator A is defined as

0]

nin X~ AXy

where | i the Frobenius norm and * denotes the pseudo-inverse. The optimized DMD
algorithm generalizes the optimization framework of exact DMD 1o perform a regression

and theircigenvalues (201,

opertor n (1551 we chose it e messremens o e, g = »

This connecton was g
has sparked considerable intrest in both DMD and Koopman theory. These connections

il b exlored i mor dpthlow

For a high-dimensional stte vector x & B, the matrx A has  clements, and repre-
sning i ot lone conping 1 el dcomposion,ay b e
Instead, the DMD alorithm leverages dimensionality reduction to compute the dominant
igenvalues and cigemvectors of A without requiing any explici computations using A
iectly. In particulr,the pieudo-inverse X' in (7.16)is computed via the singular vlue
decompson of st X. S i s iy s s colms
singular values and o snsls

< . there ae at mostm
Avill

e compute the projection of A onto these leading singular vectors, resultng in a small
‘matrix A of size at most m x m. A major contribution of Schmid [472] was a procedure
0 approximate the high-dimensional DMD modes (eigenvectors of A) from the reduced
matrix A and the data marix X without ever rering o compotson: o h ll . Tu
etal. 535

i

1A i der containcondiions. s, he et DMD gt f T o
eiven by the following sieps:

Step 1. Compute the singular value decomposition of X (see Chaper 1):

@i
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Geo,

€C7 and V& C"*" and r = m denotes cither the exact or
approximate rank of the data matrix X. In practice, choosing the approximate rank.
i one of the most important and subjectve steps in DMD, and in dimensionality

ish and Donoho (2001 to determine 7 from noisy dta (sce Secton 1.7). The columns
of the matrix e also known as POD modes, and they satisty U0 = 1. Simitarly.
columns of ¥ are orthonormal and satisfy V'V = 1

Step2. According 10 (7.16) the full matrix A may be obisined by computing the
preudo-inverse o

ViU @i

However, we are only interesed in the eading r cigenvalues and cigenvectors of A,
and we may thus project A onto the POD modes in U

A=UAD=U'XVE @9

“The ey observation her tht th reduced i & hasth same nonzer cigen-
alues s the fll matix A. Thus, we nced only compute the reduced A dirctly,

without matix
A defines a incar move for the dynamics of the vector f POD cocfcints &
for = A a
U the full stat
;
Step3. The spectr dec
am

“The enries of the diagonal i A arc the DD cigenvalues, wich also cor-
vespond to igemvalues of the full A mati. The columns of W are eigenvectors
of &, and provide a coondinae transformaton that iagonalize th maui. These
columns may b thought o s fncar combinations of POD mode amplitudes that

v linarly withasingl tempora patien given by 1.

Step .. The high-dimensional DMD modes © are reconsructed using he cigenvee-

Lors W ofthe educed system nd the fime-sifed snapshot matri X' scconding o

®-XVE W, )
R
cormesponding to the eigenvalues in A. as shown in Tu et l. S35}
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In the original paper by Schmid (472], DMD modes are computed using = UW,
hich these modes are not

cigenvectors of A. Because A is defined as A = X'X', cigemvectors of A should be in the
olumn space of X', as i the exact DMD defintion, instead of the column space of X in
the original DMD algorithm. In practce, the column spaces of X and X' will end to be
nearly identical for dynamical systems with low-rank structure, so that the projected and
exact DMD modes often converge.

"o find . DMD mode conesponding t a zer cigenvaue, . = 0.t s ossbe 0 e
However,if his expression is nul, then the

the exact formulation
projected mode ¢ = Uw should be used

tistorical Perspective
the orginal formulai X' were formed

|
N 023
I

4] oam
\

o sequential snapshots, ey spaced intime:

“Thus, the matrix X can be witeninterms ofications of the matr A as:
| |
X=[x Ay oAy a2
[ |
™

A and the initial condition x,. In addiion, the matix X' may be relted to X through the
it operator s

X=xs a2
where s defined s
000 0w
100 0w
L0 0a a2
000 1 an

T, the st 1 | colunasof X are bl il by siling e cospouding
columns of X, and the last column is obtaned a5 o

of X that minimizes the residual. In his way. the s algorithm resembles an Amoldi
algorithm used to find the dominant cigenvalues and eigenvectors of  matrix A through
iteraton. The matrix § will share cigenvalues with the high-dimensional A matex. so that
decompositon of § may be used to obtain dynamic modes and cigenvalucs. However,
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Spectral Decomposition and DMD Expansion
One of the most important aspects of the DMD i the ability to expand the system state in
terms of  data-driven spectral decompositons

P SYRTEIE o
- _—
e o The vecorb
Seerly computed s
o'y (7.28)

i pricled s st domian nd e s v b consit
ered [129, 270, However, computing the mode amplitudes is generally quite expensive,
even \mng - staightforward definition in (7.28). Instead, it s possible to compute these:
amplitudes using POD projected data

@.299)
@290
1.29)
@290
@.296)
@29

[

“The matrces W and A are both size r . a5 opposed 0 the lasge @ matrix that s 1 x 1.
ay s be
continuous cigenvalues o = log()/Ar

X0 = 38,6, ~ esp@nb. @
=
e i ol i cotining he coimos-imecigenvahes o,
Example and Code

A basic DMD code s provided here:
4, Lanbda, b] = DHD(X,Xprine, z)

function

1D.1gna9) = avd(x,‘econ’ )1 +
EIRER

quav s avqmah i
Vi1

Uz exprinesvs/Sig
< elgacitae);

o = dorines (re/Signar) % step ¢
alphal = Sigmarsvr(l,
B Camban) aEhals
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Experiment Collect Data. DMD
=40 ODlegatics eyt
—_ Lt

SR

o s P H

E JIAVA¥R

Data

[
. T ) Futuresate prediction
—

xi1=Axe

Figure7:3 Overvien of DMD llustrated on the luid flow pastcinculr cylinder at Reynolds
umber 100, Reproduced from [317).

This DMD code is demonstrated in Fig. 7.3 for the flid flow past a circular cylinder at

100, Navier-Stokes

equations are simulated using the immersed boundary projection method (IBPM) salver!
“Tuiaand Colonius [$11, 1351

for
With this data, it
oRTALL contains flow fields resh column vectors

[ehi, Lambda, b] = DND(X(:,1:end-1),X(:,2:end),21);

Extensions, Applications, and Limitations
One ofthe mijorsdvanages of dynanic e decompositon i s i in
terms of e For
i

and has been widely applied beyond fluid dynamics [317], where it originated. Here, we

fun
rescarch.

Methodulogical Etensions
on and randomized linear algebra. DVID was oriinally designed for
mgu.mm.w data sets in fluid dynamics, such as a lid velocity o vortic-
ity field, which may contain millions of degrees of freedom. However, the fact
that strueure in daa
lies that there may i « rsgies
de

=
s gl sl exinsionssnd madctonsof DMD 1 ot o sk
sructure and spars

[ YRR R ————
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In 2014, Jovanovie et al. [270] used sparsity promoling optimization to identify
the fewest DMD modes required to describe a data set, essentially identifying a
e dominant DMD mode amplitudes in b, The alierative approach, of esting and

force search.

Another fine of work is based on the fact that DMD modes generally admit a
sparse represcntation in Fourier or wavelet bases. Morcover, the time dynamics of
each mode are simple pure tone harmonics, which are the definition of sparse in
Fourier basi. This sparsty has faciltated several eficient measurement suategies
that reduce the number of measurements required i time [536] and space [96, 225,
174], based on compressed sensing. This has the broad potential (o cnable high-

Related o the use of compressed sensing, randomized linear algebra hs recently
Instead

dimensional structures, andomized methods start with fulldata and then randomly
project nto a lower-dimensional subspace, where computations may be performer
ficiently. Bi d N DMD using

dormized singul d Erichson etal. 1
w o e cpensie DMD compitaons my e o 4 pjstd -

il s of DMD. modes hve s been wed o iy dynamicl
regimes [308], based on the sparse representation for classification [S60] (see

ection 3.6), which was used earlier to identify dynamical regimes using libraries of
POD modes [80, 95].

the system from  (ofien millions or illions) o r (tens os hundreds) enables fuster
and lower-latency prediction and estimation. Lower-latency predictions gencrally
ranslate directly into controllers with higher performance and robustaess. Thus,
compact and effcient representations of complex systems such s flid flows have
been long-sough, resulting in the field of reduced order modeling. However, the
crginal DMD o vas dsged o chstrize sy cvobing sy
il g st of sctation o
inal prctor e, [434] extended the sl
i 1o dsambigute hetveen the naturs) nfoced dynamics and he lfet of
actuation. This essentally amounts t0  generalized evolution equation

i~ A+ Bug, a3y

which resultsin another linar regression problem (see Section 10.1)

“The original motivation for DMD with control (DMDe) was the use of DMD (o
characterize cpidemiological systems (e.g., malaria spreading across a continent).
Where it i not possible to stop intervention effort, such as vaccinations and bed
nets, in order to characterize the unforced dynamics [433]
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Sine theorignal DMDS agori, s comprd sensing DMD i DMDe
¢ ramework for

e — possibe o collet undersampled
measurements of an actuated system and identify an accurate and efficient low-
order model, related to DMD and the cigensysiem realization algorithm (ERA; sec.
Section 9.3) (272

DMDe models, based on linear and nonlinear measurements of the system, have.
recently been used with model predictive control (MPC) for enhanced control of

Kaiseretal. [277],
Surpisingly well even forstrongly nonlinear systems,
Nonlincar

‘connection to nonlinear dynamics via the Koopman operator [456]. Indeed, DMD is
lin-

ear systems, as long as a suffcient amount of data s collected. However,the busic
DMD algorithm uses linear measurements of the system, which are generally not
rich enough to charscterize trly nonlinear phenomen, such a transiens, intermit-
tent phenomena, or broadband frequency cross-alk. In Williams et l. [556], DMD.
measurements were augmented to include nonlincar measurements of the system,
ing the basis used o tepresent the Koopman operator. The so-called extended

model Ay

measurements

20
Yoot & A a3

For high-dimensional systems, this augmented stae y may be intractably large,
motivating the use of Kemel methods to spproximate the evolution operstor
Ay [557). This kemel DMD has since been extended to include dictionary learning
techniques [332]

1t has recently been shown that cDMD is equivalent (o the variaional approach
of conformation dynamics (VAC) [405, 407, 408], first derived by Nos and Niske
i 2013 o simulate molecular dynamics with a broad scparation of timescales. Fur-
ther connections between eDMD and VAC and between DMD e lagee
independent component analysis (TICA) are explored in a recent review [293]. A
Key contrbution of VAC is a variational score enabling the objective assessment of

odels via eross-validaton.
Following the exended DD, i was shown that e are rlaively e
A that

he syt 1921, For ol s withmliple s pgrmmc orbits,
and

the state x that is topologically conjugate 10 the nonlineat system. Instead, it is
important (o identify Koopman invariant subspaces, spanncd by cigenfunctions of
the I

i the span of these eigenveetors, alihough it may be possible (o idenify X through

Kaiser et al. [276],
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De-noising.
1o experimental and numerical data. When characterzing experimental data with

IMD, the effects of semsor noise and stochastic disturbances must be accounted for.
The orginal
significant and systemati biases are inroduced {0 th cigemvale disribution [164,
26,147,241,

distibution, it does not remove the bias (241
Several approaches 1o correct for the effect of sensor noise and dis-
wrbances. Hemati et al. [241] use the total leastsquares regression to account for

forward and backward time and then average the resulting operator, removing the
systematic bias. This work also provides an excellent discussion on the sources of
e comparonof o i ot

More. Kutz [20] introduc
it vl projeton method for nonlncar i sqres compue n.g

Takeishi et al
poise by computiag an orhogenal pojection of fture snapahots oo the space of
previous snapshots and then constructing a linar model. Extensions that combine

Multiresolution. DMD is often applied to complex, high-dimensional dynamical

chas the EI These tran

st dymamis s oo cspred sy by DMID Wi sk it tmpos
odes it e glotlly o the entire time series of data. To addess
hal introduced (318].

Jating tean

sient Multiresolution
be advantageous for sparse sensor placement by Manohar et l. [367],

+ Delay measurements. Although DMD was developed for high-dimensional data
whete i is assumed that one has access (o the full-sate of a system, it s ofien

plete measuremens. As an extreme example, consider a single measurement that
oscilltes as @ sinusoid, (1) = sine). Although this would appear 1o be a perect

o, This paradox was first explored by Tu et al. [535], where it was discovered

been used effecively to extract coherent patterns in neural recordings (901,

in Section 7.5
+ Streaming and parallelized codes. Because of the computational burden of com-




7.2 Dynamic Mode Decomposiion (OMD) 245

DMD s ofen
used in 4 streaming setting, where a moving window of snapshos are processed
» i

‘Several algorithms existfor streaming DMD, based on the incremental SVD [242]

a streaming method of snapshots SVD [424], and rank-one updates 1o the DMD

matrix [569. The DMD algorithmn is also readily parallelized, as it i based on the
D,

75.
177, 176}

Applications

+ Fluid dynamics. DMD originated in the lid dynamics community (472, and has

since been applied 10 4 wide range of flow geometies (jes, cavity flow, wakes,
chanelflov, bountary g, i), 0 sudy g e, conbsion
¢ phenomena. I the original paper of Schmid [4 . both a cavity
ot e et comdre.nthe orgnl e of Rrrwlcy etal. [456], a jetin
eross-flow ated. It s no surprise that DMD has subsequently been used
ity i ot v ows 473 350 481, 3,421 s et 473, 49, 483, 475).

oS54 0wl ot ey o 415, e s vl 28, 0t

50 In s, A b o capture the near-field and far- s
s that resultfrom instabilties observed in shear flows [495]. In combustion, DMD

iy ol combtor (256, DVD s s 0 s
normal growth mechanisms in thermoacousic interactions in 4 Rijke tube. DMD.
s ben ompar with POD fc escing fows 1459, DMD s s boen o

of
‘Shock turbulent boundm'y layerinteraction (STBLI) has aso been investigated, and
ID was used to idenify  pulsating scparstion bubble that is accompanicd by

)

docomps

he o pst s mounid ubs (353, modsingsallow e
I 1 i

g e e eatior n st liquid sheets [163

iology. cently been applied o investigate epidemiological sys-
{ems by Procor and Eckhof 435, This i  partculry interprtabl appiction.
s modal frequencies often correspond to yearly or seasonal fluctuations. Morcover,
the phase of DMD modes gives insight into how discase fronis propagate spatilly.

§:

L ly
systems also mtivated the DMD with control [434],since i i infeasible 10 stop
vaccintions in order o identify the unforced dynamics

+ Neuroscience. Complex signals from neural recordings are incressingly high-
fidelity and high dimensionl, with advances in hardware pushing the frontiers

of data collection. DMD has the potential to transform the analysis of such
neural recordings, as evidenced in 4 recent study that identiied dynamically
relevant features in ECOG data of slecping patients [90). Since then, several works
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have applied DMD to neural recordings o
hardware [3, 85, 5201

sggested possible implementation in

exacerbated by DMD provids

sero cigenvalue [223, 174, 424],
Other applications. DMD has been applied 1o an increasingly diverse array of
problems, including robotics [56], finance [363] and plasma physies [S17]. I is
expected that his trend will increase.

Chalenges
“ravlng wive. DMD s baed on o SVD of 3 s e X = UZY" whose

time separation of variables into spatal modes, given n, the columns of U, and time
dynamics, given by the columns of V. As in POD, DMD thus has limitations for
problems that exhibit traveling waves, where separation of variables s known to
fail,

. hasthe
Ho

+ Continuous spectrum. Reluted (o the above, many systems are characterized by
s opposed 10 a few di

“This broadband frequency content s also known s a continuous spectrun, where

ey ey i conos g bl Fo examps, e il pende

4
detcion, nd s rmqm.cy ooy deforms and slows s enrey i added

of
modes, even though the dynamics are likely generated by the nonlinear interactions
of a few dominant m

Several data-driven approaches have been recently proposed to handle systems
it cotinson pect. ApPing DMt v of ey essremen of
system, the so-called HAVOK analysis in Section 7.5. has been shown 1o approsi
mate the dynamics of chaolic systems, such s the Lorenz system, which exhibi
a continuous spectrum. In additon, Luseh et al. [349] showed that it s posible to

- learming architecture with an auxilary network to parameterize 1
continuous frequency.

+ Strong nonlinearity and choice of measurements. Although significant progress
has been made connecting DMD to nonlinear systems [557, choosing nonlinear
measurements to augment the DMD regression is stll not an exact science. Ident-
. W subspaces that

1921 0 cnable
the representation of extremely complex eigenfunctions from data [350, 368, 513,
564,412, 3

9]
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Sparse Identification of Nonlinear Dynamics (SINDy)

Discovering dynamical systems models from data is o central challenge in mathematical
physics, with a rich history going back at least as far 1s the time of Kepler and Newton
and the discovery of the laws of planetary moion. Historicaly, this process relied on
combination of high-quality measurements and expert intuition. With vast quantites of

and dynamical systems is & new and exciting scientific paradigm
“Typically. the form of a candidate model is either constrained via prior knowledge of
the governing cquations, as in Galerkin projection (402, 455, 471, 404, 119, 549, 32, 118]
(see Chapter 12), or a handful of heuristic models are tested and parameers are optimized
o fit data. Aliernatively, bestft lincar models may be obtained using DMD or ERA.
Simultancously identifying the nonlinear stucture and parsmeters of a model from data
P siue-

s,
e s denifesion of i dsaics (INDy) g 5] by e

intractable wough all possible

that many dynamical systems

)

v dynamic £ wilh ol few v s i the spoce ofposive rihtand i
ons;for example,the Loren equations in (7.2) only have o few linear and quadratic

interaction terms per equation
hen seck to approximate fby a generalized line

nodel

)= 3t = O, a3

as possible. It s then

e that are ative in the dynamics wing spars egression (518, $73, 236, 264] that
Fis, i nd formed

=[x x] @35
A similar mati of derivatvesis formed:

=[x %@ x60] 1361

In practic, this may be computed directly from the data in X; for noisy data, the total-

gularized der 0 provide numerially robust derivatives [1
Altematively, it i i sl o formule the SINDY ot for discrt-me s
the DMD algorithm, and avoid derivatives entirly.

x
M=l X X X %) ] am

e x"

degr poymonials i the s . I geaca, i oy of canidte fncions 3

ol it by ons gt
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(7.36)and (737)
X=emz a3

Each column & in 2 is a vector of coefficients determining the actve terms in the k-t
Fow in (7.33). A parsimonious model will provide an accurate model it in (7.38) with as
= i £y-regularized

spane regresion:

&, = argming; X ~ ©COF{ 2 + 418} 1. (139)
Here, X isthe k-t column of X, and . i a sparsity-promoting knob, Spars regression,
such as the LASSO [318] or the sequential thresholded least-squares (STLS) algorithm
used in SIND (951, improves the numerical robustness of this identification for noisy
averdetermined problems,in contrast o arler methods (S45] that sed compressed sens-
ing [150, 109, 112, 11, 113, 39, 5291, We advocate the STLS (Code 7.1) to selectactive
s

Gote 1 Sequentially thresholded et quires

1 Theravardt; |+ rnitial gueds: Least

function X4 - sparsitypymanics (Theta, dide, arbda, )

¢ Lanbda is our sparsific

smallinds = (abs(xi)<lambda); ©

Xi {snallinds) 207 s an
1 v

for ind - 1in
bisinas

emaiinds c dnd)
 onto remaining nd sparse Xi
nde. ndy = Theta (1 bisinds) \Xat (- ina) 5

+ Regress dy
Xi (biai

“The sparse vectors £ may be synthesized ito a dynamicl system:

= O @40
Notethat ;. xas
7.4 shows the

equations from data. Code 7.2 generates data and performs the SIND regression
for the Lorenz system.

Gote 72 SINDy regression o denify the Loren system rom da

Beta - 110; 28; 8/31; & Lorenz’s paraneters (ch
a3

8 2m; s
o

deset ('Reltol’, 1e-12, AbeTol
)

ndicion

_1200me8(1,m)) 1

‘length(x)
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egression
Brunion et . 951,

@x(i,1) = lorenz(0,x(1,+) Beta)s
a
35 Build 1ibrary and compute sparse regression
Theta - poolnatata,n 3§ o tilrd order “potymoniats
Lan s is our sparsification knob.
X1 sparei yDymanico Thera, dx, 1ambaa,
“This code also relies on a function poolData that generates the fibrary ©. In this case,
polynomials up to third order are used. This code is available oline.
“The output of the SINDy algorithm s a sparse maix of coeficients =
xdor yaor [eees
1 T o 1 o
x Fao.oo00)  (zs.0000 | o)
v [10l0000]  [-2l0000] [ o
[ o L o l-2.6567)
[ o L o 1
( o I o] [ 1.0000)
( o [-l.oo0] [ o)
( o 1 o 1 o)
« o 1 o1 o)
[ o 1 o 1 o
[ ot o 1 o
r ot o 1 o1
r o 1 o 1 o
[ o 1 o 1 o)
( o L o 1 o)
( o L o 1 o)
[ o L o 1 o)
( o 1 o 1 o)
( o 1 o1 o)
t o 1 o1 o

The result of the SINDy regression s a parsimonious model that includes only the
ot ot 0 [ i 2 bt Vo e s e
ed
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1. Collect Data

fere i A..

Fiowe 75

etal 95]

“The altermative approach, which involses regression onto every possible sparse nonlinear
structure, constitutes an intactable brute-force search through the combinatorially many

candidate model forms. SINDy bypasses this combinatoral search with modem convex
f @08 s oy of et trs, s v e th pusy pronting e by
seting 3 = 0, the 1472, 456,
535, 3171, I @ least-squares regression s used, a5 in DMD, then even a small amount
o mesrenen ot o aumeris ool vill 0 vy e i oy i

nefitof
the ability 1o identify parsimonious models that contain unly the required nonlinear terms,
resultng in interpretable models tha avoid overfiti

Applications, Extensions, and Historical Context
e SINDY ot b sy b g 0 ety gl dyanicsl
systems, s as fluid flows, based on i 195, 341, 342], Fig. 7.5 llustrates
the application of SINDy 1o the flow pist & L,n.‘w where the generalized mean-ficld
model of Noack et al. [402] was discovered from data. SINDY has also been applied o
iy o s i 4]l i 41
Dy is formulated i terms of inear regression in 4 nonlinear library it is
nwymmm( “The SINDy framework has been recently generalized by Loiscau and
Brunton (341] 10 incorporate known physical constrsints and symmetries n the s

el gy preering consains o the quadratc nolineaiis i he Nvie Stokes
quations were imposed (o identify fluid systems (3411, where it is known that these con-
staints promore stabilty (355, 32, 118). This work also showed that polynomial librares
are pasticularly useful for building models of fuid flows in terms of POD coeflcients,
yielding interpretable models that are related to classical Galerkin projection (95, 341).
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Loiseau et al. [342] also demonstrated the abiliy of SINDy to identify dynamical sys-
tems models of high-dimensional systems, such as fuid flows, from a few physical sensor
ch Fi

5. For actuated
100],

e Wyl o el preive sonol (71 1 s povie 10 xend e

SINDy i 13611, integral

terms 4691, and based on highly corrupt and incomplete data [22]. SINDy was 1lso
recently extended 1o incorporate information crteia for objective model selection [362]
and (o identify models with hidden variables using delay coordinates [91). Finall, the

ofprtl i cqaion madls 46, 4651, Sl of s et nmovaons il
e xlorediamors del o

general
467, 414, 353,98, 433, 31, 2, 89, 364, 366], Other tchniues fo dynamical sysiem dis.

(288,

631, .

nonlinear autoregressive model with exogenous inputs (NARMAX) 1208, 571, 59, »m
142,143) . thes

o, b caseifind 3 e e, whes methods o s and machne

learning are used to identify dynamical systems from data. Nearly all methods of system

tion between the various techniques is the degree 10 which this regression is consrained.
For canple ey mad copoiton s bt B odel. Recen
nonlin s v prodicsd st dnami ol t rsevs
i energy. A tomated
nonlincar system dominton e e by Bongard and Lipson (69 and Schmid nd
Lipson [477], where they used genetic programming to identify the structure of nonlinear
dynamics. These methods are highly

of diton, SINDy is 1591, which
least squares

procedure.

Discovering Partial Differential Equations.
A major extension of the SINDy modeling framework generalized the library 10 include
partial derivatives, enabling the identification of partial differential equations (460, 468
“The resuling algorithm, called the parial ifferential cquation functional identifcation
of nolincar dyamics (PDE-FIND). e becn demonsiried 1o scsessully ey
several canonical PDEs from classical physics, purcly from noisy data, These.
include Navier-Stokes, Kuramoto-Sivashinsky. Schrodinger, reaction diffusion, Hulgels
Korteweg-de Vries, and the iffusion equation for Brownian motion [460)

PDE-FIND is similar to SINDy, in that it is based on sparse regression in a library

inFig. 7.6, PDE-

1o higher PDEs. The spatial
into a single column vector Y & ", representing data collected over m time points
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¥

Figue s

1460]) 1a. Data
PDE. 1h,

2a. For lrge

e rows.d. Active erms i & are symihesized nlo  PDE.

and n spatal locations. Addiional inputs, such as a known potential for the Schrdinger
cquaton, or the magnitude of complex dta, is amanged ino  column vector Q € C*”
Next,a library ©(. Q) & C™* of D candidate lncar and nonlinear terms and partial
derivatives for the PDE "

forclean data,

1. Q) which
takes the form;

o=l ¥ ¥ . Q . Y oTr, ] aan

Fach oo © ol f e ws o il o srs
‘which data s cllc ¥/ isalo
colomn vector. Fig.
procesing. A an exampl, a column o ©(T. Q) may be i
“The PDE evoluion can b expresed intis itrary as follows:

—er.Qe )

Each entry in § s a coefiicient corresponding (0 a term in the PDE, and for canonical
PDES,the vector § is sparse, meaning that only a few terms are actve

I the Hibrary © has a suffcienty rich column space that the dynamics are in t's span,

as in SINDy. Importantly,the regression problem in (7.42) may be poorly conditioned.
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Algorithm 1 STRE(® ¥, 7. 0] 1ers)
arg ming|OF — Y13 + AIEI} % ridge regression
=zl % ks coticns
i pply hrd threshold
;mwdm-:mnme; iy ol e 1
% recursive call withfewer coeffcints

retum §

Error in computing the derivatives will be magnified by numerical errors when inverting
©. Thus a last squares regression radically changes the qualitative nature of the inferred

dynamics,

In genel we sk hespae vetor § hat s (742) it o snallresids

Instead vector siuctures,
ed

however, this tends to perform poorly with ighly e dan. e e e ridge
regression with hard thresholding, which we call sequential threshold ridge regression
(STRidge in Algorithm 1, eproduced from Rudy et al. [460]). For 4 given tolerance and
threshold . this gives  sparse approximation to €. We itratively refine the olerance of
Algorithm 1 10 find the bestpredictor based on the selection citria,

& = argming |O(T, Q) — Y, 1} + ex(O(Y, QDI N (143)

of the matrix ©,

ill-posed problems. Penalizing
position n 4 Pareto front.
As in the SINDy algorithm, it is important o provide sufficienty rich training data to
For example, Fig. 7.7
PDE-FIND the Korteweg-de a Tronly a single
traveling wave is analyzed, the method incorrectly identifies the standard linear advection
oo, i e et qution it dscrer s single g v, Howeicr,
i o traveling waves o 2d. the KaV.
dentified, as it describes the different ampl ud«kp(mkm wave speeds.
The PDE iy PDEs based on L
surements that follow the path of individual prtiles. For example, Fig. 7.8 illustrtes the
o of the o o desrbin B oo of 3l b o0
single long time-series mezsurement of the particle In this example, the time
s brken it severl sort sqenee, and h vl of he driin of
these positions is used o identify the diffusion equation.

Extension of SINDy for Rational Function Nonlinearities

Many dynamical systems, such as metabolic and regulatory networks in biology, contain

rationsl function nonlincasites in the dynamics. Often, these rational function nonlineari-
e seal

‘o identify rational functions,since general rational functions are not sparse linear combi-
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— —
—

P77
Fudy e al [460]. (a) An example -solion souion 0 the KAV equation. () Applying ou method

o compltely sparate soutons revesl nonlinearty.

Displacement

[ ———

Length of Series

1460). @)
hisograms of the

" — £l
o comectdentification ofth strucureofthe diffusion model, = i

nations. Instead a

1
asin Mangan etal. [361],



73 Sparse Identfication of Noninear Dynamics (SINDY) 255

We consider dynamicl systems with rational norlinearides:

ey
™

i .44
where x, i the k-th variable, and f () and fp(x) represent numerator and denominator
polynomials n the riable x. For cach index k. it is possible to muliply both sides
o e denmintor . eulin e caon

SN = Sy = 0. 45

57
i terms of the sate x and the derivative i

OX.i2(1) = [04(%) ding (11) ©p(X)] a6

“The first term, ©y(X), s the library of numerator moromials in X, 45 in (7.37). The
second term, dmg (248 @p(X), is obiained by multiplying each column of the library

with the vector £ (1) in fashion. For
single arible e his would i te Following

dinglix )0 =[i1(0 Gux® Do -..] aam

In most cases, we will use the same polynomial degree for both the numerator and
denominator ibrary, so that ©y(X) = @p(X). Thus, the augmented library in (7.46)
s only twice the sze of the original library in (737,

We may now write the dynamics in (7.45) i terms of the augmented library in (7.46)

OX. ix )8 = 0. a4

“The sparse vector of coefficients £, wil have nonzero entries for the actve terms in the
dynamics. However, it is not possible 10 use the same sparse regression procedure as in
SINDy, since the sparsest vector & that satisfies (T.48) is the trivial zro vector.

Instead, the sparsest nonzero vector & that satisfes (7.48) i identified as the sparsest
vector in the null space of ©. This s generally a nonconvex problem, although there are

by Qu etal. (440], based on

(ADM), y »
this

o the data matix X, and hence t0 ©, the noise floor of the singular value decomposition
‘oes up,increasing the rank of the numerical nul space.

General Formulation for Implicit ODEs
“The optimization procedure above may be gencralized 10 include a larger class of implicit

. The ibriry @K, 1) contins st ofthe colomns o the ey ©(X X))

the sparsest vector i the null space of (X~ X]) provides more lexibilty in identifying
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i -

|

' Lo
o - .
E [ Pra Fl
- N - =

\: co--"
_parsimony
Sl overfit
ob oo STEmsecme o overit ]
Number of terms, k

rers "
e v

(e cirle, preventing overfting.
nonlinear equations with mixed terms contaiing various powers of any combination of
derivatives and states. For example, the system given by

i — =0 @49)

may be represented as a sparse vector in the null space of @([X ~ X]). This formulaio
may be extended (0 include higher order dervatives in the library @ fibrary for example
o idenify second-order implict diferential equations

o(x X X)) aso

e sty of this s crals te o of many sy of .
including those systems with rat nlincaritcs.

Information Criteria for Mode Selection

When pefonin e spa rgresion i e SINDy gt the ity pronoing

parameter 7 is a free variable, In practice, different values of % will result in difere

model with variouskves ofsparsiy aning from e trivial model § = 0 for vry o
for . = 0. Ths

by
ot Parcto oo, balaein emor versus complexity.as in Fig. 7.9, To ideniy the most
a

with low error s possible to leverage:

information criteria for model selction, a described in Mangan et al. [362]. In partcular,
16,71,

el he e AIC. This procedure.

i odel

was corretly idenified (362)
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Koopman Operator Theory

systems in terms of the evolution of measurcments ¢(x). In 1931, Bermard O, Koopman
demonstrated that it is posible to represent a nolinear dynamical system in terms of an
infinite-dimensional lincar operator acting on a Hilbert space of measurement functions
of the state of the system. This so-called Koapman operator is linear, and its spectral
decomposition completely characteizes the behavior of  nonlinear system, analogous
0 (7.7). However, it is lso infinite-dimensional, as there are infiitely many degrees of
freedom required to describe the space of all possible measurement functions ¢ of the

enabling globally linear representations of nonlinear dynani
linear dynamics in a linear framework is appealing because of the wealth of optima esti-

analytically predit the future state of the system. Obiaining  finite-dimensional pproxi-

Mathematical Formulation of Koopman Theory

“The Koopman operator advances measurement functions of the state with the flow of

the dynamics. We consider real-valued measurement functions £ + M — R, which are

elements of an infinite-dimensional Hilbert space. The functions g are also commonly

known as observables, although this may be confused with the unrelated observabiliry

picall.

functions on M:; other choices of a measure space are also valid.
oopman operator K i an infinite-dimensional linear operator that acts on mea-

surement functions g as:

Kig=gaF, asn

where o is the composition operator. For a discree-time system with timestcp Ar, this
becomes:

Kargtu

(Fa(5)) = 8(351) s

In other words, the Koopman operator defines an infiite-dimensional linear dynamical
the state ¢

%) = Karg (o) sy
Note that this s true for any observable function g and for any sate x;
“The Koopman operator s linear, a property which is inherited from the lincarity of the
additon operation in function spaces:

Ko 1106 + ez 00)

g1 (B 0) + s (F ) .58
= @k () + @k, @.540)
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For sufficintly smooth dynamical systems, it is also possible to define the continuous-
time analogue of the Koopman dynamic system in (7.53)

ass)

The operator K s the infinitesimal generator of the one-parameter family of transforma-
tions K, [1]. i defined by its action on an observable function

e

SLELET as0

e s 59 m¢
(74,

u
e an he i dmenone wm\mr X will advance ths function Hnw:vrr
the hosen b

become ity comples ane e g e dymamic. nothr s, g
representation for K'x may not b simple of srzightforward.

Koopman Eigenfunctions and Intrinsic Coordinate
e Koopman opector i s i i spesiog ot i nine dimrsionl, | posing
isues stcad of captu
Hilbert space, wvhcd

measurement functions that evole inearly with the flow of the dynamics. Eigenfunctions
ot Kaopman oo rovid st s st o il st e

searly in tme. In fact fivation 10 adopt the Koopman framework is the
iy sy e s rough e g decompostion o h oper
o

Pxk1) = Karplxn) = Ag(x0). asn
In continuous-time, & Koopman cigenfunction ¢(x) stisfies

Kot = hpix). sy

Obaining Koopman eigenfunctions from data or from analytic expressions is a central

lobally linear representations of srongly nonlinear systems

yields

Vo)X= Vg ). as9)

Combined with (7.58),this results in a partial differential equation (PDE) for he eigen-
function ¢ (x):

Vo) 100 = 0. @60
‘With this nonlinear PDE, it s possible to approximate the eigenfunciions, either by
Solving for the Laurent series or with data via regression, both of which are explored

below,
The discrete-ime dynamics in (7.4 are more general, although in many examples the
ontinuous-time dynamics have a simplr representation than the discrete-time map for
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long times. For example, the simple Lorenz system has a simple continuous-tme repre-
sentation, yet is generally e

i key takeaway from (7.57) and (7.58)is tht the nonlinear dynamics become com-
pletly lineas in eigenfunction coordinates, given by ¢(x). As a simple example, any con-

value & = 0. 14061,
implying that any symmetry in the governing equations gives fise (© 4 new Koopman
eigenunction with eigenvalue % = 0. For example. the Hamiltonian enerzy function i 3

Inadditon, the [ -1

for syster

Eigenvalue lattices Interestingly. a set of Koopman eigenfunctions may be used to gen-

erate more eigenfunctions. Indiscrete time, we find that the product of two cigenfunctions
01(3) and p3(x) i also a eigenfunction

K (010092000) = 9 F (0)g2(Fi () a1

= kg X200 asib)

corresponding 1o a new igemalue (3 given by the product of the two eigenvalues of
@103 and pa(s).
In continuous tme, the relationship becomes:

a
Kpn = Z 0192 62

=do+ain .620)

=hipier + i 620

=01+ 2 @62

[ " -

" id a group.except

that have inverses. Thas, system, there.
may be a finie se of generator cigenfunction clemens that may be uscd to consruct
al other cige alatice, based on

the product 432 or sum 4, + 4o, depending on whether the dynamics are in discrete
time or continuous time. For example, given  linear sys
an cigenfunction with cigemvalue . Morcover, ¢ = 1
cigemvalue a for any a,

“The continuous time and discrete time latices are relaed in a simple way. If the

s s n igentuncion with

 Th

10000 = e

100203 a6y
another simple demonsiration of the relationship. between continuous-time and
discret-time eigenvalues, consider the continuous-time defniton in (7.56) applied to an

cigenfunction:
i K000 ) _

S s
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Koopman Mode Decomposition and Finite Representations
Uniilnow,

However,

spatial system, such as an evolving fluid low: These measurements may then be arranged

20 a6

9,
Each of the individual measurements may be expanded in terms of the eigenfunctions
(), which provide a bass for Hilbert space:

0= 3 w0, 60
Ths, the vector ofobsersables, . may be sy expanded
0
o | &
w0 o aen
£

where v s the jth Koopman mode associated with the cigenfunction ¢,
¥ k b

the is unitary, Thos, the
conservative systems, and it is possible 0
projection

for
mpute the Koopman modes v, directly by

toj )
(0 2)

a6
o8

where (-} is the standard inner product of functions in Hilbert space. These modes have
aphysical the case of direct spatal

in which case the modes are coberent spaial modes that behave linearly with the same
temporaldymamics . oxcilaton, pssily vih s gowth o ey

Given the decomposition in (767, e 0 represent the dynamics of the mea-
surements g as follows:

SRR S asw

o)

=Y Koy, aem
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| Fean o

9wy

Ko tU ™ Y

e
Bt 0699
(07 ¥ i e
and ws introduced by Mezie in 2005 (376]. The Koopman mode decompositon was aer
which will
bediscussed in Section 7.2
Invariant Eigenspaces and Finite-Dimensional Models
hes Jicd
st of measurement functions.
A & &)
it all fntions g n this subspace.
g=ag ot b, am
the X
Ke=prei+prer++ by am

by restricting it to an invariant subspace spanned by a finite number of functions (¢, )/_.
The mat 15 on  vector space R

values of g, (x. Thi
Any finite se of cigenfunctions of the Koopman operator wil span an invariant sub-
space. Discovering these cigenfunction coordinates s, therefore,  central challenge, as
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they pr he d behave linearly. I practice, it
is more likely that we will idenify an approximately invasiant subspace, given by a set of
functions [¢717_q, where each of the functions g is well approximated by a fnite sum of
eigenfunctions: & ~ Y-{_y @i

amples of Koopman Embeddings.
Nontear System with Single Fixed Point and a Slow ManljoM
ere, we consider an example system with a sngle fxed poin, given

a1
@)

Fork < < 0, the system exhibits a slow attacting manifold v o= 4o
i ponsile Lo svgmen e st X it he ponlcr e dene
st Koopmn imain sabepace. I thee coondinic, e dynamicn

L B

“The full pace s visualized i Fig. .11

™
corresponding to the slow cigenvalues ¢ and 24 this subspace is visualized by the green
stae. Pl e s the rginal sympoically trating manfold of te gl
system,

ahvays nterset n @ pakls it i cined a3 45 sl o 0 1y)drsction, The

increasingly large. In the B e i Koopmchenvibl spve. he dymamice
produce a single stable node, with trajectoris rapidly attracting onto the green subspace
and then slowly approaching the ixed point.

Inirinsic coordinates defined by eigenfunctions of the Koopman operator The left
sigmectonofthe Koopman opctor ik Kooprin ignfunction ., gt
ables). The a. and & are:

o= = i b= am
A=2u

he consant b i g, captres the fact that for 4 e o /s, the dymamics only

pasbolic rsetories. T s st mre Ity by the varioussrfsces n Fig. 7.1
for differnt ratios /1.

way.a et of determined
ons deined by h s igomecon of e Kooprdn oeror on
Explicily,

inariant subspace.

By, where £,K =ak,, s
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Fpure 711 Jong with

constsint 3

e fll nonlncar
Sy X the 313 plane, Here, c = ~0.03and » = 1. Repruced from Braon e al. 921

man operator, even after coordinatc transformations. As such, they may be regarded as

Example of Intractable Representation
Consider the logistic map. given by:

et = Axdd - ). 76

Let our observable subspace include x and <%

NERD
N R

(-2 +4f).

iy = Bl —x =

@19
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w 2. Similrly. th
cively, and 30 on, d infini
L )
Bp 0 0 0 0 0o 0o 0 0 .
op 2 2 0 0 0 0 0 0 @
00 gt 3t a0 [ *
oo 0 g -ap et 0o 0 o
00 0 0 F -5 0 710,'1‘ s - =

It interesting to note tha the rows of this equation are related to the rows of Pascal’s
riangle, with the n-h row scaled by r”, and with the omission of the firt ow:

[y = 010 as0,

“The above representation of the Koopman operator in a polynomial basi is somewhat
roubling. Not only is there no closure, but the determinant of any finite-rank runcation
i very large for f > 1. This llustraes a pitfll associated with naive representation of
the it dimensions Koo pero o 3 imple chaoc sy, Tncag he
system, or perf D

st mesrmen: e Secton 7.5) e poot el with he trnesed sy

the representation grows quickly:

| o 0 0
o |1 # 3 2

2 Jo -5

¥ o 0

o o

oS0 | S asn
< lo o

¥ o 0

@ o o

Analytic Series Expansions for Eigenfunctions.
Given the dynamics in (7.1), i is possible to solve the PDE in (7.60) using standard
ech Tayloror L e
of simple examples are explored below.

Dynamics
Consider the simple linear dynamics

sy
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Assuming a Taylor seriesexpansion for (1)
$x) =co+erx + e’ e’ 4
hen the gradient and directonalderatives e given by
Vg = 1 + 20 + 3’ +deg’ +
Voo s

Solving for terms in the Koopman eigenfunction PDE (7.60), we see that cy = 0 must
hold. For any postiv ineger . in (7.60), only one of the coeficients may be nonzero.
Specifically, for . = k € 2 then p(x) = ex* is an eigenfunction for any constant . For
instance,if & = 1, then p(x)

142008 4 e ey +

Quadratic Nonlinear Dynamics
Consider a nonlinear dynamical system

4 783
dr 5
Thee s no Taylor seres that satisfies (7.60), exceptth tivial solution ¢ = 0 for A = 0,
Instead, we assume a Laurent seres

P = e e e b
Fentad o+

“The gradient and directional derivatives are given by:

Vo= = deart = 2o e e 4 2ax
3 e +
Voo fmo e S 2e e e 4 2ax

3t e’ +
Solin o the ot o e Lot st sty 160 we find it o
s with posne ndx s,y = 0 ol = 1 However, e aposne
o sl e iven by the recursion k1 = ke, for negative k < —1. Ths,
Laurent seres is

o =1+

“This holds for all values of . € C. There are also other Koopman eigenfunctions that can
be identified from the Laurent series.

Polynomial Nonlinear Dynamics
For a more general nonlinear dynamical system
@

@

ax 84

) = e s ancgenfunton forall € C.



26

Data-Driven Dynamical Systems.

As mentioned above, it is also possible to generate new cigenfunciions by taking pow-
ers of these primitive eigenfunctions; the resuling eigenvalues generate a latice in the
complex planc.

History and Recent Developments
The original amalysis of Koopman in 1931 was introduced to describe the evolution of

d his theory Koopman
and von Neumann to sytems with continuaus cigenvalue spectrum in 1932 [301]. In the
case of Hamiltonian )

family Hilbert space. be familiar by
now, us the discrete (OFT) and
productof
Hamilionian

systems. In the ori 13001, Koopman drew connections between the Koopman
clmalc s and comened s, gl and gl cresing.

man's 1931 paper was central in the celebrated proofs of the ergodic theorem by
Birkhoff and von Neumann (62, 399, 61, 389]

Koopman analysis has recently gained renewed interest with the pioncering work of
Mezic and collaborators (379, 376, 102, 104, 103, 377, 3221, The Koopman operator is
also known as the composition operator, which is formally the pull-back operator on the
space of scalar obsersable functons (1], and it is the dual, or left-adjoint, of the Perron-

operator then it is closely relted to Carleman linearization [121, 122, 123], which has
been used extensively in nonlincar control [500, 305, 38, 509]. Koopman analyss i also
1487

ccer s been shown that the operator thearetic framework complemens the

vy ‘eomeic and probabilistic perspectives. For example, level sets of Koopman

cigenfunctions form invariant partitions of the state-space of a dynamical system [103];

in particular, igenfunctions of the Koopman operator may be used to analyze the ergodic

parition 380, 1021, Koopman analyis hs ko been rcently shown (o gencralze the
atcaction of a stable or

Fum point or periodic obit [322],

‘Atthe time of this wrii

e i cenial e hallnge SignReant s oot e foused on

developing data-driven technigues to identify Koopman eigenfunctions and use these for

control, Recently, new work
P

o
eigenfunctions from data [550, 368, 513, 564, 412, 349].

Data-Driven Koopman Analysis.

el
tionize our ability to predict and control these systems. The linearization of dynamics near
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dynamics (252]. The Koopman operator is appealing because it provides a global linear

representation, valid far away from fixed points and periodic orbits. However, previ

atmps o b e imersoal ot st Koopran e 1t
472, 456,

Knnpmmv apertor i et et mode adhancin \pmla\ measremant rom one
time 1o the next, although these linear measurements are not rich enough for many non-
linear systems. Augmenting DMD with nonlinear measurements may enrich the model,
but there is no guarantee that the resuliing models will be closed under the Koopman
operator (921, Here,

o
data. These methods decom-
(2761, and the use of

Extended DMD

DMD [535],except
that instead of performing regression on direct measurements of the stae, regression is
performed on an augmented vector containing nonlinear measurements of the stte. As
10 the variational
s [405, 407, 4081, which was developed in 2013 by Nog and Nuske
Here, we will modify the notation slightly to conform to elated methods. In cDMD, s
augmented sate is constructe:

)

| e )

y=elw= ass)
)

© may contain the original state x 15 well as nonlincar measurements, so ofien p > 1.
Next, two data matices are constructed, a i D)

P | |
v [’\' R RS R e

Finally, a best-fit incar operator Ay is consiructed that maps Y into Y';

Ay = aremin [~ AyY] = Y'Y asn
W

“This regression may be written in terms of the data matrces @(X) and ©(X')

Av

e 7() - AOT (0] -0 ) (0700) (13

are often employed to compute this regression [557). In principl, the enriched library ©
provides a larger basis in which to approximate the Koopman operator. It has been shown
recently that in the limit of infinite snapshors, the extended DMD operator converges (o
the Koopman operator projected onto the subspace spanned by @ [303]. However, if ©
docs ot
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. as all of the cigenvalues
may be different. n fact, it was shown that he extended DMD opeator il have spurious
cigemvalues and cigenvetors unles it s represented in terms of & Koopman invariant
subspace [92]. Therefore,

that eDMD cannot contain the original state X s 3 measurement and represent a system
that has multiple fxed points, periodic orbits, or other atractors, because these systems
canno be topologically conjugate 0  finit-dimensional linear system [92],

‘Approximating Koopman Eigenfunctions from Data
In discrete-time, a Koopman eigenfunctions(x) evaluated at a number of data points in X
will satsty:

et [ e
iptxe) 0

” ! (1.89)
sot] Lotuan.

It possible to approximate this cigenfunction as an expansion in terms of 4 st of candi
date functions,

o)

[0 B0 - 5,0] s
e Koopmancigenfunctionmay be approximated n ths basi as:
P00 DBk = OE, aon
Wiiting (7.89) i terans of i expansion yiels he mtrx system:
(:00% - B(X)§ =0 asy
DMD (557, 5561

I
formulaton:
= O 0%, oy

Note that (7.93) i the transpose of (7.88) 5o that left eigenvectors become right eigen-
vectors. Ths, eigenvectors £ of ©'@/ yield the coeficients of the cigenfunction ¢(x)

functions actually behave linearly on trajectories, by comparing them with the predicied
dynamics pis1 = dgy, because the regression above wil resul in spurious eigenvalues
192

Sparse Identification of Eigenfunctions
Iis possible to leverage the SINDy regression [95] to identify Koopman cigenfunctions

©(x) 0 avoid overliting. Given the data matices, X and X from sbove it i possible to
onstruct the library o basis functions @(X) as well as a library o directional deivatives,
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representing the possibl terms in Vep(x) - (x) from (7.60)

)

[S000-% T % W,00-5] s

It then possible o construet T from dat:

oo Ve Va3
VA R V) % RrANiE
rXX)=
V) S Vo) A Vi) o,
For P » in

(:000 T %)¢

(195

e frmiaton n 19 s impl 0t £ will be in the millspace of 100X)—

X%
it g et columns of V) corresponding (0 zero-valued singular
values.

parsest vectorinthe null-space [440],as in the impliit-SINDy algorithm [361] described
in Section 7.3, In this formulaton, the cigemvalues . are not known a priori, and must
be leamed with the approximte eigenfunction. Koopman cigenfuntions and eigenvalues
can also be determined as the solution t the eigenvalue problem AvE, = Aok where
Ay = ©'T s obtained via leastsquares regression, as in the continuous-ime version of
€DMD. Whilk many eigenfunctions are spurious, those corresponding (o lighly damped
cigenvalues can be well pproximaed.

daain X

but can be obiained Such as atin hypercube sampl

patches of state space.

Example: Duffing System (Kaiser et al [276))
‘We demonsttate the sparse idenification of Koopman eigenfunctions on the undamped
Duffng oscilltor:
a
@ |52,

whers i he pusiion a1 s the veloiy of  parice i3 doule wll poenal
with oy iliia @0 wd (1,0 Ths sy i someratve,wih amlonian
i K

241
Ssenuncion it c\gcmwhw
or the eigenvalue J. = 0, (7.95) becomes ~T(X. X)§ = 0, and hence a sparse & is

ough 5 3
data, employing polynomials up to fourth order:

o !
0= |50 0 nOmO o
[
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and

N

L | |
[w, A R n}
\ \ i \

A spars vector of coefficients § may be identified, Wit the few nonzero entries deter-
The identified

tonassociated with & = 0 is

00 = ~2/3 +2/35 + 173+ 96

Data-Driven Koopman and Delay Coordinates

Instead of adancing insananeuslnear o oslinear messements of the e of 3

for m.m... based on time-delayed measurements of the sysiem [506, 91, 18, 1441, This
e e datdiven,sin on e el of oo rom prvis e
ments to Unlike

may et rapped at fxed points or on perodic orbits,chaotic dynanies are paricully

well-suied 10 this analysis: trajectories evolve (0 densely il an atractor, so more data
roides o infomaton.Th s of delay oot iy b cpecily mportant o
sysems il longden memory s e the Koopman pprosh s recely
ful vulym ol (308 emcen he
zmmm where
astochastic is defined and a statistical
“The tme-deey measrement schem s show schematcally i Fi. 712,14 s

n th Lrea i o 8 gl e sres messaerentof e i aabe, 1),
Condion of e it
a diffeomorphism between a delay l:mbcddcd atractor 1M e i e original
coordinates. We then obtain eigent-time-delay coordinates from a time-series of a single
ncarement () by in the SVD of he Honke s B

) ) i)
) ) X(im1)

aom
X)Xl 41) )

“The columns of Uand V f
the columns and ro

ety 0w, iy i s vk srsiion
byt i coums of U304 V- Not e Haret i 757 5 e i of
ey relizion ot 1572 n inas sysem enificion (4 Seeion . o
and s analysis (SSA) [8
“The low-rank approximation to (7.97) provides a data-driven measurement system that
By definiton,
the dynamics map the atractorint itself, making it imvariant 10 the flow. In other words,
the columns of U form & Koopman invariant subspace. We may re-write (7.97) with the
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LT

Figure 712 Decomposiion of chaos i
aHa The SVD.

o4 incarsystem with focing. A time seres (1) s siacked

liner nstad. v, 1 variables.

rom (011, 1911

Koopman operator € 2 Ky

xw) Kxin) Ky
Kt Koxin) Kmex(n)

a0

o) Kexin) K lxin)

The columns of 797 are wllspposimted hy the frst  columns of U, The first r
columns of V provide a time seris of 1 e of each of the columns of US in
the data, By p e obtain for the
Loren sysem (See Fig. 7.12).

pmestion etnen ignine-dly oot rom (197)and he Koopnan
cpeulr st o e fepesion ol o e e . Ersa ppro-
imately Koopman-insariant measurement system, there remain cha]lcngcs o identifying

a linear

nodel for a chaotic system. A linear model, however detiled, cannot capture
e fed poinsor he npreicabi behavio sharactrisic ofchaos with  postive
Lyapunov exponent 921, Instad of constructing a closed linear model for the fist
variables in V. we build & linear model on the first - — 1 variables and recast the last
Variable, v, a5 a forcing term:

vy

% (1.99)
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where v = [ 2 ve1]" is a vector of the first r — 1 eigen-time-delay coordi-
s Other work s investigated th siiting of dynamics ino decrinistic fncr,and
chaoic sochasic dynamics (3761

Tl of the examples explored n (91, the lincar model o the first  — 1 erms is
s, whil o s el eprsns . IS v s e Frn o e
: The stistics o v, 1) arc

o Ganian i
thel

by others [355, 461, 356]. The forced linear system in (7.99) was discovered after apply-
ing the SINDY algorithm [95] to delay coordinates of the Lorenz system. Continuing o
develop Koopman on delay coordinates has significant promise in the context of closed-
loop feedback conrol, where it may be possible to manipulate the behavior of a chaotic
system by treating v, as a disturbance.

”

suggets that Koopman thery may o be vsed 10 improve spatlly disrbuted snsor

of ﬁymg insects, may use phase delay coordinaes o provide nearly optimal enbsting:
o detect and control convective structures (e, stall from a gus, lead
formation and convecion, etc.

HAVOK Code for Lorenz System
model for the same L

in Code 7.2, Here we use Ar 10,30 ¢ = 10, although the results would be.

more accurate for At = 0.001, m, = 100,and r = 15

73 HAYDR e r Lo b e Scson 1.

st g
ena
[U,5,¥) = sva(, econ’); & Figen delay coordinates

v ieron Glangth () 5,111

for 13 densth ()~

gy K1 = (1/(120000) 4 (V442,10 484V (£02,1) -84V (4-1,3)
REERIH

ana

na
rin firet and last two that are lost in derivati
V(3iend-3,1:x) 1

1
Dileanira



75 Data-Driven Koopman Analysis 273

Neural Networks for Koopman Embeddings
Despite the promise of Koopman embeddings, obis

e tractable representations bas
fems, the

eigenfuncions of the Koopman operator may be arbirarly complex. Deep learning,

s well-suited for representing arbitrary functions, has recently emerged as @
promising approach for discovering and represening Koopman cigenfunctions. 550,
368, 513, 564, 412, 332, 349, providing a data-driven embedding of srongly nonlincar
s it e e coonite n patcutr e Koopman perpectve 1t

)

ok addions o b et vt e dysanis s e e on
these latent variables. forcing the functions 9(x) 1o be Koopman eigenfunctions, as
illastrated in Fig. 7.13. The constraint of lincar dynamics i enforced by the loss function
90551) — Ko(xe) . where K is a matix. I general, lineartyis enforced over muliiple

time steps, in addition,

from the latent variables s probabilisic [550, 3681,
For simple systems with a discrete cigenvalue spectrum, a compact representation may
H

al netswork or Koopman representations. Conlinuous spectrum dynamics are ubiquitous,
fanging from the simple pendulum to nonlinear optics and broadband turbulence. For
example, the classical pendulum, given by

—sin(ox) .10

#ipin-n

P o () =

Fgure 713 The

(0.). Reprouced withpermission from Lusch e al. [349]
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P14

autoneod o

1309,

the pendulum
oscilltion s incressed. Thus, the continuous spectrum confounds a simple description in
terms of 4 fow Koopman eigenfunctions [378]. Indeed. away from the linar regime. an
e Fourirsm s equed o sppovimate e st i rencs.

In arecent work by Lusch et al. [149],an auxiliary network is used (0 parameterize the
sl varin g, cnblig & sevork et s both g
nd imesreable Tis parsmeteioad etk s deicted shemaicaly i, 714 5
illusrated on the simple pendalum in Fig. 7.15. In contrast o other network structures,

i

then  high-dimensional network is necessary 1o account for the s
cigemalues.

Itis expected that neural network representations of dynamicl systems, and Koopman
embeddings in particular, wil remain 4 growing area of iterest in data-driven dynamics.

fing frequency and

Thas the potential to transform the analysis and contro of complex
systems.
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Linear Control Theory

The focus of e

and dynamical deling. However, an over-
arching goal for many systems is the ability to setively manipulate their behavior for &
The study and practice of i

by known s conl e

of applied math Contrl theory
enr a1 el on et mesremens (445) obaed o 4 e 10 s 5
eiven objectve. In fact, control theory deals with living data, as successful application
modifies the dynamics of the system, thus changing the characteristcs of the measure-

andit s one of the most suceessful ields at the interface:

15.C

mode gt e e

Control theory has helped shape the modern technofogical and industrial landscpe.
Exampls oo, incluling ce comot i umobile,position ol i comie:
tion equipmen, fy-by-wire autopiltsin airraf, indusrial utomtion, ke routing in
the inemet, commercial heating ventilation and cooling systems, stabilzation of rockets,
and PID temperature and pressure conirol in moder cspresso machines, to name only &
few of the many applications. I the future, control will be increasingly applied 1 high-
d i

inance, epidemiology, autonomous robors, and self drving cars. In these future applica-
tions, data-driven modeling and control wil be vitally important;this s be the subject of
Chapters 7 and 10.

This chapte il inrodc the key conepts from closeloo fecdback contrl. The
‘oalis to build inition by pr
real-world challenges. Most of the theory will be developed for linear systems, where &
el of povera esiquescxis 165, 4921 This theory il he be demnsired on

. such as (0 develop a
stabilize an inverted pendulum on 3 moving cart

Types of Control

There are man fady i
approaches are organized schematicaly in Fig. $.1. Passive control does not require input
energy. icity, relbility, and low cost.

For example, sop signs at a raffic intersection regulte the flow of traffc. Active control

whether of not sensors are used to inform the controler. In the fist category, open-loop
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St g he s e coni st s chaer i s n
o oo ek

control relies on  pr-rogramimed contrl sequence; inth taflic example, ignls may

be
ey st contol s srons 1 o ool Dt
rol measures exogenous disturbances (o the system and then feeds this into an open-
Soapcoml would be
direction of the flow of e near a stadim when a rge crowd of people are xpected
o leave. Finally,the last category is closed-loop feedback control, which will b the main
focus of this chapter. uses sensors an
then achieving the desired
ol Many moden alc sysems have smart i ights with  conrollgic formed
by inductive sensors in the roadbed that measure trafic density.

Glosed-Loop Feedback Control
The main focus of this chapte is closedoop feedback control, which is the method of
choice for systems with uncertainty. insiability. and/or extermal disturbances. Fig. 8.2
depicts the general fecdback control framework, where sensor measuremens,
system are fed back into a controler, which then decides on an actuation signal, u, 10
i h ymanis and e o o spis ol ity
oueon dtascs, o ol of e xanpe il o U hps, e v of
exogenous disurbances may be decomposed WD W where wy are
it o e S o e, v s SIS 1o, snd w3 el
rajctory tha should be r the closed-loop syse
sl s sy 1ms messvemere s il decibed by syl

T wp) 1)



Cost
W 7
Fiuesz 1M o e back
o contole,
J

may alo include  efeence trjecory w tht should b tacked.

Y=, 1)
“The goalis to construct a conirol law

u=ky W) 52
that miniomizes a cos function

T I, ®3)

“Thus, modern contrl relies heavily on techniques from optimization (74], Tn general, the
controller in (8.2) will be a dynamical system, rather than a sati function of the inputs.
For example, the Kalman fler in Section 8.5 dynamically estimates the full stat x from

1 .5, w), where

s the full-sate estimate

helpful
to compare with open-loop control. For reference tracking problems, the controller is
designed to sier the output of a system towards  desired reference output value W, thus
minimizing the error ¢ = y — w,. Open-loop contrl, shown in Fig. 8.
of the system 10 design an actuation signal u that produces the desired reference output.
However,this pre-planned srategy cannot correet for external disturbances o the system

83, uses 2 model

from disturbances. Moreover, any model uncertainty willdirctly contribute (0 open-loop.
racking error

In contrast, closed-loop feedback contrl, shown in Fig. 8.4 uses sensor measurements
of the system 0 inform the controler about how the system is actally responding. These
Sensor measurements provide information sbout unmodeled dynamics and disurbances
that would degrade the performance in open-loop control. Further, with fecdback it is
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Fouress 2

;) and sensor oise (w5 wel s unmodeled sysem dynamics and uncet
accounted for and degrade performance.

Feedback signal

Fauress Ci ck controld

‘whi effctively ejecting disturbances v, snd sETUAng Hose .

often d of A
which s ot posible with open-loop control. Thus, closed-loop feedback contrl s often
able to maintain high-performance operation for systems with unstable dynamics, model
W external disturbances.

Examples of the Benefits of Feedback Control

To summarize, control has several
+ Itmay be possible o stabilize an unstable system:
+ Itmay be possible to compensate for external isturbances:

These issues are illustrated in the following two simple examples.

Inverted pendulum Consider the unstable inverted pendulum equarions, which will be
derived later n Section 8.2. The linearized equations are:

afal_[o 1, [
- AR [
i e i o e el o s e

aceeleration, L is the length of the pendulum arm, and d is damping. We may
e n sandard fom o

st 1
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Linear Control Theory

15 wechoae conmat o o el e s e = /BT = 1 wdd ow-;..

No oprloop comol sty ca cange the dyaics f the sy ghn e
However, = —Kx, the closed
Ioop system becomes

A~ BK)x

Choosing K = [4 4], comesponding 0. contol law 1 =~ — 452 = 46 — 4, he
el oo s 4 B s sablecigmales 3

Determining when it i possible to change the cigenvalues of the closed-loop systcm,
anddercmining e spprorine cotrol I K 10 achie s il b the suiect o e

-1

Cruise control
led dynamics and disurbances, we wil conidr  simple mode of cnise contol inan
automabile. Let u be the rate of gas fed into the engine, and let ¥ be the car’s specd.
Neglecting transients,a crude model is:

y=u. 35

Thus, i we double the gas input, we double he automobile’s
Based on this model, we may design an open-loop cruise controller 0 trick a reference
speed v, by simply commanding an input of
model (ie. in actuality ). or extemal disturbances, such as rollng hills (1., if
3=t sin(o), are ot aceounted for i the simple open-loop desi
In contrast, a closed-loap control aw, based on measurements of the spee, is able to
compensate for unmadeled dynamics and disturbances. Consider the closed-loop control

. However, an incorrect automobile

Taw i = K (v, — ), 50 that gas s increased when the measured velocity s 100 low, and
s 100 high. Then i ly y = 2u instead of
wil i e peformanes of
the closed-loop system can be significantly improved for large K-
2%
Y= —y) = (42Ky=2Kw, = y=—m . @6
(] (142K E 56

For K = 50, the closed-loop system only has 19 stcady-state trcking error Similarly, an

‘added disturbance w will be attenuated by a factor of 1/2K + 1)
As & conerete example, consider a reference tracking problem with a desired reference
todel i y s

ol i = 50 .3 s Cale 1. Al e cncoap conl e

will se lter

per
ar Adding an
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Speed

5
Time

Figure 5 Open-Joop s, close-loop e conrl.

Gode 1 Compare open-oop and closed-loop cuie contro,

ovones (siza (<)) ;
1005t (piet) ;

atiodel

1

WO = wr/atiodel; s o

YOL = aTrueswol + d; &

CL - ATrusek/ (1+aTrusek) eur + 4/ (1safrueek);

Linear Time-Invariant Systems

i sysems 492, 165,22]
Linear
or  periodic arbit However nstabilty may quickly take a trectory far away from the

) the system
in & small neighborhood of the fixed point where the linear approximation is valid. For
example, in the case of the inverted pendulum, fecdback control may keep the pendulum
stabilized in the vertical position where the dynamics behave linearly.

Linearization of Nonlinear Dynamics
Given & nonlinear input-ouput system

7
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y=gxw @)

it possible (o linearize the dynamics near  fixed point (%, ) where (%, ) = 0. For small
Ax=x—Rand Ay a may

poin (%,

e anarow =s0s & sre

Similarly. the output equation g may be expanded as:

s P o B aae 9

B+ A%+ Au) = g6

Dropping the A and shifting 1o a coondinate system where %, &, and § are at the origin the
linearzed dynanics may be writen s

Ax+Bu (10

@

y=Cxibu (®.100)

Note that we have neglected the disturbance and noise inputs, W and w,, respectively:
these will be added back Kalman s

Unforced Linear System
o, ¥
the dynamical system n (5.10) becomes
@1
“The soluton (1) i given by
X0 =01, @1
wherethe matix exponenia s deined by:
A B0 AT @13

3
“The solution in (8.12) is determined entirely by the cigemvalus and cigenvectors of the
‘mattix A. Consider the eigendecomposition of

AT=TA @14

In the simpies case, A s  digonal mati of disinc igevalues and T i o s
Fortepeated

clgcnvnlnm, A may be written in Jordan form, with eniries above the diagonal for degen-
muliplicity = 2; il be generalized

cigenvectors
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In cither case, it is caser to compute the matrix exponential ¢ than ¢’ For diagonal
A, the matix exponential is given by

U o
0 e o

15
00

In the case of a nontrivial Jordan block in A with entries above the diagonal, simple
(for details,
Rearranging the terms in (8.14), we find that i is simple 10 represent powers of A in
terms ofthe eigenvectors and eigenvalues:

TAT .16

(rar) 16

A= (1aT) (1) (AT L e
Finaly,sibstuing e expesions o (.13 il

& (8.17a)

(8.176)

wio

“Thus, we see that it is possible to compute the matrix exponental effciently in erms of
the eigendecomposition of A. Moreover, the matix of eigenvectors T defines a change of
coordinates that drsmatically simplifis the dynamics:

Te s i=TR=TAN=T AT = i-Az GIS)
In other wors s com-
bining (8.12) with (8.17¢), it s possibl (0 wit the solution x(1) &5

0 ®19)

In the fist step, ! maps the nital conditon in physical coordinates, x(0). o cigen-
0

update e, inates 2 Finally, mulil;

by T maps 2(1) back to physical coordinates, x(1).
In addition to making it possible to compute the matrix exponential, and hence the
I A

and sability of the system. We sce from (8.19) that the only time-varying portion of the
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solution s €. Ingenera, these cigemalues: = & by b compls s o
th sluons e i by = < o) i) i, fallf o cigemnlcs 1
have negative real part (., Re(:) e sy i e and oo
decay 10x = 0 as 1 — 0. However, if even a single eigenvalue has positive real part,
then the system is unstable and will diverge from the fxed point along the corresponding

kel
n 7 disurbanees wil
e sysem.
Forced Linear System
i focing, and x0) 10wy
30 = [N B & VB ©20)

The control input uir) s comsalved with the kernel eMB. With an ouput y = Cx.
we have () = CeMB < (). This convoluton is llustraied in Fig. 86 for o single.
input, igle-ntpu (SIS0) sysem intems o he impulc esponse 1) = CeVB =
Ji CeNI=B () given a Dirac delta inputu(r) = 5(0).

Discrete-Time Systems

In many real-world application, systems are sampled at discrete instances in time. Thus,
diital control systems are typically formulted in terms of discete-time dynamical
systems:

Agxc+ Byue ®210)
= Cox+ Dy, ®210)

where X, = X(CA1). The system matrces in (8221) can be obtained from the continuous-
time system i (8.10) as

A ®22)

B, ABdr ®220)
fo

€ #.220)

D, =D. ®220)

The stability of the discrete-time system in (821 s tll determined by the eigenvalues of
A although now & system is stable if and only i ll discrete-time eigenvalues are inside
the unitcicle in the complex plane. Thus, exp(A 1) defines a conformal mapping on the
complex plane from continuous-time to discrete-time, where cigenvalues in the lefhalf
plane map 10 cigenvalues inside the unitcircle.
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vty =geu

Output
Figure 6 Convolution for 3 single-input single-output (SISO) sysien.
Exampl: Inverted Pendulum

Consider the inverted pendulum in Fig. 8.8 with  torque i
of motion, derived using the Euler-Lagrange equations?, i

ut 1 at the base. The equation

i in(®) +u. (323

T

v
onder diferenial quation s  system offrs ndercquaions

W] _[o A o B

R I o AP

Where ¢ he i s,
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Continuous-time Discrete-time

Fpues? i

Figure 8 Schematic ofinverted pendulum sysiem.

Taking the Jacobian of £, u) yields

ar 0o ar o
x [ffmm» o}‘ @ [J ®2

Linearizing at the pendulum up (x) = 1. x2 = 0) and down (x) = 0, x3 = 0) equilibria
sives

1 9 | S A [

ITT— [erTe———

“Thus, we see that the down position is a stsble center with eigenvalues % = 17T
corresponding to oscillations at & natural frequency of /L. The pendulum up position is
an unstable saddle with eigenvalues = +/E7T.
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Controllability and Observability
A

u 1007 iy saw i Section 8.1
. esuling in a new sys A-BK)
when and how
e manipulated through fecdback control. The dual queston, of when it is possible 1o
e x 3
Controlabity

e abilty to design the eigenvalues of the closed-loop system with the choice of K.
relies on the system in (8.10a) being controllable. The contrllability of a inear system
by

c=[B AB A% ... Av'B] )

I the matix € has n linearly independent columns, so that it spans all of R, then the
system in (8.104) is controllable. The span of the columns of the conurollability matrix
€ forms a Krylov subspace that determines which state vector directions in B” may be

placemen, it also implis that any stte § & B is reachable in a finte time with some
actuation signal u(r).
e following three conditions are cquivalent

Conllabiliy. The span of € is . The matrix € may be generated by
s> ceenin,®)
and the rank may be tested tosee i it s equal 101, by

5> rankicernin,2))

2 .
loop system through choice of feedback u = ~Kx:
AxtBu= (A~ BK)x 27
the gain K
lo= % = place(a,3,neveigs)
Designing K for he best performance will be discussed in Section 8.4
3

te

R ina finie time with some actuation signal u(r).

Note that reachabilty also applies to open-oop systems. In partcular, i a dirction £ is
R in the span of C, then it is impossible for control (o push in this directon in either
openrloap or losed-loop.
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Examples The notion of controllability is more easily understood by investigating a few
>
L9 ew

L0 6= 00- .

dependent ectors and docs ot s . Even hefoe checkin e rank of he sontll
bty matix, it is asy o see that the system won't be controllable since the sttes ¥, and

d ][t O[] 1 oo
2 R O [o od) e
Ey— e
ol iy Th oty o b e o et
P
a1 e 0
- IR
o o e e - S,

SRIB AR = e[ e

<t and xz are decoupled,

T

B[ 1]
We will s in Sccton 8.3 that contollabily s ntimately relted o the alignment of
he columns of B with the cigenector dirctons of A

ity
Mathemaically, observabiliy of the system in (8.10) is nearly identical (o controllabil-
ity. although the physical interpretation differs somewhat. A system is observable if it is
possible to estimate any stae § & B from a time-history of the measurements y(1).

gain, the observability of a system is entirely determined by the row space of the
obsersability mastix O:

o-| ®32)

cart

I particular, if the rows of the matrix O span B, then it is possible 0 estimate any full-
eRr «

Y.
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1> obavin,c)s
The oo ol e ctimaion & ey s, We v s
scen that with full-sate fecdt K, it s possile 1 modiy the behavor o

H il

sary o a P sy
In Section 8.5, we wil see that i is possible 10 design an observer dynamicl system (o
st el o iy e A i e s of s comtlie s,
ifa s posible to design th i the estimator dynann-
il sy 0 have Sesble cractevicn ich o ot enimaion 1nd afcive i
atenus
i dual of
eriterion.In fat,the observability i is the transpose of the controllabilty maix for
)

15> 0 = cexb(ar,c s &

“The PBH Tt for Gontrolbilty
e many tess to determine whether or not @ system is contollble, One of the
ot sl nd g i = Popo-Delicr o (DR s, i PBH s
st that the i (A, By i contllbe 3 and oy f the column ran of the matix
BJis ‘..u,v fomfor € . Tis s s prily Fining s

the olumns of

A
Fis e P sl s e hckd . s s of A s e
ko when In fac,
cmionith b
e the matrx A — AT becomes rank deficiet, o degenerse
Now, gven that (A — A isony rank defcint for cigenvalues . it alsofollows that the
null-pace,orkerel, of
paricular cigenvalue. Ths,for[(8 — &1) B] o have ank  he coumns in B must have
Some component i each of the cigenvector directions ssociaied with A 1o complement
the null-space of A — 11
A has n distinct cenalues,thn th sysim will be controlable with a single sctu-
ation input, snce the marix A — 1 will ave at most one cigenvector dirction i the
aull-pace. In articular, we may choose B a the sum of al of the  lnealy independent
claemecars. ind 1 il b g 0 v e cmpone 0 ach dision. 1
(B wil
e ol wiHigh mmmy e i e gy sty ot B il

I

ot s b 5y dsresof e, 1

s multdimensional, then the actuai
other words,

s [

& Clorihe st 1o b e



20

Linear Control Theory

H
helpful to have multple actuators in practice for bettr control authority. Such nonnormal

nealy parallel eigenvectors, often with similar eigenvalues

The Cayley-Hamilton Theorem and Reachability
“To provide insight into the relationship between the conrollability of the pair (A, B) and
the reachability of any vector § € R via the actuation input u(r), we will leverage the
Coly-Harilon heoremn, This g f sl it provdes anclea vy
o represent solutions of X = AX i terms of 4 finite sum of powers of A, rather than the
iniit sumrequied o the i esponenl i iy

matrix A

(eigenvalue) equation, det(A — 1) = 0:

et =D =" 4 A 4 k- a ®33)

= Aa AT A faA bl =0, ®330)

though t ey simple to stat, it In paticul, it is
Arasa powers of A:

A=l aA - oA - —a A ®34)

her power A" may also be

i stightorwand s hat i lso mplics hatany
pressed as  sum of the matrices {1, A, -+~ , A" 1]

Al ®35)
Th h TN as
(8.363)
AL+ BUDA + 20N -+ fu (OA™ (®360)
arbieary

vector § € . From (8.20), we se that asate & i reachable ifthre i some () so that
= [ A Buco e ®31)

‘Expanding the exponential i the ight hand side in terms of (8.36b), we have:

[ ote = o) + e~ oraBace) +

st~ DA Buo)ldr
8 [ ooy am [ owtor e+
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10 Boe = Oy
B — D)
An | B0

Ty Bocrtt = Due)dr,

Note that the matrix on the eft is the controllability matrix €, and we see that the only

way that al of B i reachable i if the column space of € spans all of B It s somewhat

o il 1 s tht 1 C has rark  h s possible 1 s a i) 10 s any

arbitary state § & ", but this el on the fact that the n functions (8, ()17 are linearly

independent functions. 1t s also the case that the is ot & unigue actuation input () to
ke

Gramians and Degrees of Controllability/Observabilty

Sf € Gep ©) s it or i s, Howers, e e degees of oy ad
may be easier o control

position of the controllablity Gramian:
W= [ ATBBA e 39
Similurly, the observability Gramian is given by

Wi

[[ecn o

atinfinite ~ L we refer
10 We = T, oo W) and W, = lim o Wo(0)
‘e conaolbiiy of s s s s by < We, hich il b e o more
Ifthe value of x*Woxis
far in the  direction with a unit control input. e mehit of » s s sty
measured by x'W,x. Both Gramians are symumetric and positve semi-definite, having
Th

iy, controlizble
or observable. In this way, the Gramians induce a new inner-product over stte-space in
terms of the controllabliy or observability of the sttes.

Gramians may be visualized by ellipsoids in state-space, with the prncipal axes given
b dilons that e Wiy o i s ofcotolbly o aseraily.
An example of this visualization is shown in Fig. 9.2 in Chapter 9. In fact, Gramian;
may be used to design reduced-order models for high-dimensional systems. Through 3
balancing transformation,  key subspace is identified with the most joindly controllable:

o0d

“This form of balanced model reduc

will be investigated further in Section 9.2.



=

Linear Control Theory

Gramians are also useful to determine the minimum-energy control u(e) required to
navigate the systemn 0 x(1) at time £ from x(0) = 0

a0 =B (A0 W) w0
he ol cnerey expended by s contol o is v by

[ worrar

It can now be seen that if the controllability matrix is nearly singulas, then there are direc-
ely. i

W) x 41

"
W are all asge,then the system s easily controlled.

It generally impractical to compute the Gramians direetly using (838) and (8.39)
Instead,

AW+ WA” 4 BB ®42)
while the abservability Gramian s the solution to
AW+ WA CC ®43)

Obining Gramians by solving a Lyapunoy equation is typically quite expensive for
high-dimensional systems (213, 231, 496, 489, 55). Instcad, Gramians are often approx-

el g ot dats o e diret and ot e, 31 0l b
discussed in Section 9.2.

%

Stabilizabilty and Detectabilty

I practice, full-state controllahlity and observability may be 100 much to expect i high-

to manipulate every minor fluid vortex; nstead control author
containing coerent sructures is often enoug
Stabilizability refers to the ability o control al unstable eigenvector directions of A,

i over the large, cnergy-

So that they ar i the span of C. In practice, we migh relax this definition (o include

lightly damped eigenvector modes, corresponding (o cigenvalues with 4 small, negative
' itall O, then the

i e

ere may also be sates i the model description that are superfluous for control. As

der the control system for a commercial passenger je. The sate of
lude the passenger scat positions, although this will surely not be
conteollable by the pilat,

o should it be.

Optimal Full-State Control: Linear Quadratic Regulator (LOR)
We have seen i the previous sections tha if (A, B) s conrollabl, then it is possible t0
A

i -
of a foll-state feedback control law w = —Kx. This implicidy assumes that fullstate
‘measurements are available (ic. D = 0,50 that y = x). Although full-sate
‘measurements are not always available, especialy for high-dimensional systems, we will
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s it st ecton A e st i sl i s e 0 bl st
estimate from the sensor measuren

Give a contllabe sy, ad e measurcrents of th fll e or an obser-

sy wilh  ll e et her e many choes of il conel v

o make the i losed- « ) arbi-

iy bl g e dsrd i the irot e Complex plane. Hovwever,

Choosing very sta-
ble

Toop system to jiter.
fead 1o instability if there are small time delays o unmodeled dynamics. Robustness will
be discussed in Section 5.5,

Choosing the best gain matrix K to stabiize the system without expending too much
contrl effor i an important gosl in optinal control. A balance must be struck between
th sty of e et doop s ndthe sggrevivnes of ol 1 imporan

ey o e, 03 g o
ey
P R —— ™
The matrices Q
i i !
B
plublcm, for which lh-:rc isa \\ulm of theoretical and. numcncal xcchmqun (74). The
e e o o B 3 100

i x(1) = 0. Because the cost-function in (8.44) is quadratic, there is an analytical
solution for the optimal controler gains K., given by

K —RBX, (845)
where X i the solution 0 an algebraic Riccat equation:
AX 4 XA - XBROBX 4 Q= (s46)
Sbing e shore Rl e o X, s hee o e s mesically s ad
a Matlb, K, is obizined
lI>> Ke = lar(a,5,0.R0;
H ving the 3

making it
prohibitively expensive for large systems or for online computations for slowly changing



st fcdbuck. The
= xisgivenby

Figure 89 Schermaic of the linear quadratic regulaor (LK) for optimal fll
Y

“Kxubere K,
Riceat quation.

sate equations par PV) control.
of reduced-order models

d order model: in Chapter 9,

"The LOR conller s shown ~<hemmmll) inFig. 5. 0w ol psile cotol aws

u=K, - 1

o i Section .. Hover, A may b the v that ez et s el

sncontolal whie the fl ol syt i (7 i conlale with 3 nonlicar
ol law u = K(x)

Derivation of the Riccati Equation for Optimal Control
Itis worth taking a theoretical detour hee 10 derive the Riccatl equation in (8.46) for the
ow 0

atemplae solution Because of

chi \
First we will add I cost to our LQR cost func 44),and also inrody
wfactorf 1210 sty computiion.

[ 3 woxswra) ar+ Jxepoman ®a7)
[y T

The function / subject

X=Ax+Bu ®48)
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We may solve this using the caleulus of variations by introducing the following aug-
mented costfunction

Ju

o i
[ [E(fowu'm.)Hnmwuw]uu;w,ro,m,» 49

“The variable 1 is a Lagrange multiplier, called the co-state, that enforces the dynamic
constraints. & may take any value and Jug = J will hold
“Taking the tota varition of L in (8.49) yields:

he partia derivatives* of the Lagrangion are 9£/9x = x°Q and 9/ = w'R_The last

- [wessar

“The term 1*(0)3x(0) i equal 1o 7er0,or else the control system would be non-<ausal (..
then future control could change the initial condition of the system).
Finally, follows:

Cuptsip s [ o

St L'/ (Q+ A+ 1) bxdr +A” ('R A°B) budr

(0@ X100 350 @51

7. Thus, we may break this up into three equarions:

QXA+ =0 ®520
WREB=0 ®52)
X°Q - Xe) ®520

Note that 1 condiion for
o for & starting a1 Thus, the ynamics in (8.48) with ntal condiion x(0) = x and

(8:52) with the final-ime condition A1) = Q) form a two-point boundary value
problem. This may be integrated numerically to find the optimal control solution, even for
nonlinear systems.

Because the dynamics are linear, it is possibe to posi the form
into (8.52) above. The first equation becomes:

Px, and subsitute

(PP +XQ+ 1A =0,
Taking the transpose, and subsitting (8.48) n for %, yields:
Pt PO+ BU) + Qx+ ATPY = 0.

From (8.52b), we have
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Finally, combining yields

P+ PAX+ A'Px — PBR™B'Px + Qx

®s3)
“This equation must be true for ll , and so it may also be written as & matrix equation,
Dropping the terminal cost and leting time go to infiniy, the P term disappears, and we

recover the algebraic Riccati equaion:

PA+ AP~ PBRBP+Q =0,

addition, the d
and i rnlna o ot m,m o problem may e formulated with trd

o uumﬂumlly abiinnonlinear otimalcoteolrjectoric

Hamiltonian Formulation Similar o the Lagrangian formulation sbove, it i also possi-
bl Hamilonian:

(Qx + uRu) 43" (Ax ¢ Bu) ®sh

“Then Hamilon's equations become:

oy

B wem soew
a1y

o) —exean ) = Q)

‘Again, this is a two-point boundary value problem in x and A. Plugging in the same
expression & = Px will result n the same Riceat equation as sbove.

Optimal Full-Stat ‘The Kalman Filter
“The optimal LQR controller from Section 8.4 rlies on fullstate measurements of the
H .

burden o full-
e i deays that wil it robust performance
Instead of

limited

oy szt . n sl ull e it s ety pssble 5 g o
the pai (. C) arc observabe. although th effectvencss of cstimation depends on the

1279,
551, 2211 i the most commonly used full-sate estimator, a it optimally balances the.
competing effects of measurement noise, disturbances, and model uncertainty. As wil be
Shown in the net section, it is possible 0 use the full-state stimate from  Kalman filter
in conjunction with the optimal fullstate LQR feedback law.
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When deriving the optimal fll-sate estimator, it is necessary to re-introduce dis
bances tothe sate, Wy, and sensor noise, W,

EH— s
B s
E(wa(0)wa(1)*) = Vad(r — 1), (8.57a)

E (W)W, (1)) = Vot 7). (8.57b)

Here E s the expected value and 5(.) is the Dirac delta function. The matrices Vy and
A

L bised
and disturbance terms [498, 372].
e ful theinputu
and oot 3, viathe follwing et dyoumice sy
ASBU K (5 5) ss80)
+u @3t

“The matrices A, B. C. and D are obiained from th system model,and th filer gain K. is
determined via a similar procedure as in LOR. K. is given by

K=y, 59
Where y s the solution to another algebraic Riccat equation:

VAT AY S YCV, IOV 4 Vy

(®60)

“This solution is commonly referred to as the Kalman ite, and it i the optimal fullstate:
estimator with respect o the following cost function

i E (0~ 50)" (x0 - 50)) ®en
This cost unetion implicitly includes the effects of disurbance and noise, which are

quired 1o determine the optiml balnce between ageressive estmtion and noise
attenuation. Thus, the Kalman filer is referred to a linear quadrtic estination (LQE),
and has  dual formolation o the LQR optimization. The cost in (.61 s computed s an
ensemble average over many relizations

e Bier gain K may b determined in Matlb via

[I>> KE = 1ae(a,va,€,va,vm) ; ¢ desion Kelman ilter gain
Optimal control " nd
observabilty.so the Kalman il may also be found using LQR:

ll>> KE = (lqria’,c',va,va)) s & 1R and LgE are dual

The Kalman filer s shown schemarically in Fig. 8.10,
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e - - @
da
X = Ax+Butwy
y=Cxtwa N
TX=(A-KOx

¥ [ Kalman Filter

4Ky +Bu

P10 Schenna
. athough it may be included

c f the Kalman e for fllsae estmaron from

sy measurements

Substituting the output estimate § from (8.38b) into (8.58) yiclds:

(A~ K C)x+Kyy+ (B—K/D)u (8620
A-K/C)x+[K) 1B—K,n;][;“] @em)

is expressed interms of  withinputs y and

i Ky Cviarly

& converzes o the full-sate x asymploticaly, a long as the model faithfully captures the
e system dynamics, To see this comvergence, consider the dynamics of the estimation

i 44
il
AN+ Bt ) — (6~ K O+ Ky + B~ K D]
— Ae-bw KGR Ky K D
At I CR K (O D+ w4 Du
—
— A=K/t wy Ky,
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Therefore,the estimate % will converge to the true full stte when A — K ;C has stable
eigenvalues. As with LQR, there s a tradeoff between over-stabilization of these eigenval-

driver who may P
and distrbance on the road

“There are many variants of the Kalman fite for nonlinear systems [274, 275, 538],
including the extended and unscented Kalman flers. The ensemble Kalman filter [14] s
an extension that works well for high-dimensional systems, such as in geophysical data
assimilation [4491. All of these methods sill assume Gaussian noise processes, and the
particle fite provides 4 more general, although more computationally intensive, alterna-
tive that can handle arbitrary noise distributions (226, 451]. The unscented Kalman filter
balances the effciency of the Kalman filer snd accuracy of the paricle filtr

“The full-sate estimate from the Kalman fier is generally used in conjunction with the
full-sate feedback control law from LQR. resulting in optimal sensor-based feedback.
Remarkably, the LQR gain K, and the Kalman filtr gain K may be designed separately.
and the resuling sensor-based feedback will remain optimal and retain the closed-loop
cigenvalues when combiner

in the linear-quadratic Gaussian (LQG) controllr. The LQG contrller i a dynamical
system with input y, output u, and internal sate %

e
som
. . o
hecost funcion rom (.49
:m:(/ [x(°Qx(0) + u(e) Ru(o)] m) ©6h

The controllern = —K, & .
averaged over many realizations of the disturbance and noise. Applying LOR 1o & results
i the following sate dynamics;

d

@

X~ B 4wy (5650

X~ BK,x 4 BK, (x %) 4 ws (5.650)
X~ B x £ BK € £ W, (8:650)

Again € = x - & as before. Finally, the closcd-loop system may be writien as

£ e N ] A
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Ax+Bu+wy

Fgwosn i

s Ky
equations.

Ths, the the eigenval.
ues of A~ BK, and A~ K€, whvchwcmnrlvmu”y:mxcn by the qumx.xmn filter
gain maices,respectively

G framework, shown in Fig. 8,11, n an accurate model of the system
and knowledge of the magnitudes of the disturbances and measurement noise, which are
e o b Gussan o, n sl word sy, ch o e ssumptons iy
e, el e Sl e sty e sy e s
ofLQG

nceriy motate the soduction of o onto i Section 5. Forcxample. 1
sossible o vy LQG gt a procss known 5 o tanse covery

. LQG control i many systems,
frty among the most common contrl paradigms.

control and designing faster inner-loop control and slow outer-loop control assuming &
Separation of timescales, LQG is able to handle multiple-input, muliple output (MIMO)
systems additional
‘complexity in the algorithm or implementation.

Case Study: Inverted Pendulum on a Cart
f opiml cocl, we il mp
2. 8.12. The ful e

siven by

. ©67)
L2 cos(®) sin(8) + mZnLe?sin®) — 81 + miZu
WM+ (1 - cos8))

67
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Fpureniz The control
dece For this example.
(M = 5, pendlum length (L

n = 1), cat mass 2, graviaional accleration (3 = —10), and
car damping (5 = 1),
o 670
(& MymgLsin(®) — mL cos(®)mLar sin(9) — 3v) + mLcos(6)u
(4 Mg in6) — mkcostO) ke sin(0) — 30 4 mbeos(Ou

LT+ m(1— cos(®)))

where x i the cart posiion, v i the velocity, € is the pendulum angle, o is the angular

velocity, m s the pendulum mass, M i the cart mass, L is the pendulum arm, g is the
gravitational aceeleration, 3 is a fiction damping on the dart, and  is 4 control force
applied to the cart.

“The following Matla function, pendeart, may be used 10 simulate the full nonlinear
system in (8.67)
ot 2 Right handsid function for invericd pendalum oncar.

function ax = pendeart (x,m,N,1,g,d,)
ain(x(3)):
cos(x(3));

+ Oteme (1-Cx°2) )

ax(1,1) - x(2)

QE21) - (1/D)« (R 20L"20geCRo5X + ML 2 (eLox(4) 25 - dox
(2))) + meLaLe (1/0)ou;

ax(3,1) = x(a)

SD) = 1/ (no) smegeLsx - maLacxs(nakax(4)" 2% - dux(a)
D - meLecxata

There are two fixed points, corresponding o either the pendulum down (8 = 0) or
pendulum up (6 = 1) configuration; in both cases, v = @ = 0 for the ixed point, and
the cart position x is a free variabl, as the equations do not depend explicily on x. It

ding

the following linearized dynamics:
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W] o 0 o] 0 W]
d | 0 b 0 [x & x v
= " N ol for [ =
dt | xa 0 0 IR E n o
w) Lo At | P P ) Lo
Gon

here b = 1 for the pendulum up fixed point, and b = 1 for the pendulum down fixed
point. The system matrices A a0d B may be entered in Matlsb using the values for the
constants iven in Fig. 812
o3 Construct system matricesfo inverted pendulum o & car.

clear all, close all, elc

b= 1 ¥ Pendulun u

aelo2
,w M.m o

H ,m/m. ), B e e/ ) 01

B-10 07 Bt/ (1
hat
o A:
2> lanbda = eig(A)
Lanbas -
o
2.1
Zol2m6
2468

In the following, we will test for controllability and observability, develop full-state
feedback (LQR) full-state estimation (Kalman filir), and sensor-bused feedback (LQG)
Solutions.

Full-state Feedback Control of the Cart-Pendulum
I this section,
uration (9 = ) assuming fullstae measurer
o it e v ity compolale it e Sven Ao B

= x. Before any contol design, we

5> rank (cerb (3,5))
“Ths, the pair (A, B) is controllable, since the controlabilty matrix has full rank. It is

then possible o specify given Q and R matices for the cost function and design the LOR
conteller ain matix K:

o4 Design LR controller to sabilze inserted pendulum on  cart.
o Desion

|
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5
Time

Fguren1a
contoller.

0001

K= laria,B,08);

we
<10 x40 0] and
he ar, fromx = 110

will intialize our simulaton slightly off equilibrium, at xo

x=1
Gotes Simulteclosed-loap nverted pendulum on acat sysen.

)oKe Gk - ) s + control law
[2,5] = oded5 (6(c,x) pandeare (x,m, U, g, d,u(x)) , copan x0)
Inthis code, the actuation s set (0

“Kx-w). ©69)

wherew, =1 0 7 0] is the reference position. The closed-loop response is shown
inFig .13

Inth the closed-loop
system response is considerbly more inolvcd than actually designing the controllr,
which amounts to a single function call in Matlab. It is also helpful to compare the LQR
tesponse to the response. obtained by nonoptimal cigenvalue placement. In particulr,
Fig 8 for 100 randomly
stable cigenvalues, choscn in the interval [ 3.5, —.51. The LR contollr hs the owest
overallcost, s it i chosen 1o minimize J. The code (0 plo the pendulum-—cart sysem s
provided online.

Nonininnsphase ssens 1 can b s fom e esgome i n o 0 e
. the system nitally moves in the wrong direction. This behavior
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15
© QR

s

o

b 1z 3 4 5 s 7 8 s w

Time

Foweas poke
Jocaons Bld s represent the LOR sl

indicates that the system is non-mininsn phase, which inteoduces challenges for robust
ontrol as we will soon sce. There are many examples of non-minimum phase systems
in control. For 1

mass of the car away from the curb befor it then moves closer, Other examples include
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increasing alitude in an airraft, where the clevators must first move the center of mass
down to increase the angle of attack on the main wings before it increases the alttude.
Adding cold fuel o a turbine may also initally drop the temperature before it eventually

Full-State Estimation of the Cart-Pendulum

Now we turn to the fullstate estimation problem based on limited noisy measurements
. For this example, we will develop the Kalman filer for the pendulum-down condition
=0,
the fixed point where the linear model is valid. When we combine the Kalman filer with
LQR in th
configuration

o the unsiable:

Il = -1 % penat

Before designing a Kalman filtr, we must choose & sensor and test for observabilty. If
we measure the cart position, ¥ = 11,

llc= 10001, 3 measure care posicion, x
then the observabilty matix has ful rank
5> cank (obav (3, C))

se the cart position x1 does not appear explicily in the d)mmlcs the system is
ot Tl ol fo 4y essenent it docat e o
Lo cstimateth cart postion with a measurement o the pendulu angle Howeve, f the
cart positon is ot importan cost function (., if we only want (o sbilize the
pendulum, and don't care where the cart s located), then other choices of sensor will be
admissil

fow we design the Kalman filer, specfying disturbance and noise covariances;

va - eyelal; u >

meu. eye(l} [Crvn) 8 desicn Kaina
Tam - v ) B S

“The Kalman filter gain matsix i given by

Slane

Finally, y Kalman filer, the orginal system
o include disturbance and noise inputs:



Baug - [8 eye(d) 0s5]; * [(u Lewd Ouun]
900 011; & D matrix passes noise through

55(,5_aug,C,0_aug); + single-measurenen

o reruer e,
SraTrth = 58 (h B aui eye (1) zovo i, 150 5 a0m: 311} 5

SYSKE = 68 (AKEaC, [B KE] oye (4) 00 (8 KE1); § Ka.

‘We now simulate the system with a single output measurement, including additive dis-
Attime

and 1 = 15, we give the system a large positive and negative impulse in the acttion,

respectively.

4 eystem in "down position

o1
atraciso;

UBLET - eget(ve) sranda e stse(t.D) 1 ¢ sandon disturbance
OIS = sqee () randn i3+ randon

/a0 = 0/at, ¢ positive m

(15/a%) = -20/dc; ¢ negacive in

u_aug = [u; WDIST; WNOTSE]; § inp:
y,t) - lain(eyec, oh

e pisi byt o)1 o

[xnat, &1 + state

Loin(eyske, (u; y'1,60: 8

Fig. 8.15 shows the noisy measurement signal used by the Kalman filtr, and Fig. 8.16
shows the full oiseless state, with disturbances, along with the Kalman fir estimate.

“To build intuition, it i recommended tha the reader investigae the performance of the
Kalman filter when the model is an imperfect representation of the simulated dynamics.
‘When combined with fullstate control in the next sction, small time delays and changes
10 the system model may cause fragilty.

‘Sensor-Based Feedback Control of the Cart-Pendulum
To o regultor (0 the inverted pendulum on 4 cart, we will simulate the
full nonlincar system in Simulink, as shown in Fig. 8.17. The nonlinear dynamics are
encapsulated in the block “cartpend._simn’, and the inputs consist of the actuation signal
w and disturbance wy. We record the full state for performance analysis, athough only

noisy measurements v = Cx -+ wy and the actuation signal u are passed 10 the Kalman

filker.
Q= eyeis); ¥ state cost
R = 1000001 + actuation cost

VA« Odreye(a); ¢ aiseur
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Measurement

Fiuren 16 Th

The system starts near the vertical ethbrmm axe = [0 0 314 0], and we
command a sep in the cart position from at1 = 10, The resulng response:
s shownin Fig. .15 520,
the controller is able 10 effectvely track the reference cart position while sbilizng the
nverted pendulum.
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o 15 2

5w @ 40 45 0
Time
Figure 18 Oupu esponse using LQG feedback contrl
88 Robust Control and Frequency Domain Techniques
Uil now, we have described contrl systems in terms of stae-space systems of ordinary

diffrential equations. This perspective readily lends itsel to stability analysis and design
via placement of closed-loop eigenvalues. However, in a seminal papes by John Doyle

1978 (1351 G s i
delays, and other model imperfe
Fortunately, a short time after Doyle’s famous 1978 paper, a rigorous mathematical
theory e Indeed, this new theory

$ Tl Gusrateod mario o QG regltos: Abstst T s v
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Measurement

Fguren 1o
sgmal and the Kalman fter esimte

Disturbance, o

w
£,
g
s
5 ws w6 w5 @ w5 @ ms & w5 w
Tone
P sl

Fgurenzn
sl and the Kl flter esimte

i i
“To understand and design controllers for robust performance, it wil be helpful to look
iency domain transfer functions of various signals. In partcular, we will consider
the sensitivity, complementary
iative and visual spproaches 10 assess robust performance, and they enable intuitive and
compact representations of controlsystems.

nois Moreover, it may be. nonlinearty as
T of e mode oy T, e wil e known ot that it
robust
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Frequency Domain Techniques

i in conteol
helpful
“The Laplace transform allows s (0 g0 between the time-domain (state-space) and fre-
quency domain

o= s = [~ rwea 70

Here,s place varisble. The L may be thought of
‘tconverge

1o 2er0 as t oo, The Laplace transform is partcularly useful because it ransforms

the Laplace transform, we use ntegration by parts:

c[%un]:[, e

- [,mf—«v],:; - [ roesena
=[O0 +sLU0)].
Thus, for zero initial conditions, £{df /dr) = sf (s).
R ww
300 = €0 4 Duto @
s pssibe s for ) i the st cuation, s
1= ARG =Buls) = x() = (1—A)'Bu(s), ®72)
¥ = [eet- a1+ p]uc wm
Wedtiv s mapping s he e fncion
G =1 —cor-arnen w0

For linear systems, there are three equivalent representations: 1) time-domain,in s
o the mpul responss 2 sy domin, i e of te s cton; 3

vy 1. 21 A8 vt il e, ety bt o vty comrl
systemsin th frequency domain.

Fregueny Resurse
n et 1o the frequency
h cal contro measurable
ot To s i e w\l\con\vdnaslngln: by nnglc -
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Lincar Time Invariant
(1D Systems.

B0) = y10) foru = 5(1)

Eigensysten
Realization
Igorithm (ERA)

Tanonical realization
(not unique)

G5 = ClT-A) B D

Figure 821 Three cquivalent epresentatons of linear time nvaian syseems.

property o wil give rise
perhaps Auwd

phase g
() =sinn) = () = Asin(or +¢), 73

“This i true forlong-imes, aftr intal transints dic out. The amplitade A and phase
ofthe output sinusoid depend on the input frequency o These functons A(w) and 6(w)
per sinusoidal i

i

i
function G(s):
®76)

Gl

Thus, the amplitude and phase angle for input sin(er) may be obtained by evaluating the
transfr function at s = iw (ic., slong the imaginary axi in the complex plane). These

For a concrete example, consider the spring-mass-damper system, shown in Fig. 822,
The equations of motion are given by

i = =5t~k ®m
= 182 1,k = 2, ad aing he L.
Gl =t @79
SN g

Here we are assuming that the output y is @ measurement of the position of the mass,
x. Note that the denominator of the transfer function G is the characteristic equation
Of (8.77), writien in stae-space form. Thus, the poles of the complex function G(s) are
eigenvalues of the stae-space system,
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i —

Figure 2. Spring mass damper syt

Bode Diagram

Froquency (radis)

Figureszs

It now possible o create this system in Matlab and plot the frequency response, as
shown in Fig. §23. Note that the frequency response is readily interpretable and pro-
vides physical inuition. For example, he zero slope of the magitude a low frequencies
indicates that slow forcing translates directly into motion of the mass, while the roll-off
ofthe magiude t igh resueces s hot st orin s atcuedad docs's

e frequency is seen as a

Crsate transte fnction and plot frquency response (Bode) plot.

) s
Uist2 v s 2 b
bode(e); + Frequency response

Given  stae-space realization,
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s e ol
Sp-o;

it simple 0 obain a frequency domain representation:

5> [num,den] = ss2t£(A,B,C,0); ¥ Sta
2 G - b (num, den)

from

Similarly, i
his representation is not unique:
> [A,B,C.D) = te2ss (G.mun(1},0.den(1})

-1.0000  -2.0000

v

e ordering
although it still has the correet input-output characteristics.
e frequency-domain i also useful because impulsive or siep inputs are particularly
simple to represent with the Laplace transform. These are also simple in Malab,
givenby

impulse response (Fig. §24)

lse(@); + Inpulse respo

and the step response (Fig. $25) s given by

I>> step(a): + step response
the Loop Transfer
Sensitivty
Consider a slightly modified version of Fig. 8.4, where the disturbance has a model, Py
i sram, shown in Fig. 826, will be used to derive the important transfer func-

tions relevant for assessing robust performance.

¥ = GKOw —y = w) +Gowy .79
= 1+ GK)y = GKw, — GKw, + Gywy. ®79)
5.79%)

— ¥y = (46K 'GKw, 14 CK)'CKw, + 0+ GK) ! Gawa.
T T N

Here, Sis th aT w
denote L = GK the loop ransfer function, which i the opent-loop transfer funciion n the



Linear Control Theory

Impulse Response

b NS

Time (seconds)
Figure 24 Tmpuse esponse of sring-mass damper sysiem.

Step Response.

Time (seconds)

Fiure 28 St response of spring-mass-damper sysem.

absence of feedback. Both S and T may be simplified n terms of L
s=a+n!

141

Conveniently the sensitiv
identiy:

more useful for design:

e + T, = SGywi.

(©800)
(3500

 and complementary sensitvity functions must add up 1o the

+T=
In practic, the transfer function from the exogenous inputs 1o the noiseless error  is

®81)
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Feedback signal +
Fowre 826 C e, nd distunbance. We
hus derving the
Bode Diagram
“
)
g
)
H
£
£
&
w0
R
)
&
10° o' 10
Frequency (radis)
Foure 827 Loop

e see that the sensitivity and complementary sensitvity functions provide the
maps e o e, datance, s n it to e rcking s Sine e deste
M tracki  then specify § W ideal;

Lin
practice, we will choose the controller K with Knowledge of the model G so that the loop
transfer function has beneficial properies in the frequency domain. For example, small
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i at high frequencies will atenuate sensor noise, since this will result in T being small

‘Similarly. high gain at low frequencies will provide good reference tracking performance,

5§ will be small at low frequencies. However, $ and T cannot both be small everywhere,

singe S + T = 1, from (8.80), and so these design objectives may compete

For et o, we wan e ik of . Mo
ible. From (8:81), it i the absence of noise,

Sk, tobe

effective when T = 1. As explained in [492] (pe. 37),al real systems will have a range of
frequencies where [S] > 1, in which case performance is degraded. Minimizing the e
Mg mitigates the amount of degradtion experienced with feedback at these frequencies.

In addi L

tothe point —1 in the compl Mg By th wthe
e this distance, the greater the stability margin of the closed-loop system, improving
robustness. These ae the two major reasons o minimize Ms,

“The conroller

Often, g IS firstcrosses -3B.
from below. We would sy ke h contoller enduidh o b ¢ b3 g
there are
posed P systems that have time delays or

fundamental bandwidth limitation that are
right half plane zeros [492].

Inverting the Dynamics
ith - model of the form in (8.10) or (8.73), it may be possible (0 design an open-loop
control aw 1o achieve some desired specification withou the use of measurement-based

feedback or Forinstance, .
i desired n Fig. 8.3 "
by mring the sy dyamic G: Ko ‘m In this case, the transfer function

from reference w,

the reference. However, perfect Sl s pmslNc in realoworld systems,and this
stategy should be used with caution, since it generally relies on 4 number of significant

Fi
precise knowledge of G and well-characterized. predictable disturbances; there is e

Strategy to compensate.
pen-oop control using system inversion, G must also be siable. It is impossible

o fundamentally change the dynamics of  lincar system through open-loop control, and
thus an be a
unstable system by inverting the dynamies will typically have disasirous consequences.
For instance, consider the following unsiable system with a pol 5 and a zero at
= s+ 10)/(s — 5). Inverting the dynamics would result in a conroller

K = (s = 5)/(s + 10); however,if thereis even the sightest uncertainty n the model, so

-5

GulK () =
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M the unsiab

mode is now nearly unobservable.
In addition o sability. G must not have any time delays or zros in the right-half plane,
and it must have the same number of poles as zeros. If G has any zeros in the right-hal
plane, then the inverted controller K wil be unstable, since it will have right-half plane
poles. These systems are called non-minimu phase, and there have been generalizations
11491, Similarly. ime
delays are notinvertble, and i G has more poles than zeros, then the resultng controller
il mot be realizable and may have extremely large actuation signals b. There are also
aplicd with penalty terms added to keep the resulting aetuation signal b et T
regularized openloop controllers are often significantly more effective, with improved
robustress

| when distur-

ily expensive. Otherwise, performance goals must be modest. Open-loop model inversion
is often used in manufacuring and robotics, where systems are well-characterized and
constrained i a sandard operating environment

Robust Control
As discussed previously, LQG controllers are known (0 have arbitrarily poor robustness
margins. y

systems, and epidemiology, where the dynamics are wrought with uncertainty and time
delays.

Fig. 82 shows the most general schematic for closed-loop fecdback control, encom-
passing both optimal and robust control straegies. In the generalized theory of modern
control,the goal i to minimize the transfer function from exogenous inputs W (reference,
disturbances, noise, etc.) to a multi-objective cost function J (accuracy, actuation cost,
time-domain performance, etc.). Optimal control (¢, LR, LQE, LQG) is optimal with
S the s o ouded o 8 Harly s ot of s and
sretly proper tra
is almhﬂy ol wih repet 10 e 7. bounded mnmly o, consining o sl
frequencies). The infinty

aorm i defind 2

16l £ maxon Glion) @8

Here, a denotes the maximum singular value. Since the | -l norm s the maximum
Value of the transfer function at any frequeny, it is often called a worsi-case scenario
erefo i

inputs. M robust controllers are used when robustness i mportant. There are many
onnections between 43 and Ha, control, as they exist within the same framework and

mply ferent norms. We refer the reader (o the excellent eference books
anting o ths hery (49, 165
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e e Gy et he e fncion from v o, e he s of o contl
s 10 construct 4 contollr to minimize the ininity norm: min |Gy gllc. This s typi

il el vy e o sl s for e ot conollr
el However, e e el it e et fd 3 ool ch

that [Gu-y e < 7. as described in [156]. There are mumerous conditions and s

tha describe ddit

e plemited btk Mo and Python, s et g iy

Tow overhead from the user

Selecting the cost function J (o meet design specifications is @ ertially important part
of robust control design. Considerations such as disturbance rejection, noise attenuation,
ontroller bandwidth, and actuation cost may be accounted for by a weighted sum of the

transfe function ure wsed 1o balance the relaive importance of these considerations at
various frequency ranges. For instance, we may weight S by a low-pass filter and KS by
@ high-pass fller, s0 that disturbance rejection 4t low frequency is promoted and control
response at high-requency is discouraged. A general cost function may consis of three
weighting filters Fy multplying S, T, and

Fis
BT
Fiks] |

Another possible robust control design is called M loop-shaping. This procedure may
e more s i A sty sytiess oy problens The -
» oo major steps. Firs

is made robust wilh respeet 10 4 large class of model uncertainty. Indeed, the procedure
of oy To0p shaping allows the user to design an ideal controller 1o meet performance
specifications, such s rise-time, band-width, setling-time, etc. Typically, a loop shape
sboud v e i 5 o ey o s e e cing nd
Slow disturbance rejection, low gain at high frequencies 0 attenuate sensor nose, and &
cross-over frequency that ensures desirable bandwidth, The loop transfer function is then
robusified so that there are improved gain and phase margins.

M3 optimal control (e.2., LQR, LQE, LQG) has been an extremely popular control
paradigm because of its simple mathematical formulation and its unability by user input.
H i | dditionally. th

are numerous consumer software solutions that make implementation relatvely straight-
forward. In Matlab, mixed sensitivity is accomplished using the mixsyn command in

i wolbox. Similarly, loop-shaping is accomplished using the loopsyn com-
‘mand in the robust control toolbos.

bust e

Fundamental Limitations on Robust Performance

performance and robustaess. Most notably, ime delays and ri

half plane zeros of the
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lower-bound for pesks of § and T. This contributes to both degrading performance and
decteasing robustness
Jar

et by o hn 2 i fied

Jocation it must rise in a another. Thus,there ae lmitsto how much one can push down
et withot g ot sk 0
e delays are relanvely s 0 ndeand, e 3 e ey © il odice an

uddm(muY phase lag of
ey tic. xmmwmm\ Thus th handwidih or 2 ol with sckepale
margins is typically wg < 1/1

Followin th discusion 14921, hese andamental Hiitaions may b understod n
eltion to the limitations of open-loap control based on model nversion. If we consider
high-gain fecdback u = Kiw, — ) for a system as in Fig. 8.6 and (881, but without
disturbances or noise, we have

u=K

KSw, 83

We may write this in tems of the complementary sensitvity T, by noting that since T =
—S.wehwe T = LA+L) | = GKS.

Tw, 84

Thu e et i ey he ey | andcomol i fctive, e etuion
s effectvely inverting G. Even with sensor-based feedback, perfect control s unatain-
bl Forcxampe, G s rght il e et the e sctstion sl wil s
unbounded if the ga

when the numberof bl of G exced b of o s et of operrloop.
model-bused inversion.

As a final illustration of the limitation of right-half plane zcros, we consider the
case of proportional control u = Ky in 4 single-input. single output system with
G(s) = N($)/DGs). Here, roots of the numerator N(s) are 7eros and roots of the
denominator D(s) are poles. The closed-loop transfer function from reference v, (o
sensors s given by:

NK/D K
TINK/D ~ D+ MK

85

For small control gain K, the term N in the denominator is small, and the poles of the
closed-loop system are nas the poles of G, given by roots of D. As K isincreased, the NK

of N, which are the open-loop zeros of . Thus,if there are righ-half plane zeros of the
spenioo syt G, the i gin proportons onol il dive e s bl

eory.In his
i e it an o il et pont Hions on e st
of the conoller
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Balanced Models for Control

Many systems of interest are exceedingly high dimensional, making them diffcult o char-

acterize. High dimensionality also limits controller robustness due o significant com-

putational time delays. For example, for the governing equations of fluid dynamics, the
i i

e

Uik el il o o propes ool decompniton e i

11 and 12), which order modes based on energy conten in the e wil e

s ofbnced redoce-ole models th mply a il e product 0 rdr

modes based on input-ouput energy. Thus, only modes that are both highly contrllable
king

I this chaper we also describe related procedures for model reduction and sysiem ideni-
ficaion, depending on whether or not the user starts ith & igh-idelity model or simply
has acces to measurement data

Model Reduction and System Identification

In many nonlinear systems, it s stll possibe to use linar control technigues. For example,

150, 94 for example 1o delay transition from laminar 1o turbulent flow in a spatialy
developing boundary | frction drag in wall 10 sabil
H wellto
large state spaces, and they may be prohibitively expensive (o enact for real-tme conrol
Th

of the system for use i real-time feedback control
There are two broad approaches 1o obiain reduced-order models (ROMs): First, it is
PSSl st il  gh-imeionl sy, the dretd Nair-Sokes

for
i, ingpropr nbogonldecompniion (FOD; e 11157, 351 and Ganin
projection [441, 53]. There are numerous variations to ths procedure, including the dis-
M:mp.mu terpolation methods (DEIM: Scction 12.5) [127, 419], gappy POD (Scc-
tion 12.1) [179], balanced proper orthogonal decomposition (BPOD; Section 9.2) (554,
58], and many more. The second approach s (o collect data from a simulation or an
experiment and identify a low-rank model using data-driven techniques. This approach is
typically called system identification, and is often preferred for control design because of
the relative ease of implementation. Examples include the dynamic mode decomposition

E
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OMD: Section 2) 472, 456, 555 317, te gyt rslzion lgortm (ERA;
27
22711 NARMAX 150, ot e sparse identification of nonlinear dynamics (SINDy:

Section7.3) [95

‘After a linear model has been identificd, cither by model reduction or system identifca-
tion, it may then be used for model-based control design. He iere are a number of
issues that may arise in pracice, as linear model-based control might nol work for a large
class of systems. First, the system being modeled may be strongly nonlinear, in which

dynamics may change, rendering the lnearized model invalid. Exceptions include the sta-
bilzation of fixed points, where fecdback control rejects nonlinear disturbances and keeps
the system i a neighborhood of the fixed point where the linearized model is accurate.
Tere e o methl o sy icsion and e rducton that e o,

nge fowever, 1
s may limit hery

Balanced Model Reduction

the model-based contrl strategies described in Chaper § infeasible for real-ime appli-
cations. Moreover, obtining Hz and Ho, optimal controllers may be computationally
an expen-

sive iterative optimization. As has been demonstated throughout this book, even if the
ambient dimension is large, there may stll be a few dominant coherent structures that
characterize the system. Reduced-order models provide eficent, low-dimensional rep-
eseaons of fhese most relevant mechinisms. Low ondr modcl sy hen he 1
o i e conoiy 0t u e sl i s, o g s
the model a
P o, 1o i 1281

i process. I the atinear time-invariant (LTI input—
it e he thre i 3 e of machinry vl for odel redocion. snd
erformance bounds may be quantified. The techniques explored here arc the
singular value decomposition (SVD: Chapter 1) [212, 106, 211], and the minimal realza-
tion theory of Ho and Kalman [247, 388]. The generalidea i (o determine a ierarchical

the system stae that at some model order, only
Keeping the conerent trcturs hat ae mos Hmportan or ontrol

The Goal of Model Reduction

Consider a high-dimensional system, depicted schematicaly i Fig. 9.1,

X+ Bu, o1

Cx+Du ©.1b)
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Fire model
funcion from w0y

focxampe rom & puialy dcrtived simlation of D The iy ol of moe
reduction s to find a coordinate transformation x = WX giving rise (o & related system
€. ) ilh similar i oot chractrsicn,

%+ Bu, ©2)

Cx+bu, ©20)
interms of a stae X & B with reduced dimension, r < n. Note that u and y are the same
in (9.1) and (9.2) even though the system states are different, Obiaining the projection
perator ¥ will e the focus of ths section.

©3)

©3b)

In ths case, the state x; is barely controllable and barely observable. Simply choosing
% = w1 will result in & reduced-order model that fathfully captures the input-output
dynamics. Although the choice & = 1y eems ituitve in this extreme ase, many model
vedaction (echniues would croncously v th S £ = . Since it i mor lghtly

¥ i
e proper onhcgona decompsiion (57, 251 from Chapc 11 proides 3 storm
marix ¥, the columns of which are modes that are ordered based on energy content.!
D has been widely used to generate ROM of complex systems, many for control, and
it is guaranteed to provide an optimal low-rank basis to capture the maximal energy o
Ho

uncontrollable or unobservable, and therefore may not be relevant for conrol. Similarly.
in many cases the most controllable and observable state dircctions may have very low
energy: for example, acoustic modes typicaly have very low energy, yetthey mediate the
cominn put-ouput dyeaic i any sy, The rdde n sip o

important for coniol.
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Instead of ordering moxdes based on energy, it is possible to determine a hicrarchy of

information. These: maoes give rise to balanced models, giving cqual weighing 1
Comvoliiy s sevably of e o1 continte amornaton i ke the
controllabilty and observability Gramians equal and diagonal. These models have been
dremely successful, although computing 4 balanced model using traditional methods
is prohibiively expensive for high-dimensional systems. In this section, we deseribe the
balancing procedure, as well as modem methods for efficient computation of balanced
o, A compuatonaly it e of gt for el bction nd e
idetisionmay be fou

in [50)
e ot shuld as fithfully as possible
for a given model order r. It is therefore important 1o introduce an operator norm o
quantify how similarly (9.1) and (9.2) et on a given st of inputs. Typically, we take the
infnity norm of the difference between the transfer functions G(s) and G, (s) obtained
from the fullsystem (9.1) and reduced system (9.2), respectively. This norm is given by

161 & maxon (Gl o)

To summarize,

model (9.2) of low order, r < n, 0 the aperator norm G — G s small.

Change of Vriables in Control Systems
The biced el rducton bl may e ot i e o s indin 3
coondinate transformation

Tz, ©.5)
i
hrtc o B e We il g by oot an maribe vanfomaton
&, and them provid a method o compute ust the s olumns, which will
ot e oo 8 i 05 T - b i b e oy e s
h e
o "
ndcbsryailiny e i chrsceiis of h aynamics.
Subsitaing T2 o .1 e
ERR- o
P —_— o
Finally, muliplying (9.63) by T~! yields
4y ar b o1
y=Cruimu om

“This resulls inthe following transformed equations:

Az + B ©.83)
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2+ Du, ©sb)

¥
here A = T-'AT, B = T'B, and € = CT. Note that when the columns of T are
orthonormal, the change of coordinates becomes:

L AT B ©9)

y=Clz+Du ©9b)

Gramians and Coordinate Transformations
“The controliabiity and observability Gramians each establish an inner product on sate
le & given state i, respectively. As such,

ce in terms of how controllable or cberva
sform under

Gramians depend on the particular choice of coordinate system and will trans
o change of coondinates. T the coordinae system 2 given by (9.5, the controllability

P
[ o
.
[ e o
([ s s o

W ©100)

()" The observability Gramian trans-

Note that here we introduce T = (1-1)"
forms similrly:
W ©m

which s an exercis for the reader. Both Gramians transform as tensors (i, in terms
the transform matrix T and it ranspose, rather than T and it inerse), which is consistent
with them inducing an inner product on state-spac.

Simple Rescaling
Thi cxampl, modifed from Moore 981 (58], dermonsres e il 1 el 3
system through a change of coordinates. Consider the systs

l-[0 SR (W

[0 107 [;‘] ©.120)

In s cxampe the fint e by conlie, whie the s s i by
inder the change of coordinates 0~

abservable. Howerer, u
system becomes balanced:
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©.13)

©.13)

In this example, the coordinate change simply rescales the state . For instance, it may
be that the first state had units of millimeters while the second state had units of klome-
ers. Wriding both sates in meters balances the dynamics; tha s, the controllaility and
observability Gramians are equal and diagonal.

Balancing Transformations
are ready to derive the balancing coordinate transformation T that makes the
contellability and observability Gramians equal and diagonal:

Wo=W, =% o1
First, consider the product of the Gramians from (9.10) and (91):

WoW, = T'W.W,T. ©15)

Plugging in the desircd W, X yiclds

TIWWIT=E = W

=

©16)

The latter expression in (9.16) is the equation for the cigendecomposition of W W,, the
product of the Gramians in the original coordinates. Thus, the balancing transformation
T is related 10 the cigendecomposition of W,W,. The expression 9.16 is valid for any
scaling of
Gramians. In other words,there are many such transformations T that make the product
W, = 2 ot et he il i e st sl (or sxanpie dgons
Gramians W, = %, and o will satisy (9.16) i 2, = 22).
el s e e 2 T4 simpliy notation.

Scaling Eigenvectors forthe balancing Transformation_
o fnd the comee scalin of cigemvectors t0 make We = W, = ., frst comsider the
simplified case of balancing the frst disgonal clement of . Let £, denote the unscaled
first column of T, and let , denote the unscaled first row of § = T~!. Then
W = o ©17)
Wik, =0 ©.1m)
e fist clement of the diagonalized controlailty Gramian s thus oz, while the irst
clement of the diagonalized observability Gramian i . If we scale the igenvector £,
by a, then the inverse cigenvector 1, s scal ransforming v the new scaled
cigemestors , = 0,8, and n, = o, 11 ields:

AR ©.180)
EWok, = olo,. ©.180)
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“Thus, for the two Gramians o be equal,

o, = o (7)‘“ ©19

“To balance every diagonal entry of the controllability and observabilty Gramians, we

first consider the unscaled eigenvector transformation T, from (9.16);the subseript  Sim-

ply denotes unscaled. As an example, we use the standard scaling in most computational
T, have it norm. Then

butare not necessarily equal
W =3 ©200
TW.T, =, (9.200)

=V Thas,

the exact balancing transformation s given by

T ©21

W ) = W S 5 = s w2
()W, (1,50 = LWL, = 55,3, = 35 w20

Manipulations 9.22a and 9.22b rely on the fact that diagonal matrces commute, so that
EE, e

Example of the Baluncing Transform and Gramians
with
potin the balacing ansoraio, 1 el 1 o an st example.
is asimple

e o
I toyab,g,14,1) = balreal(sys); ¢

Inthis code, T i the transformation, Ti i the invrse transformation, syshis the balanced
tem, and

Fiss,
for cach system. Next,

inFig. 9.2

Gotea1 Obuining & balanced eslizaion

-3 sl

svs = ss(A,5,,0)

Vo - gram(eya, o) ¢ onee
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Figure2

by W/ xfor 1]

b, £ n i

Leysb,a, T4, ] = balreal(sys); ¢ Balance the sy:

Bic
BHo

gran(sysb, ‘c’) § Balanced Gram
gran(sysb, ‘o’)

The resuling balanced Gramians e equal digonal and ondered fom most control-
abeloberiabe mode to st
T s o000

“oloso 03200
e

T3 0.000

alowe  0i3207

Fig 02, we st recal

i dietion  with a it actation input i given by x°W_x. Thus,the coneollbily
Granian may be visuslized by ploting W!x for x on a sphere with x| = 1. The
abservabilty Gramian may be sinlaly viualized.
s cxampl, norbe
Il aigned 1
s the mostjindy contollble and obervable 1 i then possbl 0 represen he system
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i this one-dimensional subspace, while sill capturing a significant porton of the input—

fan would be a circle. In this case, there is no preferred stte direction, and bl
directions are equally important for the input-output behavior

Instead of
transformation from WoW,. L
in code available online.

Balanced Truncation

Iaily and obserabilty Grmins s sqal wnd diagonal, Morsoves these e cood
nates may in terms of their
Ttmay be pm.mc o runcate these coondinats and keep anly the most controlable/ob-

dynamics
Txe R, state

ReRa

©23)

in terms o the st 7 most contollbl and obseable dircions. I we parition the
balancing transforn and inverse transformation S = T~ into the firs r
o be retained and the last n —  modes o be truncated,

v Tl s [;] 020

then it i possible to ewrite the transformed dynamics in (9.7)as:

4[5 _[eAv | eaT,
E[T]’[W’WM* ©250)
setevien [ om

and only the % equations remain

SR AR 8By ©260)
¥=C¥R+Du. ©260)
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Onlythe irs r columns of T and § required to construct ¥ and @, and thos
compuin theenive balncing ansfonmation T s unnecessa. Not that the i &

matrix of 72 ¥ and
@ without T will b discussed in the mlowmg sections. A key benefitof balanced trun-
cation s the existence of upper and lower bounds on the erfor o 4 given order truncation:

Upper bound: G~ Gl =2 Y o1 021
Lower bound: 16— Gyl > 0141 w2
whers i the Tue

also known as Hankel singular values

Computig Blanced ealzatiors

asibility o

mation that balances the cnnlmll‘\mllly and nhscrwblhly Gramians. However, the com-

putation of this balancing transformation s nonrivial, and significa

obaining accurate and efficient metl ing with Moore in 1981 (388], and continu-

ot i Lt Marsden, and Gl 302 331 Wil and 2002 554 and

Rowley in 200 454, For an et and complet rsiment o s rslsions
model reduction, see Antoulas [17)

i rctice computng the Gramians W, and W, and the igendecomposiion of e
product W W, in (9.16) may be prohibitively expensive for high-dimensional systems.
Instead, the balancing transformation may be approximated from impulsc-response data,
wilizing the singular value decomposition for cficient extraction of the mst relevant
subspaces

We will first show that Gramians may be spproximated via 4 snapshot matei from
mpulse-fesponse experiments/simulations. Then, we will show how the balancing trans-
formation may be obtained from this data

work has gone into

Empircal Gramians

wulhmmpnmnmml complexity uIDm') Tostead, he Gramians may b approsinad by
full and

direct: xei1 = Agxi+ By, ©289)

adjoint: X1 = A+ G ©28%)

« |
equation. The matrices Ay, By and C, are the discrete-ime system matrice from (8.22)
Note that the adjoint equation is generally nonphysical, and must be simulated: thus the
‘methods here apply to analytical equations and simulations, but ot to experimental data
An alemnative formulation that does not rely on adjoint data, and therefore generalizes 10
experiments, will be provided in Section 9.3
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Computing the impulse-response of the direct and adjoint systems yields the following
discrete-time snapshot marices:

<

Caki
©29)

(b A apm] o

Cany

Note that when m,

. €. s the diserete-time controllability matrix and when m, = n,
8

o, <n
‘These matrices may also be obtained by sampling the continuous-time direct and adjoint
systems at a regular interval Ar

It is now possble to compute empirical Gramizns that approximate the rue Gramians
without solving the Lyspunos equations in (8.42) and (8.43)

W W ©.30)
W, =W ©300)

the integral

i the continuous-time Gramians, which becomes exact as the time-step of the discrete-

time system becomes arbitrarily small and the duraton of the impulse response becomes
arbicarily lrge. In practice, the impulse-response snapshots should be collected until the
lightly-damped transients dic out. The method of empirical Gramians is quite cffcient,
and i widely used [388, 320, 321, 554, 458]. Note that p adjoint impulse responses are
required, where I
number of outputs (e.2., full state messurements)
net section.

ivating the outpu projection in the

Balanced POD.
Instead of computing the cigendecomposition of W W,, which is an n x n mari, it is
possible ransformation via of

the product of the snapshot marices,
s ©31)

reminiscent of the method of snapshots from Section 1.3 [490]. Tis s the approach taken
by Rowley [458].

Firs, define the generalized Hankel matrix a the product of the adjoint (9 and direct
(€ snapshot matries from (9.29), for the discrete-time system:

<
Cas
H=0,0,= [Bs Ay a7

w) o

canj!
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CiBy CaAiBy CoAy By
o cal G,
- oam)
CaAL By CaNJBs o G
Net v o H s he SV
_usv 5 01V s
| I M )

For  given desired mode order r < n, only the first  columns of U and V ar retained.
along with the first » x r block of E; the remaining contribution from U Z,V; may be
truncated. This yields a bi-orthogonal set of modes given by

divect modes: W = €V
adjoint modes: & = OU

©34)
©340)

er P v
and Rowley [458] showed that they stablish the ciange of coordinates that balance he
truncated empirical Gramians. Thus, ¥ approximates the irstr-columns of the full n x n
balancing tansformation, T, and ®° approximates the first r-rows of the n x 1 inverse
el romion, S

fow, it is possble to prject the orginal system onto these modes, yielding a balanced
el orie mode o rr

A=A, (©9.35)
B= By, ©9.350)
v ©350)

It possible 1o compute the reduced system dynamics in (9.352) without having direct
s 0 Ay n some cses, Ay may e excesdingly g ad ey, ead it
o an input vector. For

‘modern fuid dynamics codes the matrix A, is not actully represented. but ol
sparse, it is possible to implement eficient routines to muliply this matrix by &

i mponatt ot et e et (5.3 s ot dierc
time, as it is based on discretc-time empirical snapshot matrices. However, it is simple o
biain the cortesponding continuous-tme sysiem:

22o7aD = ap(Redide Beilde,Cuilde, D))
2 dac(sye);

In his example, D s the same in continuous time and discrete time, and in the full-order
1 reduced-order models.

that a BPOD model may not exactly stisy the upper bound from balanced trun-
cation (see (9.27) due to rrors in the empirical Gramians.

Output Projection
Often

sothat p =
s exceedingly lage. To avoid computing p = n adjoint simulations, it i possble instead
0 solve an output-projected adjoin equation [438]:
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X = A+ Cilly 030

here i a matix containing the st singular ectos of Cy. Thus, we it idenify
ow-dimensional POD subspace U from  diee impalse response,and hen oy perform

More generally, ify ble to

iven by the frs  singular vectors U of
CiCa P y D directions.
Data Collection and Stacking

The powers me and i i O 5 ity that ot s b colcedunilhe matries €,

Unless we colleet data unil ransients decay. the true Gramians arc only approximacly
balanced. Instead, i is possible 10 collect data unti the Hankel matix s fll ank, balance
el and then truncate. Thi s devloped in [533]

the resull
and [346].
the

direc d adjoint (9.36) systems. These time-s
‘o form the snapshot matrices

Historical Note

work of Moore in 1981 [388], which provided a data-driven generalization of the mirimal
relization theory of Ho and Kalman (247). Untilthen, minimal realzations were defined
i terms of idealized controllable and observable subspaces, which neglected the sublety
of degrees of controllabilit and observabilty.

pap
o . it e esablshd  omnction etwen pricipal sonponen s (°CA)
and Gi

may be mined o i o SVD. N, s s balancing tansfor-
mation exists that makes the Gramians equl, diagonal, and hierarchically ordered by

Whereby states may
i

the notion of an empirical Gramian, although he didt use this terminology. He 1lso
realized that computing W, and W, directly is less sccurate than computing the SVI

Of the empirical snapshot mairices from the disect and adjoint systems, and he avoi
W,

10 2002, Lall, Massden, and GlavaSki in 2002 [321] generalized this theory (o nonlinear
systems.

One drawback of Moore’s approach is that he computed the % n balancing
transformation, which is not suiable for exceedingly high-dimensional systems. In 2002,
‘Willcox and Peraire [554] generalized the metho 10 high-dimensional systems, ntroduc-
ing a variant based on the rank-r decompositions of W, and W, obtaincd from the direct
and adjoint snapshot matrices. I s then possible to compute the eigendecomposition of
W.W,

a without xn
matvices. Howener, this approach has the drawback of requirng as many adjoint impulse-
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berof oot cpations, i e exc::dmxly large
In 200 introducing the
output projection, discussed v:r\uvudy, wmcn i e oo, in simation 0

response simulations s the

cigendecomposition of the product Outs e product O,C, is often smaller, and these
computations may be more accurte
It D
i entificat
(ERA) (2721, introduced in 1985 by, del

“This connection between ERA and BPOD was established by Ma et al.in 2011 [3511

Balanced Model Reduction Example.
In his.

POD el on  random s spce sysem wih
outputs. Firs, we generate asystem in Matlab:

irss(n,p,); § Discrete r

Nest wecompute he Hankl gl e, whih e plots i i 0. We s st
10 modes capures over 905 of the input-output energy.

lIhsve = heva(syspull); ¢ Hankel singular value

e R ——

“The full-order system, and the balanced truncation and balanced POD maels are com-
pared in Fig. 9.4, The BPOD madel is computed using Code 9.2. It can be seen that the

10°
L
100 €
odoz

Figure
withn
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s sl
o o

: |“|'||”“ a
2
2

—i0.p

Fpureas ¥
truncation and blanced POD models with 1 — 10,

when only
10% of the modes are kept
otz Balanced properonthogonaldecomposition (BPOD).

ySBOD = BEOD(sysFull, syshdi x)

[yFULL t xPul1) = impulse (sysPull,0:1: (£e5) 1) 5

sysad) = ss (sysPULL.A’ sysFuLL.C" sysPull ", sysPull.D", -1} ;

[YAd3, €, xAd]] = impulse(sysnd),0:is (xa5)+1);

§' ot the fastest way to compute, but illustracive

§ Boch xadj and xFull ave size mx n x 2

HankeloC = [1; % Compute Hankel macrix H=0C

for 1=2:aise(xad],1) § Start ac 2 to avoid the D
Hrow = [

Krow - [Hrow MarkovParanstes]

ena

ankeloC  [Hankeloc; Hrow];
[0,519,v] - sva (Hankeloc) ;
xasta - 017

for i=2:eize(xFull,1) ¥ Start at 2 to avoid the D matrix
Xaata = [xdaca’squeeze (xFull(i,:,1))];
Ydata = [vdata squesze (xAd3 (1,5, 1)) 7
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Bhi = KdatasVasig® (-1/2);
° vaataivisian (1/3)
5 SFULL aaPhi (1,270 1
b

System Identification
In contrast 10 model reduction, where the system model (A, B, €, D) was known, system
identificaton is purely data-driven. System identification may be thought of as a form of
machine learning, where an input-output map of & sysiem is leamed from training data
a representarion that generalizes (o data that was not in the traiming sct. There is &
vast lterature on methods for system identification [271, 3381, and many of the
nthod e s om o of dymaic eesion a1 ol v o et e
" he DD from Section 72 For i sccion, v oneier e sy sl
ot ERA) axd cbererKalman fis o (OKID) e wse of
i connection (0 balanced model reduction [385, 458, 351, 535] and ks
nw\lmu(m i igh-dimensional systems such as vibration conrol of aerospace siructures
127.26,261]
‘multiple-inpat, multple-output (MIMO) systems. Other methods include the autorcgres-
e moving aversge (ARMLA) nd UDgEssie moving Ve Wik exogenus puts

mml.nmmslNDy thod from Section 7.3

Eigensystem Realization Algorithm

from sensor measurements of an impulse response experiment, based on the *minimal

tructural models for various spacecraft (272, and it has been shown by Ma e al. [351)
W ERA models are cquivalent o BPOD maodels. However, ERA is based

tirly on

We conder  dscrte e e, s descrbed i Sction .2
Sevt = A+ B o3
3= Con D o310
A disrstctim dela fnction inpot nthe scution
b L ko
ul £ o kan [0‘ it ©m)

ghdmesionsl e, gien  sufcint vlame o s
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ives ise 0 a discrete-time impulse response n the sensors y:

s eykan= ©39)

D,
oM By, k=123,

In an experiment or simulation, typically g impulse responses are performed, one for

nput, and at  given Gme-sep ,the cuut vecto i respanse (0 the /4h impulive input
will form the J-th colomn of 3. Thus, cah of the ! 1 @ p x ¢ matix CAL 1B, Note
i B.C.0) don

section is purely data-driven.
“The Hankel matrix H from (9.32) is formed by stacking shifted me-seris of impulse-
ihe HAVOK 75

W ¥
ER

" ©400)
L R )
CBi CaAy Cany B
CiABs CAJBy oy

©.00)

CaNTTIB CANTB e Gy

e matrix B may be constucted puely from measurements y, without sepaetly con-
strucing O and €. Thus, we do o need acees to adjoint cquatons.

I I

“The small small singular values in 5, are truncated, and only the firs r singular values in
£ areretained. The columns of U and ¥ are eigen-time-delay coordinates.

Unil this point, the ERA algorithm closely resembles the BPOD procedure from
Section92. However we dont e diect s 1o O and €y or the sysem
(A B..C.D) to consruet the direct and adjoint balancing transformations. Instcad, v
sensor measurements from an impulse-response experimen, it i also possible o create &
second, shifted Hankel matrix H’

seres dat:

H-vzv ©41

" oot
i Toorz

0420

S A
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CaAiby CAJBy CaAyB
CATBs CaAjBy Ny By

_ OurCs. 0z
CaA'Bs Car By Canf By

Based on the matrices H and I, we are able to consiruct o reduced-order model as

follows:
i ©43)
B ©430)
¢ ©430)

Here T, is the p x p idenity marix, which extracts the first p columns, and I, is the
g ¢ identity maix, which extracts the first g rows. Thus, we express the input-output
dynamics i terms of  reduced system with a low-dimensional stte & € B

S+ Bu ©44)
©4db)

H and Y are constructed from mpulse response simulationsfexperiments, without
S A A
niques. However,if full-state snapshots are available, for example, by collecting velocity

These

full-state snapshots form C.. and modes can be consiructed by:

w=cvit ©45)

from the owe-dimensional model in (9.44) by:
X% ©46)

If enough daa s col Haskel matrix H, then ERA bal
e ampincal cmllmlmnllly ‘and observabiity Gramians, ©,0; and C;Cq. However, if
s data s collected, so that lightly damped o decay. then
ERA will ol pprosimatl blace fhe sytem. 1t s nscad possble 10 collect ot

15 do not have tin

The resultng
ERA model wil ypically have a relaively low order, given by the numerical rank of the

truncation to this smaller model, as is advocated in [533] and [346].
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The code to compute ERA s provided in Code 9.3
Godes Eigensysiem realizaton lgorithm,

eunction [Ar,Br,Cr,Dr,HSVS] = ERA(YY,m,n,nin, ol
for 3=1:min
Br(id) = ¥r(,d,1
Y gih = Wi 2 ey
ena
ena

assert (length (¥(:,1,1)
assert (length(¥(L, 1,1
Basort (Lengeh ({11,

Hinouted -nout+Q,nines -nined) = ¥(Q,2,i+3-1);
B2 (mout e nout s, 403 ieR) = 110,813}
ena
ena
ena

ena

[9.5,71 = svas econ);

signa = 0

HSVE - aiag(s);

Observer Kalman Fiter denification
OKID was developed to complement the ERA for lightly damped experimental systems
1. In practice, performing isolated impulse response experiments s chal-

with noise [2

ERA. Thi

arbite Typically,
toth olloning genral proedur
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:

OKID

I

Fpueos
can b used orsystem identication via ERA.

1. Collect the output in response 0 a pseudo-random input.
2

ke e
2o u..,u.f e pased hough e ERA o e s
e
A AT S ——
sghenby

0 = Doy ©473)
¥ = Cabu+ Doy ©470)
2 = CoAB o+ CyBouy + Dy ©470)

3= Corl B+ CA B g D 0470
Notetat thereis o C term i th expresion for 3o sinc there s 2ero il conditin

0 Tis progresson of mesurements . may be frber simplifed and expressd in
of impulse-response measurements v}

[ | M ©48)
s s 00 w

It often possible o invert the matri of control inputs, B, 0 solve for the Marko param.-
cters %, However, B may cither be un-invertble, or imersion may be ill-conditioned.
In addition, B is large for lightly damped systems, making inversion computationally
expensive. Finally, noise is not optimally itered by simply inverting B (0 solve for the
Markov parameers.
te OKID method addresses cach of these ssues. Tnstead of the orginal discrete-time
System, we now introduce an optimal obserer system:

i+ Ky (= 3i) o+ Bau (9.49%)
R4 Dy ©490)

which may be re-witien s:
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St = (g K €%+ By KDy x,][x] ©50

Recal from carir tha i the sysem is observable, i i possile 0 place the pales
of Ay — K/C, anywhere we like, Howeve, depending on the amount of noise in the
measurmeat, th mogoite of proces noise, and vty n ou mocel, hee e

¥ e may now
solve for  of ‘measured
inputs and outputs according 10 the following algorithm from [273)
1. Choose the number of observer Markoy parameters to identify. |
2. Constructthe data mices here:
» w ] ©s1)
w o w
v= N " ©52)
o0 W Yot

where v, = [uf ¥/
To i V bl Bt s o e g i e ot

31 Inthis way, we ar working with  system tht i augmented o incude a Kalm
e, We re o ety te obener Mrkow prametrs of e agnened
systm, 5, wing the cquation S = 5V, It will be possble to identify these
observer Markoy parameters from the data and then exirct the impulse response
(Markov parameters)of the aiginal system.

3 s p s
usin the ight pseudo-imerse of (i

4. Recoer sy ko praters, . the bseser Mskov e, 5

W for 5

(@ Orlerthe oersr Miskov paraeters
si-o. )
s=[E @] k=t 039

where (89" & RO°7, () & RO“0,and v} = 5 = .

() Reconstruct system Markov parameters:

.

S G Y fork = 1 )

Ths, idenifies the Markov parametersof a sysm -
o Kalman fiter

by (9.55). These sysiem \
mpule responseof he s, and iy be s dicty g st he ERA st
A code to compute OKID s provided in Code 9.4
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ERAIOKID b b widly sl s 3 g of sy denifcaion s

numerous extensions of the ERA/OKID methods. For example, there are gzn:ﬂllnmvm

ot Observer Kalman fler identifcaton (OKID).
function H = OKID(y,u )
(sampled o

s Inpuce. input), r (order)

# Step 0, check shape
P - size(y.1); s
- size(y.2);

G- stz faq
3 step 1, choose impulse lengeh 1
1= s,

e
HE
Vg i) - ula,

x observer Markov params, Vbar

for 1-2:14
£or julimea-
Ve - (uls, 91y,
Vit a b L s 01-2) = veenps
ena

ena
Yoar = yapinv(V,1.-3);

meters &

3 step 3, isolace syseen Markov pas
D= war(sli@); © h
TR 021 4) = Mo s e (1-2) 10y quple (b
2(21p,2:q,4) - Yoar(:,qiLe(qep) » (L-1) +qige (55}

) e e et 0E
ety
YL = YhariCe, s} + Yhar2(s, s k0D
for'il1ic
K = Y0+ Yar2 (s )oY (s, ko)
ana

G = e
Combining ERA and OKID

B
ERA yieldsthe same BPOD, the reduced hould be.

First, we compute an impulse response of the full system, and use this as an input
ERA:
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VyFull,rV =gl xeuysmll R pe
- pérmute (yrull 1)+ Reorder to be size px g xm
(Gefault 1a mx p x q

SyeiRA < 58 (At Be.CrDr, 1)}

Next, if an impulse response is unavailable, it is possible to excite the system with a
Land

fandom
s then used by ERA to extract the model,

u,.a,.mmnpm, 0); 8 Random for
Randon, 11200175 8 oo

# compute
B = OKID (yRandon, uRandon, ) ;
o - Eloor ((Lengtn () -1}

eERAORID 4 (nk, B CeABE T

Figure 9.6 shows the input-output data used by OKID (o approximate the impulse
response.

impulse (sysFull,0:1:200);
il oe (syERA, 0:1:100)
Smpules (sy=ERAGKID, 0:1:100) ;

Finall
models closely match the full model and have similar performance to the BPOD.
described previously. Because ERA and BPOD are mathematically equivalent, this
serment s o s, Hovee, e ity of ERAOKID to et » el
order model from the random input dat in Fig. 9.6 s quite remarkable. Morcover, unlike:
BPOD, ey do ot

require nonphysical adjoint equations

Py Input-ouput dta wscd by OKID.
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Fiure 7
ERAJOKID moel with -
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Data-Driven Control

As deseribed in Chapter 8, control design often begins with a model of the system
being controlled. Notable. exceptions include model-free. adapiive control stategies
and many uses of PID contrl. For mechanical systems of moderate dimension, it
may be possible 1o write down a model (e.z. based on the Newtonian, Lagrangian,
o Heloin o) s i, b By abos 5 it o prioi
orbit. However, for modern systems of nterest, as are found in neuroscience, urbulen
idemicogs, <imte, and. e, il there 35 o simpe o sukable o
Comrol desi. Chaptr  deserbed echigues t oban onol riened reduced-rder
models for high-dimensional systems from data, but these approaches are T
linear systems. Real-world systems are usually nonlinear and the control objective is

ted 10

o readily achieved via lincar tec o
eptmiaton proble wih o i imensional, nonconvex cost oncron andscape it
multiple local minima. Machine learning s complementary, 2 it consitutes a growing
set of techniques that may be broadly described as performing nonlinear opiimization
in  high-dimensional space from data. In this chapter we deseribe emerging tech-
piaues it usc machin i 1 catcize and convol songly nonliner bige

measurement data

peaking, beusedto ]
for e e with modetwsd contol or ) il s <ol o it
ey st i &ty T i st shemataly o . 101
Sadiven tehmuen may e spolied to cihr he Sy or Corler bocks. n
ators.

a See
of machine learning to identify nonlinear input-output models for control, based on the
methods from Chapter 7. In Section 10.2 we will explore machine learing techniques
ety enly contln o it ot d T iy evclopn
with many powerful methods, such as reinforcement learing, terative learning control,
and genetic algorithms. Here we provide a high-level overview of these meh

then explore an example using genetic algorithms. However, it is important o emphasize:
the breadth and deph of this feld, and the fact that any one method may be the subject
of an entire book. Finally, in Section 10.3 we describe the adaptive extremum-sccking
Contl s, which optmies the conel Sl e o b the sy esonts
perturbations,
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Actuators Sensors

System

Fpuo 101 o
develop a model of the system or 2) o learn  conroller

Nonlinear Msum Identification for Control
“The data-driven modeling and control of complex systems s undergoing 3 revolution,
e by he s of bi ot sdvnced < sgrns o machine lanin 2 apimiz-
d modern computa Despite the increasing use of equation-free
ad sl conl s, e emins & calthof ol mdelbsed <ontl
al control (see Chapter 8) and model predictive control
(MO 1195 um Dctsingy e o contol s aided by i

st lone, without Sing on st princpes mdelin. roly qx.kmg, e
I n heory going
bk dcades o s e of Kol o wm. nerasigly povertl dndrven
s, such as those described in Chapter 7. ar system identificaton s the
oo ot e e
“The goal of system identificaion is to identify a low-order model of the input-output
It

the system, then this educes o idenifying the dynamics f tha satisfy:

4

x=fxw, o
“This problem may be formulated in discrete-time. since data is typicaly collcted at dis-
ercte imsances in time and control s are often implemented digitaly. In his case, the
dynamics read:

X = Fose ) 02

‘When the dynamics are approximately linear we may identify a linearsystem

e = Ax £ Buy, 03

‘which s the spproach taken in the DMD with control (DMD) algorithm below.
I may also be advantageous o identiy et of measurements y = g(x), i which the
unforced nonlinear dynami

Yoo = Ay a0
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“This i the approach taken in the Koopman control methaod below. In this way, nonlinear

dynamics

the intrinsic coordinates y [302,
Finally, the nonlinear dynamics in (10.1) or (10.2) may be identified directy using the

SINDY with control algorithm,. The resulting models may be used with model predictive

ontrol fo the controlof fully nonlinear systems [277].

DMD with Control
Proctor et al. [434] extended the DMD algorithm to include the ffect of actuation and
ol

s, as the effects of internal dynamics are confused with the effects of actuation. DMDe

was orginally motivated by the problem of characteizing and controllng the spread of

disease, where it is unreasonable 10 stop ervention efforts (e.2., vaccinations) jus 0
ly nstcad, if

14351, 1
e

measured,

extended 1o perform DMDe on heavily subsampled or compressed measurements by Bai
etal. (30

DMDe method seeks o identify the best-ft linear operators A and B that approxi-
mately satsfy the following dynamics on measurement dat:

N~ Ax B 03
1 addition o the snapshot matrx X = [x1 x2 - x,] and the time:shifed snap-
Shotmairx X' = [xa %5 -+ 1] from (723),a matiofthe sctarion nput hisory

s assembled:

[ X ]
efuow e
[ |
The dynamics i (109 may be writn n terms of the daa matrces:
X AX BT, a0

As in the DMD algorithm (see Section 7.2),the leading eigemalues and eigenvectors
of the bestftlinear operator A are obtained via dimensionalit reduction and regression.
I the actuation matrx B is known. then it is straightforward to correct for the actuation
and identify the spectral decomposition of A by replacing X' with X' — BY i the DMD
algorithm

(X' BY) = AX. a0s)

n B is unkiown, both A and I must be simultancously identified. In this case, the
dynamics in (10.7) may be recast as:

X~ [a u]m:cn 109
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and the marrix G

A B] is obisined v eastsquares regresio:

GrXe o010

The matrix © = [X* ] i geneally  high-dimensionl dta mati. which may be
approximted uingthe SVD:

a0

matrix 0 mu

0=[0; Xand
. Unis e oo g i ey s e s, ol

X =080 (012
[s 5]

by projecting onto his basis

c-valf] 01y
The resuling projeced mtices & snd B n G e
014
(1014t
position AW = WA
ao1s)
Ambiguity in Identifying Closed-Loop Syste
o sy ht e b vl conid i b it
oot = Axc B 016
= Ax+ BRx e
— - BR a016e)

it impossile o disanbigae the dynamics A andtesctunton B I i case, it
important o ut informatior
Thes perbton may e white e proces o ccionl al il s provide o
Kick to the system, providing a signal to disambiguste the s from the feedback.
signal

Koopman Operator Nonlinear Control
For nonlinear systems, it may be advantageous to idenify data-driven coordinate trans-
formations that make the dynamics appear linea. These coordinate transformations are
it i sl defvcd by igfunction o th Ksopnan opetr e

ol 103364351



101 Nonlnear System Identificaion for Control 543

from .
and Korda et al. [302] used model predictve control (MPC) 0 control nonlinear systems
with €DMD models. MPC performance is also surprisingly good for DMD models, as
shown in Kaiser et al. [277]. In addition, Peiz et al. [423] demonsirated the use of MPC
for switching control between a small number of actuation values 1o track 4 reference
value of it in an unsteady fluid flow: for cach constant actuation value, @ separate eDMD
model was 7¢d. Surana [504] and Surana and Banaszuk [S05] have also demon-
it el nolince esimatos b o Koopman Kaman . However, e d

Instead, it may
be advantageous to identify a handful of relevant Koopman cigenfunctions and perform
ontrl directly in these coordinates [276].

In Section 7.5,
(%), where the dynamics become linear:

]
2y = rpm) 1017)
O =R 1017

In Kaiser et al. [276] the Koopman eigenfunction equation was extended for control-affne
nonlinear systems;

0+ Bu. o018

Forthesesystem, it s possile o apply the chain e 10 1), yikling

Vo - 100+ Bu) (10.19)
= 9%+ Vol0 B «10.195)
Note that ven linear, and

the effect of actuarionis still addiive. However, now the actuation mode Vp(x) - B may be

state dependent. In fict,the actuation wil be state dependent unless the dircctional deriva-
el

generalizations of standard Riccati-based linear control theory (¢, LQR, Kalman filers,

etc) for systems with  sate-deperdent Riccati equation.

SINDy with Control
Although it is sppealing to idenify intrinsic coordinates along which nonlincar dynamics
appear linear, these coordinates are challenging 1o discover, even for relatively simple

sparse identification of nonlinear dynamics (SINDY) method (see Section 7.3) esults in
computionaly cficent modl (15t ey be e i resline with ot e
nirol (277]. M these models may
@

S0 that they may even be characteized online and in response to abrupt changes 1o the
system dynamics,
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e SINDysorit i sty cxindd 1 e the o sctstion 0 27
In addition to collecting

o N ey
x ¥

XX xer v ] (1020)

Hee, X T . evalu-

ated on the data

In SINDy with control (SINDYC), the same sparse regression is used (0 determine the
Asin

i the sysem i being acivly controled via feedback u = K(x), then i is impossibl to

signalis added o the actuation o provide additional informaton.

Model Predictive Control (MPC) Example
It xample, e will e SINDYe t dentity  mode of h forsd Loren cpations
from 1 this model using model e, MrC 107
195, 48, 0. 447, 430, 196, 21 173] has hecome a comerstone of m

ol and i shigons i the il Tndscape MPC 5 e 10 comtol »unnwly

time delay

bty Most industral applications of MPC use empirical models based on lincar system
identification (see Chapter 8), neural networks (sce Chaper 6), Voltera sries (56, 73],
and autoregressive models [6] (e.2.. ARX, ARMA, NARX, and NARMAX). Recently.
decp Ieaming and reinforcement Icaring have been combincd with MPC [330, 570] with
impressive results. However, deep learming requires large volumes of data and may not be
readily interpretable. A complementary line of rescarch secks 1o identify models for MPC
based

fodel predictive control determincs the next immediate control action by solving an
opimal control problem over  receding horizon. In paricula, the open-loop actuation
signal u is optimized on a receding time-horizon fc = me A7 1o mirimize a cost J over
Some prediction horizon 1, = nt, Ar. The control horizon s typicall less than or equal
o the prediction horizon, and the control is held consiant between 1, and 1. The optimal
control i then applied for one tme step, ad the procedure is repeated and the receding

time step. law:

Ki) = w0, a02n)

Wy s the fisttime st of the optimized actuation starting at ;. This is shown
schematically i Fi 1021 s posile o optimis ihly coomizedco urction
subject to nonlinear dynanvcs, with constsaint on the actuation and state. Howerer, the
Computaionl reiements of e piming a each e s ae omsdrsl,pting
limits on the complexity of the model and optimization techniques. Fortunately, rapid
u power are enabling MPC for

contol,
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< Past :_Futwe

Prediction horizon,

Control horizog

———

Set point.
i
|
|
|

vl itely

7+l-’_’ Jtme—1

Gmy—

Moving horizon window

Fgure 02

]

MPC to Control the Lorenz Equations with SINDYc
“The following example ilustates how (o identify a model with SINDYe for use in MPC.
“The basic code is the same as SINDY, except that the actuation is included 15 a variable
when building the lbrary ©.

10220
(10.22)
(10220
Inthis example,
another 20 tme units where we switch the forcing (0 & perodic signal (1) = S05in(10r).

The SINDY algorithm does not capture the effect of actuation, while SINDYe correctly
identifies the forced model and predictsthe behavior in response to a new actation that
was not used in the training data, as shown in Fig. 103,

inally, SINDYe and neural network models of Lorenz are both used (0 design model
redeivecontolle.a Sown i Fig, 1.4 Both mehods ey accrte el
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—Tranng
vaidation

ZZ siov'

Figure 103 SINDY and SINDYe prediction for the controlled Loren syse n (10.2) Training

) =26 - ¥+
Sigmal us) = $0sin(100). Reproduced with permission from (100

more rapidly. and is more robust to noise than the neural network model. This added
effciency and

Inaddi

Machine Learning Control

Machine learming is & rapaly developing field that i transforming our ability o describe
Jex systems from observationl data, rather i eling (382, 161,

64,396, Uniilrecent; data, alth
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Pred. horizon

——SINDYc NN

Troiing___ Predicion_ Contral

Training time

Ty,
Soreg

Pred. horizon

W O e e

Length of training data Noise magnitude

Fpure 104
SINDy model Reprodiced with permission from Kaiser et al. (277).

offfine learning

Fgwre 105
7 vitin

controller.
contrllaws. The veetor 2 contans l ofthe iformation that may fctor nt the cost

there
“The use of machine leaming to leam control laws (ie., o determine an effective map
from sensor outputs o actuation inputs), is even more recent [184], As machine leaming
encompasses a broad range of high-dimensional, possibly nonlinear, optimization tech-

Specific machine learning methods for contrl include adapive neural networks, genetic
gorih T 1

control architecture is shown in Fig. 10.5. Many of these machine laming algorthms
are based on biological principles, such as neural networks, reiforcement learning, and
evolutionary algorithms.
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Itis important 0 note that model-free control methodologies may be applied to numer-
ical or experimental systems with ltle modification. All of these model-free methods

include:
Fluid dynamics: I acrodynamic applications, the goal is often some combiy
o diu rducion, i nese, and e educion while i prammsceuical
Finance: '
o the av.

Epidemiology: The goal may be to effectively suppress a discase with consrsints of
sensing (e, blood samples, clnics, etc.) and actuation (¢, vaceines, bed nets,
etc).

Industry: The goal of increasing productivity must be balanced with several con-
srsins, including Iabor and work safety laws, as well as environmental impact,
which often have significant uncertinty.

Autonomyand o, The gl of seldving cus and atoomous s s o

ve a task
sing with human agens.

In the examples above, the abjectives involve some minimization or maximization of &
given quantiy subject to some constraints, These constainis may be hard, as in the case
of dsess suppresionona e bl o hey may nvolveacomple mal-aiecive
radeoft, O it live at the

of the constain legality.
all o the cases,th optimizaton tmust be performed wih g the underlying

s of the syt Mu e governe by the NoverScker . finance is

‘governed by human behavior and cconomics, and amm v e et o complex

interacion of biology. human behavior, and geograpt

Thes eaword ool poblems s sl challningfor  mumberof esons

ddition,

of frecdom Ina
it may be exceedingly expensive or infeasible to run diffrent scenarios for system iden-
tification; for example, there are serious ethical ssues associated with tesing different
Vacination srategies when human ives are at iz

I i

leveraging the availability of vast and increasing quantites of data. Many of the recent
§
H
interact
powertul bei
Note that the
reltive importance of the following methods are not proportional (o the amoun of space

dedicated,
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Reinforcement Learning
Reinforcement learns is an important discipline at the intersection of machine
Isming and conrl 07, coretlying ud ey by compis st s
Google el n
entorcement \clmmg‘ eonl policy i refined over time, oy improved performance
achieved through experience. The most common framevork for RL s the Markov deci-
process, where the dynamics of the system and the control policy are described in &
probabilistc seting, o that stochasticty i buil nto the state dynamics and the actuation
strategy. In his
nd s, et smin kel s 0 apin ool o
may be formulated in a ork.

Reimoreemen caing oy b el partially supervised, since i is not always
Known immediately if a control action was effective or nol. In RL, a control policy is
enacted by an agent, and this agent may only receive partial nformation about the effec-
tiveness of their For example, tac-toe.
or chess, it is not clear if a specifc intermediate mov is responsible for winning or losing.

p e end of
ose. I
Known as a quality function ©, that describes the value or quality of being in 4 partcular

this © function, improving their abilty 10 make good decisions. In the example of chess,
anexpert player begins to have intuition for good strategy based on board positon, which
i a complex value function over an extremely high-dimensional state space (., the space
of all possible board confie Q-learning is @ model-free reinforcement learning
strategy. where the value function is learned from experience. Recently, deep learning has
been leveraged o dramaically improve the Q-learming process in situations where da
ety v 1136, 355, 356, 359 Fo example the Google DeepMind sgorthn
s ben able to master many classic Atai video games and has recently defeated the best
plagers inthe world at Go. We leave  more in-depth discussion of einforcen

for other books, but emphasize ts importance in the growing field of machine learming
contol,

t learning

Herative Learning Control
eraive learming control (ILC) (5, 67,

. 130, 343, 390) is a widely used technique that

line,
of times. In contrast to the feedback control methods from Chapter 8 which adjust the
actuation signal in real-time based on measuremens, ILC refines the entire openr-loop
actuation sequence afer each iteraion of  prescribed task, The refinement process may
b s simpe s 4 poportionsl oo tad o he messrd i, of may o8
Terative
system equations and has ’v:rﬁvrmlng: guarantees for linear systems. ILC is therefore &
for h

arobotarm
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paramete valuc as a generc o this cxampl. th

Genetic Algorithms
The geneic algorithm (GA) is one of the carliest and simplest agorithms for parameter

Valles are propagated to fuure generations thiough  set of genec tules. The parameters
a system are gencrally represcnicd by a binary sequence, as shown in Fig. 10.6 for
FID cotol sy wilh s e, g by e s conol g Kr. 1. and

ferent parameter

defined task. Successful individuals with  lower ot have  highe prokabilty of being

A setnumber of
e advanced diretly o the next gencration.
Replication:  An individual i selcted o advance (o the next generation,

advance to the next generation; crossover serves 10 exploit and enhance existing
successful sirategics
Mutation:  An individual is selected to have a portion of its code modified with new

eter space

Forthe plcato,crossve and o ocraons, il oy slstcd

0 advance to the next generation with the probability of selction increasing wi

The genc pertions e st for e PID ol xample n i, 107, o
fihe other stopping




102 Machine Leaming Control 357

ot bttty Genon Genetn Opeion
P i T
o =
0 = R
=2 =
o =
=)
— o
=g Mutation
—0
=0
s 07
power

ly used to ind nearl peimal ps 3
as they are capable of exploring and exploiting local wells in the cost function. GA pro-
vides a middlc ground b " "
altemative 0 expensive Monte Carlo sampling, which does not scale to high-dimensional

Jgorithms will converge to

P paces. However,
a globally optimal solution. There arc also & number of hyper-parameters that may alfect
performance, including the size of the populations, number of generations, and reltive
selection rates of the various genelic operations,

Genetie algorithms have been widely used for optimization and control in norlinear
systems (184]. For example, GA was used for parameter tuning in open loop control (394],

192],

and drag reduction [201]. GA has also been employed 1 tune an Ao, controller in 3
combustion experiment [233

Genetic Programming

Genetie programming (GP) (307, 306] is @ powerful generalization of genctic algorithms

that simultaneously optimizes both the structure and parameters of an input-output map.

Recently, genetic programming has also been used to obtin control aws that map sensor
Fig. i

quite flexible, complex functions of ¥ through o

recursive tree structure. Each branch is a signal, and the merging points are mathematical

The genetic operations of crossover, mutation, and replication are shown schematically in
Fig. 109, This ¢ 1
fiters, as discussed in Duriez etal. [167).

wrbulence con-
trol experiments, ld by Bernd Noack and collaborators [403, 417, 199, 168, 169, 416]
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Control law

Functions
] Actustion

[0]0]

[Sleslele]

Sensors and constants

Figure 108 Husation
contrl

“This provides a new paradigm of control for strongly nonlinear systems, where i s now
Tavws.

» i
ol aw, enabling the testing of hundreds or thousands of individusls i 4 short amount of
time. €|

several macroscor

i behaviors, such as drag reduction and mixing enhancement, in an
iy of flow conteuraions. sresine Hows incude the iing aer (417,16, 165, 1691,
199, dary layer [169].

Exampl: Genetic Algorithm to Tune PID Control
Inthis example,
(PID) contollr, However, it should b noid that this i justa smple demontrtion of
evolutonary algorithms, and such heavy machinery is not recommended 10 tune a PID
controller in practice, as there are far simpler techniques,

ID control s among the simplest and most widely used control architectures in indl
trialcontrol systems, including for motor position and velocity control, for tning of var

espresso machines, to name only  few of the myriad applications. As its name suggest
PID control additively combines three terms to form the actuation signal, based on the
ertor signal and it integral and derivative in time. A schematic of PID control is shown in
Fig. 1010,
In the cruise control example in Section 5.1, we saw that it was possible (o reduce
s cin o by icrsing e proportons ool sin i he conrol o
T

e, and 1 will o ompll liminté e e st rcing o The adion
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pUR) = 0.1, p(C) = 07, and p(M) = 02, espctively

ofan integal control term, K’ /oy — ) s useful to climinte stcady-state refrence
ing o whil allesisting the work required by the proportosl term.

s s xpons nd il vcshoot . o s e e s e
use of a genetic g PID gains
an LQR cost function

with 0 001 for  step response v, = 1. The system to be contrlled will

be given by the ransfer function

G
O
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e
ndusiral contrl,

“The first step is o write & function that evaluates  given PID controler, as in Code 10.1.
“The three PID gains are stored in the variable parms.

ot 01 Exalust cost functon for PID contoler,

function 3 = pidtest (G,dt,parns)

K = parne (1) + parms(2)/s + parms (3) 45/ {1+.001L4s) 1
Loy K,

Clossdtonp - Cobdback (loop.1) 5

£

av
froel = step (Closedioop,t1s

CTRLEE = K/ (10KeG)
= leinK-y,0)

Next

a e .
asin Code 10.2 I this example, we run the GA for 10 gencrations, with a populaton size
of 25 individuals per generation.

Gote 02 Geneicagrithn 1 tune PID conroller:

G = /(s (srsran)) s

eptions = optinoptions (iga, Populationsize popsize.
VarGenerations’ NaKGensrations, |OuLpPUERG. s amyEun) ;
(x,Evall = 2 (0 (K] pitest (G, a6, ) 3. oye (3), sexos (3,1)
T 0 0. U options) s

Code 103,
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ot 103 Specal ouiput funcion 0 save generaions
state, opts, optchanged] -myfun (opta, state, £lag)

Sptchanged =

suiten flag

a41) - atate.Population;
- state.score;

atate. population

The evolution of the cost function acros various generations is shown in Fig. 10.11.
As the generations progress, the cost function sieadily decreases. The individual gains

own in Fig. 10.12, with redder dots corresponding to carly gencrations and bluer
Seneruions comsponding o s séncrations. Ae the sentc sl oS, the

Fis 1013 shows h outpt nrespons o e PIDconrller o e st senrton

Itis clear 1

lrg devitionsin . In o, Fi. 1014 shows e vt in ssponc 10 PID con-
< non. O producing,

u(l.\h\c\cv
e het sontalens fom each gencraon e shown i Fig. 1015 n s i, 4
connlls rom aly geerions e redder,whle e contollers rom e generions

-

Sorted individual

Generation

Fipure 1011 Cost fonction aross generations,as GA opimizes PID gains.
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10.

m

Fawo 1012

an

Figure 1013 PID conteller response from et generaion of genctic alorithn.

are bluer. As the GA progresses, the controlle i able o minimizes output oscillations and
achieves st rise time.

Adaptive Extremum-Seeking Control
Although there are many powerful techniques for model-based control design, there are
also a number of drawbacks. First, in many systems, there may not be access 10 a model,
for conrol ic.
‘model may. form). N

beer
by modifying
the atractor, giving rise to new and uncharactrized dynamics. The obvious exception is
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105
and be rjectories correspond to the st gnerstion.

Fi
changes 1o the system that modify the underlying dynamics, and it may be diffcult to

measure and maodel these effects
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“The field of adapive control broadly addresses these challenges, by allowing the con-
ol Taw the fleibility to modify its action based on the changing dynamics of a system.
Extremun-secking control (ESC) (312, 19] is a particulrly attractive form of adaptive
conteol for complex systems because if does not rely on an underlying model and it has
suaranteed consergence and stability under a set of well-dfined conditions. Extremur-
Seeking may be used (0 track local maxima of an objective function, despite disturbances,
varying sy 4 nonl o may be impl for
in-time control or used for slow tuning of parameters in a working controler

Extremun-secking control may be thought of as an advanced perurb-and-observe
method, whereby a sinusoidal perturbation is additvely injected in the actuation signal
and used 1 estimate the gradient of an objective function J that should be maximized o
minimized. f
the system, alhough it utimately depends on the internal dynamics and the choice of the
input signal. In extremum-seeking. the control variable u may refer ither 0 the actuation
signal or a set of parameters that describe the control behavior, such as the frequency of
periodic forcing or the gains in a PID controler

“The extremum-secking control architecture s shown in Fig. 10.16. This schematic
depicts ESC for a scalarinput ,although the methos readily generalize for vector-valued

s 0.

Gie..for y = u). The extremum-secking controler uses an input perturbation o estimate
the gradient of the objective function J and stcer the mean actuation signal towards the
optmizing value

Extremum-secking controller

Fiawo 1016

y and the cost /.

st guess  forthe optimizing inpu .
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Fgwre 017
T,

he pesk . > ). Th n
product of aputand output sinusods moves  owsds '

for

1. slow - extemal disturbances and parameter variation
2 medium - perturbation frequency o
3 fast system dynamics

In many systems, the

fnal system dynamics evolve on  fas time.

cale. For example.
scales. I optical
y fast

y . tight
compared to the time- ation.

In extremun-seeking control a sinusoidal perturbation is added to the estimate of the
input that maximizes the objective function, i

=i+ asinn) 1023

This input perturbation passes through the system dynamics and output, resuling in
an objective function J that varies sinusoidally about some mean value, s shown in
Fig. 10.17. The output / is high-pass fitered to remove the mean (DC component).

domain as

= 1026
s+ o ¢
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where s the Laplace variable, and oy is the file frequency. The high-pass file is chosen

inputsinusoid, po i &

& =asintor — o 02s)
This signal € is motly positine i the input 1 s 1 th Ieft ofthe optimal value «* and
it matly negatve i s t0the ght of the optimal vlue °,shown s red curves in
Fig. 10,17, Thus, th demodulied signl § is tegrated ino . th best estimate of the
optimizing value

(10.26)

0 ey e s s e g gt . Tt s g

Rnughly speakin,thedemedulated i € measires s e nh]eunz func-
o more api arger.
This i simple 1 e for concont ,m..m micn, where 1 5 il & functon of he
input J ) = i+ a (o). Expanding J ) inthe perturbation amplitude a, which is
assumed to be small,yields:

Jw

i+ asinton) 1027

0] wmenrvowd o

The leading-order term in the high-pass fltered signal s p = 34/l - asin(or).
Averaging £ = asinwr — ¢)p over one period yilds:

s % asin(or — )pdr 10280)
N
=2 [T e - snena 1028

i“ (10.280)

T for e o of il plant i, he e g oy i proptions 0 he
et of the cjective uncton J i st the put

es mmg i input 0 the outputs  thatact on  faster imescale than he perturbation
. Thus, J may be time-varying, which complicates the simplistic averaging analysis
tbove. The general case of extremumy-seeking control of nonlinear systems is analyzed
by Kstic and Wang in [312], where they develop powerful sability guarantees based on &
separation

be modified 10 add a pmm othe sinusoidal ioput perturbtion i (1025). In 3121, there

s filter /s +
Component o he derodulted g . Thre s s xtenion 0 xtemumceking
called slope-secking, where a specific slope is sought [19] instead of the standard zero
Slope-s e

Dot extremum, s in the case when control inputs saturate. Extremume-seeking is often
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T2 s a4 s o 7 8 o
2
2
J s
0
s
0

o 1 2z 3 4 5 s 7 &8 9 1w

Fipure 1018 Extrema secking contol response fo cost function in (10.29),

an openloop periodic forcing.
Itis important o note that extremum-secking control will only fnd local maxima of the

Inanumber

Thus,
of sud
n

191,09).

Simple Example of Extremum-Seeking Control
Here we consider a simple application of extremun-sceking control to find the maximum
of astatic quadratic costfunction,

T =256 -w’ (1029)

= 5. Surting atu = 0,
seeking control with a perturbation frequency of o = 10Hz and an amplitade of a
o ,

Code 104
bigh-pass fite.

Notice that when the gradien of the cost functon is larger (., closer 10 « = 0), the
oscilltions in J are asger, and the controller climbs more rapidly. When the input u gets
close to the optimum value at u” = S, even though the input perturbation has the same
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value and small deviations near the peak.
ot 104 Extremun-seeking contol code.
9 = Bu,€) (25~ (5- () "2} 5
Yo - 36,005 -0

§ Extremun Secki

Gt e

T 100 Sotal period of simlacion (in secends

Vo

filter (Ruccerworch filter)

t e (i) st
yvale (130, e) ¢

der

b
00
) el

mmzemae,.n - yralsti)
oFne
for o1

Toben < Hoeaew. + (k) sys (butterordersa-K)
ena
Eor ka2 b derel

KPFnew = HPFnew - (k) +HPF (butterorders2-k) ;
ena
HEF (butterorders1) = HEFnew;

oFmevssin(onegare + shase) s
ok

wals(i) = us

To see the ability of extremum-seeking control o handle varying system parameters,
consider the tme-dependent costfunction given by

) =25~ (5~ —sin())* (10.30)

“The varying parameters, which oscillate at 127 Hz, may be consider slow compared
with the perturbation frequency 10Hz. The response of extremum-seeking control for this
Fig. 10.19.Inthi n s able
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.0,

P 1010

o maintain good performance by oscillating back and forth to approximately track the
ascillting optimal u”. which oscilltes between 4 and 6. The output function J remai

halleging xampl of Exemun-Secking Gorrol

msider an example inspired by  challenging benchmark problem in Section

et 119 Ths syt his  ime vayin ot fnction /(1) dymamics wih 3
right-half plane 7ero, making it difficult o control

In one formulation of extremum.-secking [

designing the contrller f the plant can be split into three blocks that define the input

dynamics, a time-varying objective function with no internal dynamics, and the output

own in Fig. 10.20. I ti

9], there are additional guidelines for

fiter and integrator blocks.
In this example, the objective function is given by

J0) = 055~ 10) + (0~ 0° )
where 3 i the Dirac delta function, and the optmal value 6°(1) i given by

5= 01+ 0011



asinfut) asin(wt — o)

Fpure 1020
wealh of design echniques 133, 19

“The optimal objective is given by J* = 055(s — 10). The input and output dynansics are
taken from the example in (19], and are given by

'
Fuuls) = —.
[T 1

)=

Using the design procedure in [19], one arives a the high-pass fiter 5/ + ) and an
integrator-like block given by 50(s — 4)/(s — 01). In addition,  perturbation with & = 5

nd.a = 0.05 is used. and the demodulating perturbation is phase-shified by @ = 7955;
this phase s obtained by evaluating the input function Fi at i« The response of this
contrller is shown in Fig. 10.21, along wih the Simulink implementation in Fig. 10.22.
The.

Applications of Extremum-Seeking Control

has been widely applied 0 a number of complex systems. Although ESC is generally

pplcble o e contlof dyanial sy, it 5 50 Wy s 5 oo
0 slow

uses. erm.emmn.mmg contrl, here we. mgnhgm onlya few

in photovoltaics 331, 178, 75, 97, and wind energy conversion [395]. In the case of
ot he voligs o urcn ple i povs comeri e 1 b vidh mode
ulaton is used for the venur\mmn signal, and in the case of wind, wrbulence is used
i pettion also used as

ienal o he optmizaton of sirrat conto |39} in i sxanple s nfeadible t0add

ESC has also been used in opics and clectronics. o e shpig (450), uning
high-gain fiber lasers [93, 991, and for beam control in  reconfigurable holographic meta-
601,

2651,
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Fipure 1022 Simlink model for exsemun-scking contllr sed in g, 1021

| PID [289] and P1[311]

of Tokamaks 4131
cking has also been broadly spplied in turbulent flow control. Despite
he sy o conal dyamics e i it is often used as a slow feedback.
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» » ofa

conditions. Extremum-sccking has heen used to control an axial flow compressor [547],

duce drag over a bluff-body in an experiment [43, 46] using 4 rotating cylinder on

i airfoil

‘configuration [47] using pressure sensors and pulsed jes on the leading edge of a single-

Slotted flap. There have also been impressive industral-scale uses of extremum-secking

Control. for example t contol themmascounic modes eros  ange of fequencies i o

W gas turbine combustor (37, 35]. It has also been wilzed for separation control in o
planar diffusor that i fuly turbulent and stalled [36], and 0 contol jet noise [375].

There are mumcrous exensions (0 extremun-seeking tha improve peformance. For

instabilities in 4 combustor experiment, reducing pressure fluctuations by nearly 40dB.

sure raio in & high-pressure axial fan using an inected pulsed airstream [553]. ncluding
i of ES
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Part IV
Reduced Order Models






1

Reduced Order Models (ROMs)

entialequations (PDES). As such, it is one of the most important dimensionality reduction

exemplified by nonlinear intime
and space of the quantites of iterest in 4 given physical, engincering andior biological

of dynamic activity. The POD technique secks 10 take advantage of this fact in order

o produce low-rank dynamical systems capable of accurately modeling the full spato-

temporal evolution of the governing complex system,. Specificaly, reduced order models
rage POD modes for project

simulations of the govening PDE model can be more readily evaluated. lmwmm]y‘ e

ok models produc by the ROM allo o gt impovens

mics to low-rank subspaces where

ol of PDE-

systen \\pmmznmn ‘over parametrized PDE sysiems, andlor real-ime c
based systems.

25111t
et mechancs ad ioraionl aal-

e it is called empirical orthogonal functions (EOFs)) 116, 17 ko

omlcuion (4941, scousies 151, andneuosciee 53, 19, 284 The sueccs of the
its provide p

tions of data [316, 57, 181, 286, 126,

3),

POD for Partial Differential Equations
“Throughout the engincering, physical and biological sciences, many sysiems are known
o have prescribed relationships between time and space that drive patterns of dynami-
cal scivity. Even simple spatio-temporal relationships can lead 1o highly complex, yet
coherent, dynamies that motivate the main thrust of analytic and computational studies.

ciple laws or through well-reasoned conjectures about existing relationships, thus leading
generally 10 an underlying partal differental equation (PDE) that constrains and governs
the complex system. Typically, such PDE are beyond our ability o solve analytically
As a result, o primary solution strategies are pursued: computation and/or asympiotic
reduction. In the Tormer, the complex system is discretized in space and time 1o arifi-
cially produce an extremely high-dimensional system of equations which can be solved
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10 a desired level of accuracy, with higher accuracy requiring a larger dimension of the

sequence of the underlying numerical solution scheme. In contrast, asymplotc reduction

Seeks to replace the complex system with 2 simpler set of equations, preferably that are

linear so a5 1o be amenable to analysis. Before the 1960 and the rise of computation,

such asymptotc reductions formed the backbone of applied mathematics i fields such

lid dynamics. Indeed, asymploics form the bass of the carliest effrts of dimensionality
cduct

that enable reduced order models ar.
“To be more mathemaically precise about our study of complex systems, we consider
fa single sp be mod

cled as.
W= N@ B ary

ndNG)
linear evolution. The parameter 8 will epresent a bifurcation parameter for our later con-
siderations. Further, associated with (11.1) are a set of inital and boundary conditions

domain x € [~L. L]. Hisorically, s number of analytc solution techniques have
been devised (0 study (11.1). Typically the aim of such methads is to reduce the PDE
(111 t0 4 set of ordinary differental equations (ODES). The standard PDE methods of
separation of variables and similarity solusions are consiructed for his express purpose
Once i teform of an ODE, 3 bader vriety of i e can b aplied ong

12521, This again ighlights the

et aomprics e ey chractnin b

‘Although  number of potential solution srategies have been mentioned, (11.1) does

ot admit a closed form solution in general. Even the simplest nonlineariy or a spatially
H

nsights across the physical, engineering and biological sciences. The various computa-
tional techniques devised lead to a spproximate numerical solution of (11.1), which s of
.

high-din e spatal discretization of (11.1) whereby
the spatal variable s evalusted at 1 3> 1 points

e for k=12 n a2
with spacing At = 1141 — i = 2/n. Using standard fnite-difference formulas, spatial

Serialiescan b cvlutedoin ncghboring st poits o ht, for ance.

)~ w1
3)
= [IEN
[ & 0 (11.30)
‘Such spatial discretization transforms the governing PDE (11.1) into aset of n ODEs
T = N0 0B k=12 (1)

This process of discretzation produces a more manageable system of cquations at the
L 1t shoul reqire-
the system (11
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since Ax = 2L/n. Thus, the dimension of the nderlying computational scheme s arifi-

accuracy of

“The spatial discretizaton of (11.1) illusirates how high-dimensional systems are ren-
dered. The ariificial production of high-dimensionl systems s ubiguitous across com-
putational schemes and T

(11.1). In particular, we consider the most common technique for analytcally solving
PDEs: separation of variables. In this method. a solution is assumed. whereby space and
time are independent, so that

i),

(0 () as)

a
the spatal dependence. Separation of variables is only guaranieed to work analytically if
Dis
can be derived that separately characterize the spaial and temporal dependences of the
complex system. The differenial equations are related by & constant parameter that is
present in cacl
or the general form of (11.1), separation of variables can be used 10 yield a compu-
tational algorithm capable of producing accurate solutons. Since the spatial solutions are
wpical
¥/(0). Inded, such assumptions on basis modes underlis the critcal ideas of the method
Of eigenfunction expansions. This yields a separation of variables solution ansatz of the

s = Yo e

where 4 (x) form a st of n 5> 1 basis modes. As before, this expansion artifcally renders

Hhigh dimensional system of equations since n modes are required. This separation of
variables solution spproximates the true solution, provided  is arge enough. Increasing
i equivalent to increasing the spatial discretization in  finite-

e

y properties of the basis functions (1) enable us o make use of
(116). To illustrate this, consider a scalar version of (11.1) with the associated scalar
separable solution u(r, 1) = 31_, (1) (x). Insering this solution into the governing
equations gives

Lol N (Sanve, T Savtnexnf) 117
2

0 jak
tovl=n={} 124 ay
here s the Kroneeke dela histhe
(v [ jds ey

where * denotes complex conjugation.
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decided on,
mined by muliplying (1177 by (1) and inegrating from x € [~L, L], Orthogonaliy

mode
day
ot

[N (T Yo Eajhue - xurB)va) k=120 n
(1110)

The given form of N(-) determines the mode-coupling that occurs between the various

1 modes. Indeed, the hallmark festure of nonlincarty s the production of modal mixing

Nameid wheraes b o e Galcn ejion (11,10 e commony vl 1o
of the full . true solution
e ‘accomplished by both judicious choice of the modal basis elements vy 35 well as
the ol smber o modes 1. Incrsinly, e o of e e, which i
rooted in finear PDEs for nonlinear and nonconstant coefficient PDEs, provided
enough modal basis the nonlnea
mixing that occurs in (11.10). A good choice of modl basis elements allows for a smaller
setofn
specifically
particular dynamics, geometry, and parameters.

Fourier Mode Expansion
“The most prolifi basis used for the Galerkin projection technique is Fourier modes. More
precisely, the fast (FFT) and its

hysical, and biological

resonsfo this () Ther s a song ntuion dc\elowﬂ around the meaning of Fourier
modes as it directly s, P

(i the lgorithm necessary to compute the ngm s of (o y con e o
O(nlogn) operations. The second fact has made the FFT one of the top ten algorithms of

“The Fourier mode basis clements are given by

L
=L () etk ot
interval is x € [0, 27). scale a domain of length

2 et wn o FET.
O ot (11 s s ot s i
011, Howevs ey s splib 0 bt e offnctions it s vt
ety i, For s ot  oeled Gausia neion
(<o) a
hose Fure o i s  Gausian,n represing sich (o vith Furer
s, rg b o modes r hen e sne e st e s o
i 11.1 e the Fourie mods repecnation o e G for e il of 7 O
T b of

ut.n)
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5 10 15 20 25 R
#of modes
P 1 s o modes o eprsning sl Gavsion . )

Fourier modes e used 1 represent the Gaussian u(x) = exp(—0.¢*) n the domain < [10, 10]
for =01 G0 = 1 (6aky . = 10 W (5T Fourr mde pretaionof b

) with the (@) L2 ertr from

Tho oot n mods o e sl Gabin (&
the tru solton for the tre

fast

and widely alage
required 10 represent simple functions of interest. Thus, solving problemns using the FFT
ofen rgures ighdimeionl prsenatons (i1 > D o scommode g
localized spatial behaviors. Ulimately, our aim s to move away from artifcially creating
such high-dimensional probler

snsc.al Functions and Sturm-Liouville Theory
005 and carly 19005, mathematical physics developed many of the governing
instance. Many

of
ically .
Thus

e often considered complex systems of the form

W= L N ) an
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where . i pertor nd < 13 sl e e for perution
ations th perorLisa S L ich

Tosolve :q\mmm of the form in (11.13), special modes are often used that are ideally
suited for
(L3,

Lo =hat ariy

where i) the operaor alow
foran eigenfuncrion expansion solution whereby u(. 1) = 3~ ax (1Y x). This leads 0
the following soution form

L ) e Nov) avis
ke s i i i e cincions oy
modeling the sl variions priulr 1 the problem under considraion. Thus, thy
e s o e el ey e, modsfor (11 T - conrt o

o symmerics n he geomeiry. For cxampl, the Gaussian xample onsierd can b
potentally represented more eficiently by Gauss-Hermite polynomials. Indeed, the wide
variety of special functons, including the Sturm-Liouville operators of Bessel, Laguerre,
Hermite . e simed

Ultimately,

an ideally suited st of bsis fonctions.

Dimensionality Reduction

tific compuing: n degree, systems. P
PDEs with several spatial dimensions, it is not uncommon for discretization or modal
expansion techniques 10 yield systems of differntial equations with millions or billions
of degrees of freedom. Such large systems are extremely demanding for even the latest
computational architeetures, limiting accuracies and run-times in the modeling of many
complen sy s igh Reynods mber i low,

idin e  a setof optimal basis modk 1. 3s it can
esy e e e of Al Sqaions geneed. My sltion hmies
involve the solution of  linear system of size n, which generically involves O/(r°) opera-
tions. Thos, reducing 1 is of paramount importance. One can already sce that even in the
1505 and caty 19000 h el fncion devlop for virous ol of mthena.
il physics were an analytic attempt 1o generate an ideal set of modes for represening
the dynamics of the complex system. However, for strongly nonlinear, complex systems
ant e we

e
‘seometry in (11.1). Based on the SVD algorithm, the proper orthogonal decomposition
(POD) generates a set of modes that are optimal for representing either simulation or
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required to model the behavior of (11.1) for a given aceuracy [57, 542, 5431,

Optimal Basis Elements: The POD Expansion

i
using the Galerkin expansion in (11.6)is critcal for eficient scientific computing strae-
gies. Many algorithms for slving PDES rely on choosing basis modes a prior based on
) computational speed, (i) ccuracy, and/or i) constaints on boundary conditions. All

However,

ational efficiency via dimensionality reduction. As aleady ighlighted, man algoritha
gencrate artfcially large systems of size n. In what follows, we present a data-driven
statepy. Iso k POD modes,

n rento

characterize the dynamics of (11.1),
“Two options exist for exracting the optimal basis modes from a given complex sysiem.
One can either collet data directly from an experiment,or one can simulate the complex
Inboth

when
the sysem i simulted o extact modes, o can argee that no computatioal savings
ae achieved. Howerer, much like he LU decomposition, which has an il ne-time
computational cost of O(n’) before further O(n?) operations can be applicd, the costly
modal extscion process s petformed only e, The ptimal mades can then b used n
acomputionally efcent manner thercatc

“To proceed with the construction of the optiml POD mes, the dynamics of (11.1)
ar sampled st some prescibed time nterval. In o
Samples. of the complex system, with subscrpt & indictng. sampling at time
= [utn) we) e (s )]' Now the coninuous funcions and
s will st 1 st syt hesion. olin i + W dimeniorl
Veciorreprseuon. hse will o denoted by b syl We e gencraly eresed

x

£

avie

where the columns uy = (1) € € may be measurements from simulations or experi-
ments, X consists of & fime-series of data, with m distinct measuremen instances in time.
Often the state-dimension i very lrge, on the order of millons or billons inthe case of
uid systems. Typically n > m,tesultng in a rall-skinny matris, as opposed 10 a short fut
marix wl

Ao i prusl s singl v ssomposion (SVD) provides 3 e
s decompostion oy comples salued i X €

an <

x-uzv anm
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vher € €7 and ¥ €& O s iy maties sl © € O s 3 i vith

disgonal. Here * conjugate transpose. !
ol of e phyh sl sciorsof X ndhe ot of Vs i sor
vectors. The diagonal lements of E are called singular values and they are ordered fr

e o o vl The SVD, provides eritical insight into building an optimal basis sct

loed o the specific problem. In paricular, the matrix U is guarantced to provide the
st et o moden o appronimate X i s Specfly e cormsof s marin
Coma e ortogondl e necessy o form he e biss. The mti V e e
time-history of each of the modal lements and the diagonal matrx X is the weighting of

fistand the least dominan last.

m taken in constructing X (where normally n 3> m). Our objective s to determine the
minimal number of modes necessary to aceurately represent the dynamics of (11.1) with
4 Galerkin projection (11.6). Thus we are interested in a rank-r spproximation (o the
e dynamics where pically 7 < m. The quantity of interest is then the low-rank
decomposition ofthe SVD given by

K=V avis

where X — X < ¢ for given smal value of epsilon. This low-rak truncation alloes
s 0 construc the modes of interest ¥ from the columns.of the truncated marix 0. In
particulr the optimal basis mades are given by

t} e

where the runcation preserves the r most dominant modes used in (11.6). The truncated 1
modes (. ¥y, -+ ) are then used as the low-rank, orthogonal basis 10 represent the
dynaniics of (11.1),

“The ahove snapshot based methad for extracting the low-rank, r-dimensional subspace
of dynamic evolution associated with (11.1) i a daa-driven computational architecture.
Indeed, 1) may acwally
be unknown. In the event that the underlying dynamics are unknown, then the extraction
Of the low-rank space allows one 10 build potential models in an r-dimensional subspace
as opposed to remaining in a high-dimensional space where n - r. These idess will be
explored further in what follows. Howener, it sufices to highlight at this juncture that an
opimal basis representation does not require an underlying nowledge of the complex
system (11.1).

Galerkin Projection onto POD Modes
It the PDE

() = a() L0
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ot i) R i heime-dpendnt cocfint vector and 7 & . Plgging s ol

W) gives the dimensionally reduced oo :
a0y, r
= () + W N(Wa), ) aan

By solving this system of much smaler dimension, the solution of & high-dimensional
nonlinear dynamical system can be approximated. OF critical importance is evaluting
the nonlincar terms in an efficient way using the gappy POD or DEIM mathem
architecture in Chaprer 12. Otherwise, the evaluation of the nonfinear terms sill requires
caleulation of functions ¢ products with the original dimensi

such as the quadratic nonlinearty of Navier-Stokes, the nonlinear erms can be computed
ance in ‘manner. However, parametrized systems generally require repeated
evaluation of the nonlincar terms s the POD modes change with

Example: The Harmonic Oscilator
To ilustrate the POD method for selectng opin
classic problem of mathematical physics: the quantum harmonic oscillror. Altvough the
ideal basis functions (Gauss-Hermite functions) for this problem are already known, we
would ke o infe these special functions n a purely data-driven way. In other words, can
we deduce these special functions from snapshots of the dynamcs alone? The standard
harmonic oscillator arises in the study of spring-mass systems. In partcular, one often
the

simal basis clements, we will consider o

Py = ke 1122)

where k s the spring constant and x ) represents the displacement of the spring from its

k2,

= L without
loss of generality) and assocated potential energy gives rise o the Schridinger cquation
with a parablic potential

[
i+ = =0 e

where the second e pastial diffrential equation represents the Kinetic energy of
vt e while the ot e sl Pt oo with e i
estoring force.

“The solution for the quantum harmonic oscillator can be casily computed in terms of
pecial actons. nparbesi, by vsmin o of the o

e = e exp[ =itk +1720] a2

forthe cigenmodes of the system

du
ek - Dy (1125
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with the boundary condiions Y —» 0 as x — oc. Nomnalized soutons o this cqus-
tion can b expressed interns of Herite polynonials, Hy(x) or the Gaussan-Hermite
foncions
i
o= (2v7) e Hm (11.260)
PP
=0 () e /e

‘The Gauss-Hermite functions are l)pma.!ly thought of s the optimal basis functions for
s they

(a1.260)

expl—

Seonlinges squation oith parsbolc pomil Indesd. slion o he compln e
(1:23) can be represented as the sum

-n

unn =Y a (24y7) et wep[-ik+ 1/ . (12n)
=1

Stuch a solution straegy is ubiquitous in mathematical physics as is evidenced b
g b of i mcions.of of S Louile forn. or i gcumtmcs
i

ol ol cyindr fnciom e oo .
A numerical solution PDE (11.23) based on th fast

The full
nitial conditions u(x, 0) = exp(~0.2(x ~ xo)?), which is a Gaussian pulse centered at
x=x n
particular, the initial projection onto the eigenmodes is computed from the orthozonalty
conditions so that

a

s, 00, w1} (U
“This nner product projects the initial condition onto cach mode ¥

Gato 1.1 Hammonic oscllo code.

2(1m); 8 spatial

unexp (0,20 (x-2).%2) ¥ initial
ueazee (u) FFT inicial data
epmtastl otads (15oa hackiBiats£rem, B V1) ¥ tac
fof 3-1:langeh

asol (1, 1) =1£8e (uesol (3, 1))
ena

nsforning back

pod_harm_
the governing equation (11.23) in a three-line MATLAB code:

ot 12 Harmonic oscllstor ight-hand side.

=pod_ham_rhs(c,

5 aummy %, v)
usiee(ue) ;
She- (1/2)4(k.%2) .aut - 0.5eiuf€E(V.0u)
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V()/100 V(2)/100
2 2
ul? ul?
ult 5 5]
o o
20
10t 10t
1510 5 o 1510 .5 o
50 510150 , 0 51015 0
70 &
g g
£ & a0l0
= S | oogg,
o 10 mode 20 o 10 mode 20

e 12 Do he o e (12 g e il odin
+.0) ) forxp = 0 et 1 sght panel). The symmerric

b
ynamies ar clearlylow.tank given the spid decay ofthe singular vilues

The two codes together produce dynamics associated with the quantum harmonic
oscilltor. Fig. 1.2 shows the dynamical evolution of an inital Gaussian u(x,0) =
xp(—0.2(v — x0)?) with xo = 0 (left pancl) and x = 1 (right pancl). From the
simulation, one can see that there are a total of 101 snapshots (the inital condition

11.16)

per “The singular values of
are suggestive of the undelying dimensionality of the dynamics. For the dynamical

i Fig. 112, the

initial condition (symmetric

St e i bt pnels For e symmee
s domide 0 s, o ot sy i

omdiion, it 5 oy modes . rered 1o e he dysamis it
"The igale s dcomposon o ouly gives e dislmtionof caegy witha (b
st st of modes. bt e matrix
U. T dsuiution ofsngular vlues  ighly suggete of o o uncte wtha low-
odes, s alowing us o consutthe dimensionaly educd space

rank subspace of 7 me
(11.19) appropriate for  Galeskin-POD expansion.

The modes of the quantum harmonic oscilator are llustrated in Fig. 11.3. Specifically.
the finst

VD for the offset (asymmetsic, xo = 1) inital conditions.

and (i) the modes of the
‘The Gauss-Hermite functions, by construction, are aranged from lowest cigenvalue
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05
ule
@
05|
K 25 0o, 25
u()°
@
0|
=25 0o, 25
u(x)09
o
05|
e 25 o . 25
g 13 I the op pancl,the it e

 llutaed. The
dynamics ofthe harmonic
(0,217, vt i Fi. 112 et pancl. Not that the modes ae il

e he

oscllator with u(x, 0

amonic osiltor was simulsied with the offet Gaussan (r.0) — exp(—0.20x -
othe

deal basis set for the harmonic ociltor,

of the Sturm-Liowille problem (11.25). The eigenmodes aliermate between symmetric
adsymmeric s, For he symneric ot £ = )l coniton sven by
(x.0) = exp(-0.2¢%). the first five modes are all symmetric as the snapshot based
ol incapable of Dmducms asymmetric modes since they are actually not part
of the dynamics, and thus they are not obsersable, or manifested in the evolution. In
contrast, with a slight offst, u(x,0) = exp(~0.2(x — 1)), snapshots of the cxolution
produce asymmetric modes that closely resemble the asymmetric modes of the Gauss-
et cxpanion: gl n s cu, the SVD arges the s by he
amount of eneray exhibited in each mode. Thus the first ssymmetric mode (bottom

el e e e i cquvelent ot seeond mode of the e Gt
polynomials (top panel n green — second mode). The key observation here is that the
snapshot based method is capable of generating, or nearly so, the known optimal Gauss-

his system. I i G

generalizes to more complex physies and geometries where the solution is ot known
apriori
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1

&

POD and Soliton Dynamics

o illustrate  full implementation of the Galerki

POD method, we will consider an,
“Thus, we consider the

nonlinear Schridinger (NLS) equation

! 2
i+ i+l 129

with the boundary conditions  —» 0 s x —» 5. IF not for the nonlinear term, this
in closed form. Ho

oo

hs; Fwncr transform may be leveraged. Rewriting (11.29) in the ot o 1.
transform,

S+ i 130

where the Fourier mode mixing occurs due to the nonlincar mixing in the cubic term,
“This gives the system of differential equations o be solved in order 0 evaluate the NLS
behavior.
“The following cade formulates the PDE solution as an cigenfunction expansion (11.6)
of the NLS (11.29). The fist step in the process is (0 define an appropriate spatial and
with the Fourier

interest:
ot 113 Nonlinear Schrcinger cquaton slver,
L0 1512 a-linapace (-1/2,1/2,001) 5 xe2(Ain) s ¢ apacial

ke Bapa /1o (3103 1 s

t-linapace (0, 2454 R s e ot

cion ¢

initial data
odeds (oo sol_tha’ Cruts (1280 ¢ integrate B

for 3-1:1er
et (3 it ueao (3,11 .
end

nsforming back

“The rght-hand side function, pod_sol_rhs.m associated with the above code contins
the governing equation (11.29) in a three-line MATLAI
ot 114/ NLS rght handside.
£unction rhespod_sol_rhs (¢, ut, dunny, k)

et
(/204 06.22) sut + Sage( (abs(w)."2) u )

It now remains 1o consider a specific spatial configuration for the iniial condition.
For the NLS, there are a set of special intial conditions called soltons where the iniial
condition st v by

u(x,0) = Nsech(x) (e
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Figure 1.4 Exolution of the () N = 1 and (5) N = 2 soltons. Here seady-sate (¥ = 1, lft panels

50 and 200 Fourier modes, respecivel, e required 1o model the biors.

where N isan nteger. We will consider the soliton dynamics with N = 1and N = 2. Firs,

“The dynamics of the N 2 solitons are demonstrated i Fig. 11.4. During
cvolution e N 1 soliton oy undergoes phive ehinges e s mplade remaine
sationary. In contras,the NV = 2 sliton undergoes periodic oscllations. In both cases,
T mmber o Fourer mods, ahout 50 snd 200 epeciely s requred 1 model e
simple behaviors llusrated

“The obvious question o ask in light of our dimensionality reduction thinking s this:
i the soliton dynamics really a S0 or 200 degrees-of-freedom sysiem as requi
he POD modes generated from the SVD, it an be shown tht the dynamics s a umpvz
reduction o 1 or 2 modes respecively. Indeed, it can easily be shown that the N =
N = 2 solions are truly
of the evoluions shown n Fig. 11.4,

Fig. 1.5 explict nature of the 1ol

expansion. For both of these cases, the dynamics are truly low dimensional with the N
i N

quite el with two POD modes. Thus, in performing an eigenfunction expansion, the
‘modes chosen should be the POD modes generated from the simulations themselves. In
the next section, we will derive the dynamics of the modal interaction [or these (wo cases,
which are lowe-dimensional and amenable 1o analysi




113 POD and Soliton Dynamics 359

. .
10 10
" 10 55,
o [ T @]y ®
107 b 107 b
99000000000, 000,
0% 929909900000000) 10 9%9900000000,
O ORI
Yol ©
0
01
-10 -5 0 5 T 10

Ao 5 0 5 r 0

Figue 115 Prjecton of the N = | and N = 2 evolations oo the POD mades. The top two.
valves o)

.‘ = land N
low-rank, withthe N = | being  single mode evoluton and the N = 2 being dominated by o

are shown n the bottom w0 panels (¢) and (0.

Soliton Reduction
To take advantage of the low dimensional strucure, we frs consider the N' = 1 soliton
dynamics. Fig. 115 shows tha a single mode in the SVD dominates the dynamics. This is
the U marix 4
e 1) = alp ). (e

Plugging this into the NLS equation (11.29) yields the following:

-0 [UE)

! Calor
fay -+ 50y + laPaly

“The inner product s now taken with respect to  which gives.

o+ S a0 s
whee

Wur ¥)
o)

1135
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A a1
i i e ok pprosimaion i by the POD-Galrkin et
!
2= a0 (%1 + B w3

e (0 s h il condiion o 0. To i he il condiion, el st
P ———— L
Taking th nne produc with espct 0 1) gives
e v
a0y = S0 139
0= " s
Ths the o e cxpansionsives the spprosimt PDE soltion

U = a0 e (14 @) i) a1

basis possible .. the SVD basis

For the N = 1 solton, the spatial profle remains constant while is phase undergoes
4 nonlinear rotation. The POD solution (11.39) can be solved exactly to characterize this
phase rotaion.

Soliton Reduction (N = 2)
The N = 2 solton case s bit more complicated and interestng. In this cae, two modes
clarly dominate the behavior of the system, as they contain 96% of the cnergy. These
k0 modes, ¥ and 5, are the frst two columns of the mairix U and are now used 1o
approximae the dynamis observed in Fig. (11.4) In this case, the two mode expansion
takes the form
e 1) = @ O¥100) + a2 (0¥, a0
Inscring tis spproximation into the governing equation (11.29) gives
!
@ a3 (@1 + g ey 6] ey = 0. 14D
Mulilying out the cubic term ives
1
i+ a) + 3 (@ + azvza)
& (Pt P + laaPal by + 2lar Paaln Py + 2laPa vl
+afaiyivs +alaivivi) (L

product of this eq 1) and
2system

2(0).
of nonlinear cquations:

iy anan + o+ (Bnlar + 28l @ aas)
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+(pia

Sbralen) s + v + el

o aam

iz, + o+

(s + 2t

+ (sl + 26102 ar + ovsadat + ovnada =0
where
= V0 W12 148
=Py, ) 4y
o = (i i) (11.44)

and the initial values of the two components are given by
(2sechtx). v}

s
Iz
sechio). vl
0 st
0= " (e

This gives a complete description of the two mode dynamics predicted from the SVD
analysis
H i "

of the full PDE and more accurate integration of the inner products for the coeficients.
Indeed p

order schemes could certainly help improve the acuracy. Additonally, ncorporating the

wird In cither case,
Continuous Formulation of POD
“Thus far, the POD reduction hs been construced t0 accommodte disret data mezsurs-
i by(1116), Tow.rank basis
modes ¥ 50 tht the following leastsquareseror is mimimized
argmin X - VWX e

Recall that X € €77 and W € €7 where r s the rank of the truncatio
In many cases, measurements are performed on a continuous time process over a pre-

uen) 1€(0.7) ve[-L, L] aam

St data require & continuous time formulation of the POD reduction. In particula, an
equivalent of (11.46) must be constructed for these continuous ime trajectoris. Note that
instad of a spatialy dependent function u(x, 1) one can also consider a vector of trajec-
ores uin) €
spatial variablex is finite dimensional. Wolkwein [542, 543] gives an excellent, technical
verview of the POD method snd it continuous formulation.
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“To define the continuous formulation, we prescribe the inner product
(00800 [ S0 (L

To find the best fit function through the entire temporal rajectory u(x. 1) in (11.47), the
following minimization problem must be solved

L . .
n::..?A T, 1) = (e, 0, ) Pl dr - subjectto [y = (1149
‘where the normalization of the temporal integral by 1/ acrages the difference between

the data and its low-rank approximation using the function v over the time 1 0, T,
E 1 ) and

problem can be restated as

1T N
g [ty st 19 o

“The consrained optimization problem in (11.50) can be reformulated as a Lagrangian

functional
T 2, A 2
o= [ 1t v Parea (1= 191F) aisn
where A is the Lagrange multipler that enforces the constraint J/J2 = 1. This can be
rewiten a5
g
=1 [ ([ weovere [ woovmn)a
(=) (1= [ o) o
The L
> ansy
L g integals ields
we [T L
a3 [ (e [ wcowma)aspw] 0. arso
(R(G.x). ) =k (11.55)

where R(E. x) s @ two-point correlation tensor of the continuous data u(, 1) which is
averaged over the time interval where the datais sampled

Py pw— W
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0 T/2 T

P 118
1 s sup=

I the spatal dirction i diretied, reuling n . high-dmensions vetor
1.0 1020 -ty ] hen RiE. ) becomes:
1 » 5
R=7 ly u(nu’(ndr 157
I pracice, the funcion R s evalated using 3 quadrature rule for inegraio. This will

Quadrature Rules for R: Trapezoidal Rule

via summation
of approximating rectangles. Fig. 1.6 illustrates a version of the trapezoidal rule where
the integral i approximated by  summation over a number of rectangles. This gives the
approximation of the two-point correlaton tensor:

1T "
iy

&
A u + e o] 115

A1 sy ulu,
B s+ ]

here we have assumed u(x, 1) s discretzed into a vector w; = u(r), and there are m
rectangular bins of widdh Af 5o that (m) Ar = . Defining a data matrix

ual [UEY)
we canthen reseiethe two-point corelaion tensor a5
r=Lxx (11.60)

which s exactly the definition of the covariance matrix n (1.27), e. € = R. Note that the
roleof 1/T b
giving rise t0  definition consistent with the covariance.
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Higher-order Quadrature Rules.
‘Numerical integration smply calculates the area under
peorming sk an opersio come o e deidonof mgraion

. The basic ideas for

.
[ roa A;Z-“Z/u,»m aen

where b —a = (m — 1)Ar. The area under the curve is a limiting process of summing up
ressing number of rectangles. This process is known as numerical quadrature.

Speccaly, sy sam cam b eprescted s lows

oifl= Z»,/u,»:ww)w./o,w + Wt flim-1) (1162)

where @ “Thus the integral s evaluated as

[ roa=oipi+en ey
where the term L] i the eror in approximtin the nteral by the quadrsture sum
(1162). Typial,theero ELf1 "o negrate,

nomal i 10 the y-alues (0. Thus we assume he function /10)canbe approximted
bya polynomial

B0 =+ v ur
e the wunction cror i this cas is propoionsl t0 the (1 + 1 dervatve
EU/T = AF"*D(0 and A 1s 3 consta. This process of plynomal g the data
eves he Newton-Ctes Formulas
e ollowng ) ough he
data o be gt I s s that
R o= s e
This ivesthe llowing inegrationalgoritms
et [ o= e+ 10~ 220 e
simmsns e [ = s a5+ - 5177 s
simpos s Rt [ 0= 220354310 ‘i/"" ansse)

o). (11660)

2002 o207

—

W

ly.hey are O(AF), O(Ar).
O(Ar% and (A accurate schemes respecively. The accuracy condiion s deermined
the

‘s rule

s 8 rule uses four
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$ arca, while Boole’s points and

quaric pol 2
“The integration methods (11.66) give values for the integrals over only a small part of
forinstance, only gi

€ lio.11].
However, €la. bl
Aseumin onc gain s ut el 3 didod 54 = 0 < 1 < 3 < < 1 — .
e e merva
., o
[ oo =350+ i) e

Writing ou this sum gives

»
i e S
“

S+ 2i +2h 4+ 2+ fn) a6

Joand fui.

Instead, once,

should slways be exploited if possible

POD Modes from Quadrature Rules
Any of these algorithms could be used to approximate the two-point correlation tensor

shot matrix X. Specificaly,recal that

P | \}
X=|u w i 11.69)
[ I

where the columns uc € € may be measurements from simulations or experiments. The
SVD of this matix produces the modes used 1o produce  ow-rank embedding ¥ of the
daa

position. Thus the matrix (11.69) would be modificd to

(. ]
[—— avm

Simpson's ul Iy sed in

trapezoidal rule. Producing this matrix simply involves multiplying the data matrix on the
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right by [1 4 2 N 24 m SO e hen be st consiret o
x

o ko o T Knowledse, vry e work o been done n uantising
the merits of Howener, the consider the
opiimal snapshot sampling stategy developed by Kunisch and Volksein [315].

otations and Translations
s well known i the

Jgorithm doc: e data in an optimal way.
"he mostcommon imaranee e fiom rfton o rotaronal imarinces i the
data. Translato
kg et for comlatonf b computd e i eatres 1 h s o
Tonger ligned snapshat 10 snaps

it Tollows, e il comider e et of bt o ad oo, The -

" problems of The
is hat unless e invrance st is scouied o, the POD reaction wilive an
antifically for abilty o
e the POD as m.ag..m.c ool or as the platform for reduced order models.

POD with symmml

Translation: Wave Propagation
To ilustate the impact of translat
Gaussian propagating with velocity .

on 4 POD analysis, consider  simple translating

s =ep[-a - 4157] am

‘We consider this solution on the space and time infervals x € [~20,20] and 1 € [0, 10]
Tow-rank repre-

sentation.
Godo 115 Transaing wase for POD analysis.

222007 1220; xeliaspace (i) yox;
a1 T 1inspace (0, T,mi 1

for j=iim
X(:,3) soxp (- (x+15-cat (3)) .2) .75 ¥ daca sn

ena
10,5, v)-sva (0 ; D decompositior

Figure 11.7(6) demonsizates the simple evolution 1o be considered. As is clear from
the figure, th translaton of the pulse will clearly affect the corrlation at a iven spatial
location. Naive application of the SVID does ot account for the translating nature of the
data. As a result, the singular values produced by the SVD decay slowly as shown in
Fig. 11.76) and (¢). In fact, the first few modes each contain approximately 8% of the

“The slow decay of singular values suggests that & low-rank embedding is not casily
onstructed. Moreover,there are interesting issues interpreting the POD modes and their
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‘mode number

Fgure 117 () -3

(@ o

o,

®

w0,

B O g O K
t

Figure 118 Fiest fourspatial modes (0 (st four columns of the U matix) and temporal modes (b)
matin) A Fourer mode
sructures i both space and .

time dynamics. Fig. 1.8 shows the fistfour spatial (U) and temporal (V) modes generated
by the SVD. The spatial modes are global in that they span the enire region where the
pulse propagation occurred. Interesingly, they appear (o be Fourier modes over the region

atranslating

The falure of POD i this case is due simply 10 the translational invariance. IF the
imvariance i removed, or factored out [457], before 4 data reduction is attempied, then
the POD method can once again be used t0 produce a low-rank approximation. In order
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@ ®) ©

o ) c

g 119 Spirlwaves (0, ), () r, )] and 1, ) on he domain < |-
€ 1-20, 20) The spil re ad o pinclockwise withan gl elocity .

o remove the invariance, the invariance must first be identified and an auxilary variable
defined. Thus we consider the dynamics rewriten as

1) = ux =) amy
where c(0) corresponds 10 the translational invariance in the system responsible for lim-
iting the POD method. The parameter ¢ can be found by a number of methods. Rowley
and Marsden [457] propose a template based technique for factoring out the invariance.
Alternaively, a simple center-of-mass calculation can be used to compute the location o

wave and the variable (1) [316],

Rotation: Spiral Waves
A second invariance commonly observed in simulations and data is associated with rota-
s Mochlke o, ropon moves b, ok sncure n sch 4 vay
o longer
oo o o oo imance, & el o e
red.
A spiral wave centered at the orgin can b defined as follows

e e

i he mamberof s of the i, nd the £ et the phise gl of the
qanity e+ )

rotation will

ute,

of
Sy

s e [-o01 4] i
s tioncanbe vt e o e
PURT—

amh(aqre (X.201.72)) . ccon(angle (X+14Y) - (0TEE (X "247. 21 )+
3/10)
s o1 x. 2072105

HaTs, 3y oxeshape (ut.n°2,2)
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temporal modes

g r
g % & &) & i
5 ©w
[
© T
1% 10 20 40

30
mode number

P 110 0 it v mporl modes o he i V. Tomumericlprocsionl e v
©

b .
spiral wave.

[ ettt St i Ry
ana

Note that the code produces snapshots which advance the phase of the spial wave by

.
“The rate of spin can be made faster or slower by lowering or raising the value of the
denominator respectively
function ux. ), we will also consid
functions Ju(x, )| and u(x. y)* as shown in Fig. 11.9. Although these three functions
clearly have the same underlying function that roates, the change in functional form i
approximations

“To begin our analysi, consider the function u(s, ) llustsated in Fig. 11.9(2). The SVD

of this marix can be computed and its low-rank siructure evaluated using the following

Gode 117 SVD decomposition ofspiral wave

(,5,v1=eva (x4, 0);

£1gure(2)
suwplocis s s)
Plot (100:d1ag (5) /sunm(diag (8)) ko', ‘Linewideh', [2])

v
emilogy (106ediag (6) /mm @ing () o Linewideh', (21)
subplot 2,
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&=
© e

Figure 111 First four POD modes associted with the rotting spral wave (. ). The fst o

o numerical round-ff. The domain consdered s 1 € 20, 20] and y € 20, 0]

PLOE(V(:,1:4) " Linewiden', [21)
Figure (3]
E s

subplot(4,4,3)
rode-ceshape ((:,4),n,n) 1
pesior 1 mede) shading tnterp, caxis ((-0.03 0.031),
Lormap (eres

ena

Two figures are produced. The first assesses the rank of the observed dynamics and the
temporal behavior of the first four modes in V. Figs. 11,10 (b) and (¢) show the decay
of singula values on a regular and logarithmic scale respectively. Remarkably, the fist
two modes capture all the variance of the data to numerical precision. This is further

" ficaly, th f

Fig. 11.10(a) have a clear oscillatory signature associated with the rotation of modes one
and two of Fig. 11.11. Modes three and four resemble noise in both time and space as 2
resultof numerical round off.

“The spiral wave (11.74) allows for a two-mode truncation that i accurate to numerical

the solution a a fxed radius. Simply changing the data from (x. 1) o either [u(x, )| or
ute. )’
Figs. 1112 (@) and ) show the decay of the singular values for these o new functions
and demonsirate the significant difference from the two mode evolution previously con-
sidered. marix V

In the cuse of the absolute value of the function u(x. 1)

I the decay of the singular values
i slow and never approaches numerical precision. The quintc function suggests a rank

6 truncation is capable of producing an approximation to numerical precision. This
il th fact that rotonsl marance complces the POD reducton procedure
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5 @O0,
8@ log,
iy O & gressesseny
= (b) i
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o
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£
a-(d) N
H N
o
5
romnse
ot

1 )5 produces an -
v

functions in (¢ and (4 espectvly

modes
for fulr, )]

ode
ey

1113 it o POD s st i e taing sl e ) o) nd
e 1) (botom ow). Unlike our previows example, e it foue modes do not captre al the.
“The domain

considered s x & [~20,20]and y & 20,20

Afteral, the

rotating function s they are all rotating Wit the same speed.

To conclude, invariances can severely limit the POD method. Most notably, it can arti
Expert

cially
Knowledge of a given system and its potental invariances can help frame mathemaical
Strategies to remove the invariances, i¢.re-aligning the data [316, 457]. But ths strategy

Forinstance,
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i w0 waves of different speeds are observed i the data, then the methods proposed for
removing invariances will fail 0 capture both wave speeds simultaneously. Uliimately,
dealing with invariances remains an open rescarch question.
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Interpolation for Parametric ROMs

Chap-
ter 11 hasalready highlighied the POD method for projecting PDE dynamics to low-rank
subspaces where simulations of the governing PDE model can be mre readily evaluated.
Howener, the complexity of projectng into the low-rank approximation subspace remains
challenging due 1o the nonlincarity. Interpolation in combination with POD overcomes

and compressive sampling algorithms of Chapter 3 where a small number of samples
are capble of reconsiructing the low-rank dynamics of PDEs. Ultimately, these methods
ensure that the computational complexity of ROMSs scale favorably with the rank of the
approximation, even for complex nonlincarites. The primary focus of this chapter is o

of the ROMs. In pracice,these techniques dominate the ROM community since they are
ertcally enabling for evaluating parametrically dependent PDE where frequent ROM
model updates are reqied.

Gay
“The suceess of nonlinear model order reduction is argely dependent upon two key inno-
vations: (i) the well-known POD-Galerkin method [251, 57, 542, 543], which is used 0
project the nonlincar dynamics onto & sul
principled way, and (i) sparse sumpling of the stte space for interpolating the nonlin-
ear terms required for the subspace projection. Thus sparsiy is aready established a5 4
model reduction through methods such as
1591 Indeed, eficiently managing the
computation of the nonlincarity was recogized carly on i the ROMs community, and
variety of techniques were proposed to accomplish this task. Perhaps the first innovation
by Exerson and Sirovich
for which the gappy POD moniker was derived [179] I ther spars sampling scherne,
andom measurements were used to approximate fnne products. Prncipld selction of
the iterpolation points, through the gappy POD infrastructure [179, 555, 565, 120, 159]
or missing point (best poinis) estimation (MPE) 400, 21}, were quickly incorporated
into ROMS (0 improve performance. More recently, the empirical inerpolation method
(EIM) [41) and its most successful variant, the POD-tilored discrete empirical inerpo-
lation method (DEIM) [127], have provided a greedy algorithm that allows for nearly
optimal reconstructions of nonlinear terms of the original high-dimensional system. The

s
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'DEIM approach combines projection with interpolation. Specifcally, DEIM uses selected
o S 1 Iy Tl rOtn for 2 sty o 2
ispace approximating the nonlincarity.

(. 1) in (12.9) with r measurements of the n-dimensional stte. This viewpoint has

{1791,
In particular, only r < n measurements are required for reconstruction, allowing us (©
define the sparse epresentation variable & € C”

Pu a2y

here the measurement matrix P & B7°" specifies r measurement locations of the full
sate u € €. As an example,the measurement matrix might take the form

o 0

o 010 0

0 0 o0 a22)
0 001

0 000 1

‘where measurement locatons take on the value of unity and the marix elements are zero
elsewhere. The marix P defines a projection onto an r-imensional space @ that can be
used 0 spproximate solutons of a PDE.

“The insight and observation of (12.1) forms the basis o the gappy POD method intro-
duced by Everson and Sirovich [179]. In paricular, one can use a small number of mea-
surements, or gappy dats, to reconsiuct the fll state of the system. In doing S0, we can

aluating higher. a

Sparse Measurements and Reconstruction

asurement matrix P allows for an approximation of the state vector u from 7.
‘measurements. The approximation is obizined by using (12.1) with the standard POD
projection

werfan, .
b2

where the coefliients i, minimize the crror in approximation: 1 — Pull The challenge
0w is how o determine the 3y given that taking inner products of (123) can no longer
be performed. Specifially the vector & has dimension £ whercas the POD modes have
dimension n, ie. the inner product requires information from the full range of X, the
underlying discretized spatial variabl, which i of ength n. Thus, the modes ¥ (x) are in

8. More precisel
space. Thus the following two relationships hold

My = (¥ ¥} = by (1240)
[F1 ¥,y 70 forallk j 240
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where My are the entries of the Hermitian marix M and dy is the Kroenecker delta
function. The fact that the POD modes are not orthoganal on the support 51 leads us
1o consider alerntives for cvaluntin the vector &

/M[ ):M,} ax a2s)

where the inner prod: o)
al of the same size r. The minimizing solution to (12.5) requires the residual 0 be.
cbogonal 1o ode S0t

k'zm,. ',>

In practice, we can projectthe full state vector u onto the support space and determine.
the vector &

Iy K 126)

ol

Mi=f a2

S =0 ¥y a28)
Note that i the measurement spac is suficienty dense, or f he support space is the
enie space, then M = 1, implying the cgemalues of M approach unity s the mumber
of measurements become dense. Once the vetor i i detemined, a econstnction of the
solution can be performed s

() = W 129)
Asthe et tecome e, ot ony doc the i M comerge 0 the denit
bt 2. Int of the method
ador sopoimaton o considering the it ot o e . (524)

- a210)

Here the 2-norm has been used. 1f x(M) is small then the matrix is said 10 be well-

conditioned. A miimal value of (M) is achieved with the identify matrix M = I Thas,

as the sampling space becomes dense, the condition number also approaches unity. This
L

condition numbers suggest poor reconsiruction while values tending toward unity should
perform wel,

Harmonic Oscilltor Modes
“To demonsisate the gappy sampling method and its econstruction efficacy, we apply the
technigue o the Gauss-Hermite functions defined by (11.25) and (11.26). In the code
that follows, we compute the fist ten modes as given by (11.26). To compute the second
derivative, we use the fact that the Fourier tansform  can produce a spectraly accurate
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approsimation, . g, = 71 (42 Fu]. Forthe sake of producing scurate derivatives,

‘we consider the domin € {10, 10] but then work with the smallr domainof inerest
€ (—4,4]. Recall further tha the Fourie tansform assumcs a 2

Ths e oy 3 Sl o he s The it e oo e e

the code that fllows, we. view th first 10 modes with a

v-periodic domain,

demonstrated in Fig. 11.3. In
top-view color lot in order highlight the various features of the modes.

Gote 121 Harmonic osclltor modes
X3 (11m) ;ko Gepi/ (aen) ) 01 /2 4 /2 —n‘
¢ yezeexp (x2.2) /. a

i) A5) eteeiye))) s e 5
t 20))*(-0.5)) sye2.aya

2(n/241-40:5/24140) 7 1y ~dexet
yharmey (n/201-40:0/201440, ) ¢
peolor (£1ipud  (yharm(:,10:-1:1).)))

“The mode consiruction is shown in the top panel o Fig. 12.1. Each colored cell repre-

sents the discrete value of the mode in the interval € [~ 4] with Ax = 0.1. Thus there

o121 s 10 modes.
129m0120 e rendoly sereraed et mtice By i = 1.3 md 3.t

e, Ther i 3 20 chance of perfoming a measurement at a iven patial ocation 3, in the
vl 14,4 itha paingof Ax = 0.1




121 GappyPOD 407

-1 0 T 1
Py Py
log((M))
Error
—
(@ (b) © ()

re122
the test function 7 (1)

P~ 05)%) + 3exp(—2Lx +3/2)%) sampld i the full space (red)
] of Fig. 12.1.5p (© P2, and @) Py

number metric n

B Gt o for ko e ol . O i o e i
ouside of

the function

expl—(x 0.

+\=xp|—znu/zxf| a2
which will

the har-

the projection ofthe function onto the basis functions . The original function i plotied
Fig.

alow-rank

pling ofthe data i used, ,

basis. Further, it builds the matrix M for the full state measurements and computes its
condito

Gode 122 Test functon and reconstuetion.

frlem((re0.8) "2) e (2 (x11.9) 20

B et
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ni:,9) ayharn(:, 33))

Results of the low-rank and gappy reconstruction are shown in Fig. 122. The low-
rank reconsiruction is performed using the full measurements projected to the 10 leading
harmonic oscilltor modes. In this case, the inner product of the mezsurement matrix is
siven by (12.44) and is approximately the idenify. The fact that we are working on &
lmited domain x & [~4. 4] with a discretzation step of Ax = 0.1 is what makes M = I
versus being exactly the identify. For the three different sparse measurcment scenarios

o . 12, h econsniction s o shown slon il te st e d
he logartm of the condition number gl
M, in Fig. 12.3. The condition number of o e helps determine its
reconstruction aceuracy.

M=1 M

also visualize the three marices

o za s
st s Mdetinedin (12-4),
odice forall memseemeat, e el bt with s i o rmcatin o e dmnummr
he matrices M. which longer ok disgonl, corespond t
T2 Thut i cear ot he e ek crhogonl i . Support space of

rel-4.4
masices P, in Fig
the messurements.
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Gote 123 Gappy sampling of harmonic osclltor

axis off

Breactrape (o0 yhamn(s.3) oxmarmc 350011
120 33) whrens W2 33,3 whee

Bubplot 2,2,
Cotormap (hat) cusds{(o.d 31}
con(3100p) =cond (u2)

3, peoleroil L, 2 s
axis of!

for 3-1:10 3 reconstruction
100803 Sirepr e (- eyham e 0
a

R\feild; 8 compute

E2-yharneatild;
figure (8) aubplot(2,1.1) plot (x, £2,¢ (Sloop))
e

Ber (3100p41) anorm (£

Error and Convergence of Gappy POD

‘As was shown in the previous scction, the abilty of the gappy sampling stratcgy o accu-

(smorocaions. it the nportnce f tis i, we will dscus vty of il

placing
gu.v in this section s to propertis and
the 21 o antion of e pescntage o smpln o h Fll v Randomn
sampling locations will be use

Given our random sampling strategy, the results that follow will be statistical in nature,
computng s s o bkt of sdonly st sanpig The sl

asis for our numerical experiments are again the Gauss-Hermite functions defined by
(125 w1120, senerated by Code 12.1 and shown in the top panel of Fig. 12.1

Random Sampling and Convergence
Our sty begns with random smplin of e e vl of 0%, 20%, 50 40%,
% respectivel, The lte case represnts the dealized fll sampling of the
e, 3 ms ol xpos e o and eomcion s vl s o oo
aretaken. To show the convergence of the gappy sampling, we consider two error metrics:
(i) the £3 emor between our randomly subsampled reconsiruction and (i) the conditon
number of the mauix M for a given measurement marix P, Reeall tha the conditon
e, (1211
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log(E+1)

e

50

Log(k(M))

0
0% 20% 0% 40% 50% 100%
Fpwe 124 L square o,
he varianee of the esul
L v

Fig 12.4 depits the average over 1000 trials of the logarithm of the leastsquare error,
the log of
Tog(< (M), as  function of percentage of random measurements. Also depicted is the
variance & with the red bars denoting i o where 1 is the average lue. The error and
ondition number both perform bette s the numsber of hat the
es mot approach zero since only a 10-mode basis expansion is used, thos limiting
the aceuracy of the
“The following code, which is the basis for consiructing Fig. 12.4, draws over 1000
random sensor configurations using 10%, 206, 30%, 40% and 50% sampling. The full
reconstruction (1009 sampling) is acually performed in Code 12.2 and is used to make
the final graphic for Fig. 126, Note that as expected. the error and condition number
trends are similar, thus supportng the hypothesis that the condition number can be used
o evaluae the efficacy of the sparse measurements. Indeed, this clearly shows that the
ondition number provides an evaluation that docs not require knowledge of the function
n2

s increases. Note 1

ot 124 Comvergence of ertor and conditon number

fox thresn-i:s,
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log(x(M)) |, @
0
0 number of trials
#events | ®)
0
0 log(E+1) 3
#events [ ©

0

(M)

Pl 128 St of 205 o s cosro n i, 124 T o e )
®rhe
(D), are a0

og(E 1), oy
depicted for the 200 . The hguw\ i e cxrenel i vy sieried o b
saticula, 205
The

randon,
measurement vectors P ax gencrating these staistcsar depited in Fig. 12.6.

30 s yharm 1 3) eymarl 39)))
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S sea, v
oL Tse des Eeuti;

ey esuroments and Pertomarce
contns thi st analyis of e gy econsiction mthod by lovking
125 shows thee key.

e,

more carefully at
fesrsof thy 200 s v, I partcular, s shown in the top panel of thi
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Figure 126 Depiction ofthe 200 random 0% mesurement vectors P, considred n Fig. 125, Esch

spaial location o the domain ¢ < [ 4. 4 with Ax = 0.1

there s a large variance in the distibution of the condition number (M) for 20% sam-
i fical

ofthe log eror
panels. The rtor appets o b disribid i n xponnily desying shion wheeas
the conditon whose
rrors and condion numbers e exceponlly igh. sogesing sensor cnnﬁgumlmm w0
be avai

In order to visualize the random, gappy measurements of the 200 samples used in the
satistical analysis of Fig. 12.5, we plot the P; measurement masks in each row of the
matix in Fig. 12.6. The white regions represent regions where no measurements ocur.

magnitude
As a final analysis, we can Sift through the 200 random measurements of Fig. 126
and pick out both the ten best and ten worst measurement vectors P;. Fig. 12.7 shows
the tesuls of this sifing process. The top two panels depict the best and worst measure-
i singly. missing
measurements near the center of the domin where much of the modal variance oceurs.
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best 10

40 4000
(M)
0
best 10 worst 10

o7 Dt 10t 10t o 20 st s By s

nFigs 125 and | el shows vmme.-e\.m.u.mmmm e i

ity scos he domin {4 1 Incoiast, e wort modordygemied
the domain, leading 03

Inc
measurement locations. The bottom panel shows that the best measuremens (on the lef)

fer an improvement of tw orders of magitude in the condition number over the poor
performing counterparts (on th right).

Gappy Measurements: Minimize Condition Number

e peceing scsion s it e plceentof gy mesrmcns s il

sy essincing lion. Tis e e il vy 1 e
a

ongally propoed hy Willeox rsss] Tor e he sappy mearement ocaon. The

i based on minimizing the condition number « (M) in the

ready shomn, 1 condiion s s 800 provy for cvluating
reconstruction. Morcover, it is a measure that is independent of any specifc function

“The algorithm proposed 555] is computationally costly but it can be performed in an

reconstruction. The algorithm s a follows: h
1. Place sensor & at ach spatial location possible and evaluate the condition number
K(M). Only points not already containing a sensor are conside
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iteration 1 |
\||||||||||||||II|II|I ||||||||||||||||| ||||||||||||||||||||||||||||||||||||||\

iteration 2

TN A
0 40 51

iteration 3
\IIIIIIIIIIIIIIIIIIIII TN II|IIIIIIIIIIIIIIIIIIIIIII\
o 40 81
iteration 4
\IIIII|IIIIIIIIIIIIIII T, IIIIIIIIIIIIIII IIIIIIIIIIIIIIIIIIIIII I
81

sensor index k at 7

Condition number (M)

Figure 128 Depiction of ofthe s Tocation agorithn

Willox 555,

functions (1.25)and (11.26) discrsized on the nteval 1 € [, 4] with Ax — 0.1, The op pancl
the 81 discrte values

4. The frst sensor minimies e condiion numiber (shown n ed) 3t x2. A second sasor is now

oceurting at
(inred). Repeating this process ives 7 and 177 for thethird nd fourh sensorlocations for
teration 3 and 4of Once alocaiion

 longer considred in futre teraions. This i eprescnted by  23p.

2. Determine the spatial location that minimizes the condition number (M), This
spatial locaion is now the kih sensor location,

3. Add sensor k-+ 1 and repeat the previous two sieps.

“The algorithm is not optimal, nor are there guaranieed. However, it works quite well in
Tow condition b

Lionswith he POD modes
‘We apply this algorithm to consiruct the gappy measurement matrix P. As before, the
‘modal basis for our numerical experiments are the Gauss-Hermite functions defined by
(11.25) and (11.26). The gappy measurement matsix algorithm for consirucing P is shown
in Note that te algorithm outlined above sets down one sensor at 4 time, thus with the.
10 POD mode expansion,the system is underdetermined unil 10 sensors are placed. This
eives condition numbers on the order of 1015 for the frst 9 sensar placements. I also
first 10
the condition number.
“The following code builds upon Code 12.1 which is used to generate the 10-mode.
expansion of
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inimize Conditon Number 415

identifies the firs 20 sensor locations. Specficaly,the code provides a principled way of
producing & measurement matrix P that allows for 2ood reconstruction of the POD mode:
expansion with limited measurements

Gode 125 Gappy plcement: Miimize conditon number.

o )
o5 (n,1) ; Pins) -1;
Pinall(31o0p}) #1;

je11
Tor 33e1d % macrix
Erapz (x, 2. (yharn(:,3) eyharn(:,39)))
M2(3,19) SAxen; 2 (33,9) Ares,

S =cona2) ;
na 1 end search chrough
fo1,ni1-min
(jsense)=s1; clear con
mectos Tali 1 3 aad o
ne e

i
Brsactraps o ps amn(: 3) esharm= 331))
nn,uu,ea, M2,

¥ §=1120 % reconstruction using gappy

FEA1A(5, 1) -raps (6, 7.« (€. syharn(s,9))) 5
atila-wa\eild,  conpure erro
a(: scer

2(jatnse) - morn{E(: Saense) - S b e
od =

ena

In addition to deniifying the placement of the firs 20 sensors, the code also reconsructs
the example function given by (12.11) at each ieration of the routine. Not the use of the
Setdiff command which removes the condition number minimizing sensor location from
consideration i the next teation.

“To evaluate the gappy sensor location algorithm, we track the condition number as a
function of the number of iterations, up 1o 20 sensors. Additionally, at each iteraion,
reconstruction of the est function (12.11)is computed and a least-square error evaluated.
Fig. 129 shows the progress of the algorithm as it evaluates the sensor locatons for up to
20 sensors. By construction, the algorithm minimizes the condition number x (M) at each

panel of Fig. 12.9). Note that ther i a significant decrease in the condition number once

10 sensons are selected since the sysiem is no longer underdetermined with theoretically
i The

a21 . but the eror does ot decresse like

n condiion b Th e e aor s makes 5 et mprovren once
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I
Tog(M)]

0 ImI=tSy
1

10 iteration

6
log(E+1)

0 HHHH HHHHTW

iteration

20

Iteration

0
1 40 sensorindex katz, 51
e 120 Condiion number and et square xor ogrithns) s Fction ofthe umber of
T logof ogle (M)
y Th log ofthe
[ — ficton (12
Once acd.the sysem i of

the it 20 erations.

fornstance, o 1.

10 measurements are made. In general, if an r-mode POD expansion i to be considered.
then reasonable resuls using the gappy reconstruction cannot be achicved untl  sensors
are placed.

‘We now consider the placement of the sensors s a function of iteration in the bottom
panel of Fig. 129. Specifically, we depict when sensors are identified in the teration
The first sensor location is 135 followed by x5

xs7 and 77, respectively. The process
i continued until the first 20 sensors are idenified. The pattern of sensors depicted is
important us it illustrates a firly uniform sampling of the domain. Alternative schemes
will be considered in the following.

‘As a fnalillusration of the gappy algorithm, we consider the reconstruction of the test
function (12.11) as the number of terations (sensors) increases. As expeced, the more
Sensors that are used i the

py framework, the beter the reconsiruction is, especially
if they are placed in a principled way as outlined by Wilcox [535]. Fig. 12.10 shows the.
reconstructed function with ncreasing iteration number. In the left panel, ieration one

, z po
in the early stages of the iteraion. The right panel highlights the reconstruction from
iteration nine to twenty, and on a more limited

is scale, where the reconsiruction
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“test function

< of the reconsiuction o th test fnction (12.11). T lef pan shows

Jeast-square eror i guite g snce the sysien i 1o ful rank. The ight panel shows a zoom-inof
‘Comparison in

both panels can be made 1 the est function

15 61

O o1

.
. il
|

11

40
iteration sensor index k at 1,

Figure 1211 Sum of diagonals minas off-diagonals (op e and least-squareceor (logarin) as
funcion of “The new proxy
metic for condiion number monotonically ncreass ince this i being maximized st cach feston

Sep. he log of

cd, bt convergence s extremely slow in

“The right panel
(lack squars)over the fis 60 trstions. The it measurement locaton s, fo nsance, o 51

converges o the test function. The true test functon is also showwn in order 10 visulize the
" n lgorithm 0

comparison. e
the testsolution with a principled placement of sensors.

Proxy Measures to the Condition Number

The
computation of the condition nurmber itself can be computationlly expensive. Morcover,
uniil a - ode puta

However, it clear
algorithm i trying to achieve: make the measurement matrix M as near o the idenify as



Interpolation for Parametric ROMs

possible. This suggess the following aliemative algorithm, which was also developed by
Willeo [555].

of the diagonal entris of the marix M minus the sum of the off-diagonal compo-
11 this (M), Only a
Tocat

the above quan-
iy, This spatal location i now the kih sensor location.
Add sensor k+ 1 and repeat the previous two steps.

“This algorithm provides a simple modification of the original algorithm which minimizes

the condition number. In particula, the following lines of code provide modifications (o

Code 12.5. Specifcally, where the condition number is computed, the following fin is

now include:

||| mallsetdift(nall,ne); ¥ new sensor indeces

Additonally, the sensor locations are now considered at the maximal points 5o that the

Tollowing line of code is appli

I

“Thus the modification of two lins of code can enact this new metric which circumvents

the computation of the condition number.

“To evaluae this new gappy sensor location algorithm, we track the new proxy metric
we e trying (o maximize as @ function of the mumber of trations along with the least-
square error of our test function (12.11). In this case, up to 60 sensors are considered

Fig. 12.11

erosin,1); Bns)el;

as it evaluates the sensor locations for up 10 60 sensors. By constructon, the algorithm

waximizes the sum of the diagonals minus the sum of the ofT-diagonals a cach step of

the ieration, thus as sensors are added. this measure steadily increases (top lef pancl

of Fig. 12.11). The least-square error for the reconstruction of the test function (12.11)

decteases, but not monotonically. Further, the convergence is very slow. At least for this
e H

1555, and it is much
o compute.

As before, we also consider the placement of the sensors as a function of iteration in
the right panel of Fig. 12.11. Specifically, we depictthe tuning on process of the sensors.
“The first sensor location is 7 followed by xas, xip and <) respectively. The process

ined until the firs 60 sensors are turmed on. The patiern of sensors depicted s
signifcantly different than in the condition number minimization algorithm. Indeed, this
ind with these modes, turns on sensors in local locations without sampling

uniformiy from the domain.

Gappy Measurements: Maximal Variance

The previous section developed principled ways to determine the locaion of sensors for

sanpy This » -
Indecd,
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fold:

© |myv\zm:m requiring & computation of the condition number for every sensor location

- an exhausiive search. Secondly. the algorithm was illconditioned unil the

s s chsen o 570D mode expansion. Thus the condition number was
107 for

1555 algorith
o oerom he compuational sus ouinec.Syciflly niend of paing ne snsr
ofthe ieration Thas the mtri generated i nofonger illcondiioned with a uuurelm'dly
infinite condition nurber:
“The algorithm by proposes a principled way ’
o el .
which are designed to maximally capture variance in the data. Specifically. the following
algorithm is suggested:

1 Place r sensors iniilly:

Tocations of these first maximum
of each of the POD modes ¥,

3. Add additional sensorsat the next largest extrema of the POD modes.

The following code determines the maximum of cach mode and constructs a gappy
measurement matrix P from such lcations.

Got 128 Gappy plcement: Maximize variance

o § walk throush the modes
Loy & e e
ne-Tns nil;

Pezerosin,1); Pins)el;

“The performance of this algorithm s not strong for only r measurements, but it at least
produces stable condition number calculations. To improve performance, one could also
se the minimum of each of the modes ¥, Thus the maximal value and minimal value
of variance are considered. For the harmonic oscilltor code, the frst mode produces no
minimum o5 the minima are at x —» =0, Thus 19 sensor locations are chosen in the
ollowing c

Gode 127 Gappy plcement: Max and in vaiance.

sz, vz]—mm(ymxm\ A ¢ pick max
neins
Pleros(n,1); Btns) -1
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-1 0 . 4

Figue 1212 The. he
o sprsimaton of PO cxpion e dsrcmion et £ ¢ Al s
spacing of A = 0.1

Note that in this case, the number of sensors is almost double that of the previous case.
Morcover it only searches for the the locations where variabilty is highest, which is ntu-
itively appealing for measurements.

Mo generaly, he Kaidois uoritn (65 adhocatesrndonlyslctingp o
Sors from M potential extrema, and then modifying the search positions with the goal
o improvin the codiion bt In i s, e s enty sl the i and

ma of the POD modes in order o make the selection. The harmonic oscilltor modes
and their maxima and in Fig. 12
de,

 algorithm, s as follows:

ot 128 Gappy placement Extrema lcations.

mnaxs1; amine)

)>ynarm(§5-L,3) & ynarm(y

yharn(33, 5 )syhasm(3ie1
'mmx'[v\mx i

omaxt ominc]
Paum(nst. )15
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10

Toa(x(M))|

1 50 iteration 100

il

iteration

Figure 1213 Condiion numiber and last-square eror f st fncron (12.11) over 100 ndom s
hat draw 20 sensor locarions rom he possble 53 extrea depicid n Fi. 12.12. The 100 tials
evelof

the last sceion, However,
sl ca be significanty ower.

6= [oma nmin)
rdaanple (Lengeh (ns) 200

nsrens (

Note that the resultng vector ns all 55 possible extrema. This computation
e h dta B suienty smooh S0 L xtins ae sy ound by comiderng
ue whereas an

i x4 s v e
al

m suggess ying difretconiguraions of e sensors

ar appy measurements are desired. then we would

ons of the 55 locations using 20 sensors. This

‘combinatorial search is intractable. However, if we simply attempt 100 random tial and
i

peed o sesrch throush vaious configur

number minimizing algorithm. A full execution of this
tion of the condition number and least-square fit crror
following cod:

orithm, along with a computa
h (12.11), s generated by the

Got 129 Gappy placement Random selection

atot-length (ne) ;
for jtriale-1:100
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Intrpoatonfor Pramerc FOMs
= (a) max of each mode v, (10
z 2 ot o ok e 4y 1 sensors)
S )20 random semsors from extremum of &
@ ® © @ ©
2L
best performers of 100 realization of ©)
O o e i aton 30 sscors
e T [ |

@ © © @ ©

Figure 1214 Perfomance metics for placing sensorsbased upon the extrnna of the varance o the
POD modes [ 1211 and the

e POD modes. (5) the maximum and misimum locations of cach POD mode, ad (€ andom
selection o 20 of

nisrandsanple (neot, 20) ;
nerens (ni) ;

Peseros(n,1; P (nsr)

for 33130

Areastraps (x,0. s (yh
23, 33) =

mis.9) evharn (s, 390001
i M2 33,9+

631403, 1) =traps (x, P+ (£.syhazmiz, 31))

s vz) 5
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t(2,1,1), bar(log(con_tri) , 'Facecolor’, [0.7 0.7 0.7))
SAPIot(212), bar (loge-tTLID) - Faccolor, {07 0.7 0.71)
The condit ber and for the 100 wials is shown i Fi

configurations perform el compared with random measurements, although some have
excellent performance.
A dircet comparison of all these methods is shown in g 12,14, Specificaly, whatis
illustrated are the results from using (2) the maximun locations of the POD modes, (b)
POD mode, and (¢) a random slection
of 20 of the 55 extremum locations of the POD modes. These are compared against (d)
the best § sensor placement locations of 20 sensors selected from the ext 100
fandom trials, and (e) the condition number minimiztion algorithm in ed. The maximal
variance algorithm peforms approximately as well as the minimum condition number
algorithm. However, he algorith is faster and never computes condition numbers on ill-
conditioned matrics. Karniadakis and co-workers [565] also suggest innovations on this
basic implementation. Specificall, it i suggested that one consider each sensor, one-by-
one, and try placing it in al other available spatial locations. If the condition number is
reduced, the sensor is moved to that new location and the nex sensor is considered.

POD and the Discrete Empirical Interpolation Method (DEIM
The POD method illustrated thus far aims 1o exploit the underlying Tow-dimensional
dynamics observed in many high-dimensional computations. POD s often used fo
reduced: which are o growing.
and computing. ROMS reduce the computational complexiy and time needed to solve
large-scale, complex systems [3, 442, 244, 17]. Specifically, ROMS provide a principled
approach to approsimating high-dimensional spatio-temporal systems [139], typically
generated from numerical discretzation, by low-dimensional subspaces that produce
nearly identical system,
However, despite the significant reduction in dimensionality with 4 POD. basis the
complexity of evaluating higher-order nonlinear terms may remain as challenging a5 the
il bl 41, 127, The il nterplaton ethod G, e impiied
discrete empirical interpolation method (DI the proper orthogonal decomposition
(POD) (347, 251, overcome this mtncully by providing @ comptaionly el
These methods

et he computatonl complety of ROV e lnwmbly with the rank of the
approximation, even with complex nonlincariies.

EIN b e evloed o the pupns of ey maging he compotionof

the nonlincarity in dimensionality reduction schemes, with DEIM specifically talored
1 with Gtk projcton. ndeed. DEIN approsimaes th nonicarty by weing
S umal, e ampling of s tha e dermined i an sgorhc vey. The

ensures that the computational cost of evaluaing the nonlincariy scles with he rank of
the reduced POD basis. As an exampl, consider the case of an r-mode POD-Galrkin
wuncaion. A simple cubic nonlineariy requies that the POD-Galekin approximation

e cubed, resuling n r* operations o evaluate the nonlincar eem. DEIM spproximates
the cubic nonlincarity by using O() discrete sample points of the nonlineariy, thus
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Table 121
n

DEIM algoritha

Basis Consir

d Ttalization

+ ot ot gt i
< constructnonlncar snapshot
v deemption ot

(1) 002) — wth)]
Nuty) NuGz) - Nt
a1y

ot e sprorimating b
s ndes Gl
oo i s

Interpolaton -

Je——
« compute residual
 ndines of s e

reserving 3 low-din

nsional (O(r)) computation, as desired. The DI rosc
ombines projection with interpolation. Specifically, DEIM uses selected interpolation
oo 0 apecty an rpaion e prsgeion o ey £+ opindl sbepice

approximating the nonlineariy. EIM/DEIM are not the only methods developed to reduce

» 2
(MPE) [400, 21] or gappy POD [355, 565, 120, 462 methods. However, they have
been successful in 4 large number of e applicaions and models [127]. In any
case, the MPE, gappy POD, and EI/DEIM use a small selected st of spatal grid
points 10 avoid evaluation of the expensive inner products required to evaluate nonlincar
terms.

POD and DEIM
Conser  igh el sy of s el atons Bt o s
for example, from the finite difference discretization of a partial diferential equation.

In addiion to cor

ein 5 b mat (12.12) o the st of ¢ PDE s 1t

e
[ (.

Ni N

I

| ]
" i
|

are evaluations of the nonlinearty at ime

nonlinear term of the PDE:

where the columns Ny €
To achieve mgn accuracy solutons, n is typiclly very large, making the computation
for intractable. The POD-Galerkin method is o principled

imesonity educton sheme ht approimaes e fancton a1y with e ol
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p=10
e R,
Ieration 1 s
Decomposition 1721
N==nVi
maximum index
Steps
1. Calculate. 5 =PlEn
2 Compute residuah T 61,2
3. Maxindex of residual:[7.,] ~ max [R,.;

4 Update measurement matrix: P, =[P; e

R

Iteration 2 S leration 3

| e ,
ey |

third measurement

second measurement

Figure 1215 Demansrtion ofthe it hree ieatons of the DEIM algorith, For lustcation only.

the it mode £ Afterwars

. The s (1), scond
e

Sampling matix P
basis functions where 7 <& . As shown in the previous chapter,these optimal basis func-
from a singular of  seris of

of the complex system,
od-

H 5
Gappy POD andior MPE. Consider the nonlinear component of the low-dimensional
evolution (11.21): W N(¥a(1). For a simple nonlinearit such as N (u(x. 1)) = ulx. ),
comsider it impact on 3 spatally-discreied, cwo-mode POD. expansion: u(x. 1) =
OV 0204200 T sgortn for compuinthe oy e te

ute ) = afyd + 3afaryivn + 3aadinvi +advd 213
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The dynamics of a1(1) and ax(r) would then be computed by projecting onto the low-

‘must be computed with the n-dimensional vectors. Methods such as DEIM overcome this
high-dimensional computation.

DEM

As outlined in the previous section, the shortcomings of the POD-Galerkin method are

senerally due to the evaluation of the nonlincar term N(¥a(r). To avoid this dificolty,
M spponimats NOwa) o pojcion and oo s of el

di e nonlincarty s

imguhr value d:mmpummn

214

where the matrix  contains the optimal basis for spanning the nonlincariy. Specificaly,
we consider the ranke p basis

18] a215)
that approximates the nonlincar function (p << n and p ~ r). The approximation 1o the
nonlincarity N s given by:

N= Zpe) a216)

where c(1) is smilar 0 (1) in (11.20) Since this is a highly overdetermined system, a
suitable vector (1) can b found by selecting p rows o the sysem. The DEIM algorithm
s dexeloped to identify which p rows to cvaluate.
e DEIM lort e by cosdrig e v € R wich e e
ol e 1 idenity matr.
= ey ki chose s L P 2 5 mmutn T e s el
demed o PN 7 e an

N= E,rl"

PN a2im

“The tremendous adantage of this result for nonlinear model reduction is that the term
P p << n indices. DEIM further
4 prnciled medhod fo chousng the bt vecors £, and indices 7, The DEIN lgo-
ithm, which is based on a greedy search, s detaled in [127] and further demonstrated in
Table 12.1

FPOD,and DEIV provide & e of s o sonlcar mode ecion of

" way to construct

o eriing. e uyn...m. DEIM augments POD by providing a method to vt
b problematic nonlinear terms using an p-dimensional subspace 3, that represents the
nonlincariy. Ths a small number of points can be sampled to approximate the nonlincar
terms in the ROM,

'DEIM Algorithm Implementation

the NL 11.29)
3and 114,
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olumns sepresent the spatial discretization points. As in the first section of this chapter,

o0 get the POD modes
Got 1210 Dimensionalty reduction for NLS.

POD modes, the singulr the nonlin-
eartem the DEIM algorithm. representa-

tion of N(u)
God 1211 Dimensionalty reduction or nonfineariy of NLS,

Nimis (abs (0. 2) 5,
(X1, 5L, W] =5vd 0, 0)

P dirctly as N

Once the low-rank structures are computed, the rank of the system s chosen with the
parameter . In what follows, we choose 3 50 that both the standard POD modes
B each.

Got 1212 Rank selction and POD modes.

We now build the inerpolation matrix P by exccuting the DEIM algorithm outlined
i the last section. The algorithm stars by selecting the first interpolation point from the
maximum of the first most dominant mode o
Got 1213 Fins DEIM poin:

03 _nax, rnax] =max (abs (XI (+,1))) 1

“The algorithm teratively builds P one column o a ime. The next sep of the algorithm
DEIM algorithm. Specii-

cally. the vetor ¢ iscomputed from P 36, ZP1E . wher &, e e colums of the
oakivear POD riodes i S The: el intipolaion poin comes from laokin for

another column of the sparse. ml:r\m\xl\cn matrix P. The integers nmas give the location
of the interpolaton poins.
ot 1214 DEIM points 2 through

for

ena
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@ (b)
% 4
ul, 2
)
g B 15
B ‘5 N
ET o T

third first

() ¢ A

Fpuo 1216 e

PDE sysem

With the intespolation matrix, We are ready (0 construct the ROM. The first part is
o construct the lincar term WL of (11.21) where the lincar operator for NLS is the
Laplacian. The derivatives are computed using the Fourier ransform,

Gote 1215 Prjection o incartrms

for elir & linear derivative term
Laoe (3, §) wE€E (k. 2. a6k (Pai 1,1)))
Le(3/2)s (Poir)slis  # projected linear te
e nonlincari Pt

e frmals (13,17 Recall it the noinas e i (1213 mlipied by &7 Al
computed i the nterpolated version of the low-rank subspace sparned by .
ot 1216 Projection o nolinear trms

e xim ) 8

B_NL-Pai’e ( XI_meis
ETpei-puBei; T int

s This
i done with a th-order Runge-Kuta routine.
ot 12:17 Tine sepping of ROM

a1 sodets (zom dein che' 2. 11,2 i,2 Bat L)

iide
ataztali(n b1ane (Rciider V) shattg] interp)| colomaep) gray

the time stepp »
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Gote 1218 Right hand sde of ROM
funceion thaaron dein_the (tapan, a,dueny. P NP Ped. )
a3 Lap N ((abs (0).2) 90

A comparison of the full simulation dynamics and rank ROM using the three

26, Aditonay. h location of the DEV

five (0 the POD modes is shown. Aside from the first DEIM point, the other

Hocutions e not o e mini or i of the POD mode. Rther, he lzorithe
places them to maximize the residual

QDEIM Algorithm

The Jgorithm [159]
leverages the QR decomposition o provide effcient, greedy interpolation locations. This
s been shown (o be a robust mathemaical architeeture for sensor placement in many
applications [366]. See Section 3.8 for & more general discussion. The QR decomposition
In QDEIM, the QR pivot
locations are the sensor locations. The following code can replace the DEIM algorithm to
produc the interpolation matrix

Got 1219 QR based intrpoltion points

vot] =qr (4L ) 5
oot

1216

More generally, there are estimates that show that the QDEIM may improv
perfomance v sadrd DEIM [159]. The cas of e of he QR algorim mases
his an atractive method for sparse nterpalation.

Machine Learning ROMs.
Inspired by machine learing methods, the various POD bases for a parametrized system
are merged into a master library of POD modes ;. which contans all the low-rark sub-
spaces exhibited by the dynamical system. This leverages the fact that POD provides
principled way o construct an r-dimensional subspace W, characterizing the dynamics
while sparse sampling augments the POD method by pmwdmg amethod to evaluate the
P using a p-dimensional X P. Thus s
Sl numberof polts can b sampled o pproximate th nonlinear erms n the ROM
g 12.1
i order t0 construct an appropriate POD basis .
“The method introduced h i

by
libraris associated with the full nonlinear system dynamics as well as the specific non-
lineasites Interpolation points, as will be shown in what follows, can be used with sparse:
st i ompresin g o ) ey Gynamicl eimes, @) st
the full state of the system, and (i) provide -t nonlinear model reduction and
POD-Galerkin prediction fo the fture state.
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DDD .

wr

Figure 1217 L '

et T il dimenons FOD modes 4 are conped e D
decomposi

hedinthe

 of library building of low-rank fearures from datais well establi
compute sene community. I the reduced-ordes modeling communiy. b ey
become an enabling computational stsategy for parametic systems. Indeed, a variety of
et ot e produced s o ROM el 30,946 10, 154 423 21 420

tively, cluster-based reduced order models use a k-means clustering to build 3 Markov
transition model between dynamical sates [278], These recent innovations e similar 0
the idea " our focus is on determining how a suiably chosen

an e sl e s o FOD ol o o s, O s
e for the nonlincarity
S0 s 1o make it mmpmmmmhv effcient with the DEIM strategy [462]. Before these

e oo coud be dssomposd o s o  ocsl ROMFOD
compuied Patera ased on o
iy e whereas Al ef o (9] 1 4 ot eucintnf e o Soh
methods were closely related to the work of Du and Gunzburger [160] where the data

“The multiple
bases were then recombined into a single basis, o it docsi' ead 10 a library, per se. For
review of these domain paritioning stategies, please see Ref. [11]

POD Mode Selection
Although there are a number of techniques for selecting the correet POD library elements
110,134,422, 421, 420], one

(SRC) innovations outlined in Chapter 3 to characterize the nonlinear dynamical sys-
tem [50, 98, 4621, Specificaly, the goal

points) to classiy the dynamical regime of the system from a range of potential POD
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®
(

w,

apour

u aly 4

1 tiorary
i i = Puis ciialfor

(eprodaced from Kut et al. (319))

tandrd ¢ econsirucion o thefull s spce ca be sccomplished with the slecied
subset of POD) modes, nd & POD-Galerkin prediction can be computed for s fut

T enera we wil i 8 spr messremen vcor 8 iven b (121 The ll s
Vector u can be approximated withthe POD library modes (u = W, 4), therefore

Pua 218

where Wy is the low-rank matrix whose columns are POD basis vectors concatenated
ol sgimes s ¢ e csfiint ector g e projston o u o hse
POD modes. 1f P

1P d isometry property parse in
However, under
(Chapter 3) by minimizing the /; norm instead so that

= agmin ali subjectio &= PWa 1219

“The last equation can be saled through standard convex optimization methods. Thus
the 1m0 oy o ity ot v oy the sty for clsicaon,

- o
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c

1 o= 150 300

Fgue 121 e -
Reynolds number Re = 40, 150, 300 and 100. Collecing snapshoss ofthe dynamics rveals

(bottom lefo). eproduced from Kutz e a. [319])

Flow around a Cylinder
To demonsirate the sparse classfication and reconsiruction algorithm developed, we
consider the canonical problem of flow around 4 cylinder. This problem s well under-
stood and has already been the subject of studies conceming sparse spatial measure-
meats [80, 98, 462, 281, 374, 89, 540]. Specifcally, it i known that for low to moderate

Reynolds numbers, the dynamics are spatally low-dimensional and POD approaches
e been succestl i quaniiing e dynamics. Th Resnolds numbr, . plys
the role of the bifurcation parameter 4 in (11.1), ie. it is @ parametrized dynamical

“The data we consider comes from numerical simulations of the incompressible Navier-
Stokes equation:

i !

Vit Vp— )

SVt V- 12200

Vou=0 12200

here u . v, 1) € B represents the 2D velocity, and p (x. . 1) € R the corresponding

s e The boundaycodion s ollows Consan low o 1 = (1) 1

<15 e iy fhe hannel i) Consian presre o p = Ot x =35, i he
ndo o ch cieda =

the channel and .myl...umm.m‘ At (3, ) = (0.0) and of radius unity)

For each relevan value of the parameter Re we perform an SVD on the data matrix in

order to extract POD modes. It s well known that for relatively low Reynolds number,

st ey of the gl s s bservcd ot ol e POD ol e necdd o
Fig. 12.19 show 0D modes for Re

o 15030 1500 Mot ek 3% f i o energy (variance) is selected

number Re
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1 Soo] Soree

Fiue 1220
ofthe flow ield
algorilms 80,98, 462, 281,374, 89, 40] For aslected aorithm,the sensing matrix P

i 3

the dynamics in the regimes shown. For a threshold of 99,96, more modes are required to
account for the variabiliy.

Clafcaion of the Reynolds number s ccomplhed by solvin the optmizaion
problem (12.19) and obtaining the sparse coefficient vector a. Note that each entry in &
Comesponds 0 he gy of  inle PO mode o o . For smply. e sl
 number of local minima and maxima of the POD modes as sampling locations for the
matrix P. The classification of the Reynolds number is donc by summing the absolute
value of large
number of coeffcients allocated for the higher Reynolds number (which may be 16 POD
modes for 99.9% variance at R her than 4 single coefficient for Reynolds
number 40), we divide by the square 100t of the number of POD modes allocated i a for

this process.
Ithough the classification accuracy is high, many of the false classifications are due

o ccgoiing o Reynods ks from  neitorin o, . Reyokd 101 ofen
JKen for Reynolds number 00, This i due to the fact that these two Reynolds num.-

bers arc suikingly similar and the algorthm has a diffcul time scparating ther modal

structres. Fig. |

eonsincion ofhe presure 5 sieved

1000 with 15 sensors Clasification

sensing marix P 80, 98, 462, 281, 374, 59, P Regardless, this example demonsirate
the usage of spar
s oo i)

Finally,
r.K 1231 shows b e Reyiolds s esoncion o e i o fld

alon
(i he SRC scheme slon ith e supervnd ML oy provds  efectve s
for characterzing the flow strictly through sparse measurements. For higher Reynolds
numbers, it becomes much more difficult o aceurately classify the flow field with such
 smal umbr of sevors, Howeer, s ocsno necesarl eopardie he iy o

reconstruct
are faily similar
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Glossary

Adjoint — For a fnite-dimensional inear map (i, matix A).the adjoint A” i given
by the complex conjugate transpose of the mairi. In the infinit-dimensional context, the
adjoint A” ofa linar operator A i defined so that [A . £) = (f. A"g), where (..} is an
inner product.

Akaike information eriterion (AIC) ~ An esimator of the relativ qualty of statsical
‘moxels for  given st of data. Given a colection of modes for the data, AIC estimates the
qualit of each mode, relative 0 each of the other model. Thus, AIC provides a means
for model slection

Backpropagation (Backprop) — A method used for computing the gradient descent
required for the raining of neural networks. Based upon the chain rule, backprop expl
the compositional nature of NN in order (o frame an optimization problem for updating
the It

Balanced input-output model ~ A model expressed in a coordinate system where the
states are ordered hicrarchically i terms of thei joint contollability and observabifty.
system.

i — Anestimator of satistical
model»famgwew Setof data. Given a collction of models for the data, BIC estimates the
ity of each model, reative 0 each of the other models. Thus, BIC provides a means
for e seection

Clasification — A general process related 10 categorization, the process in which ideas
dif 4, and understood. Classif

for machine leaming algorithms.

Closed-loop control — A control architecture where the sctuation i informed by sensor
st bout the output ofthe system,

Clustering — A task of grouping a set of objects n such a way that objects in the same

Asp from a syste.

Compression - The process of reducing the size of 4 high-dimensional vector or array

by o s o a trunsformed basis. For example, MP3 and PG
Fourier bsis image signals
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Compressed sensing — The process of reconstructing & high-dimensional vector signal
from & random under sampling of the data using the fact tha the high-dimensional signal
i sparse i a known transform basis, such as the Fourier basis.

engincering specification through sensing and actuation

Controllabilty — A system is contrallable if it s possible 0 seer the system 1o any sate
with actation,

convex sets
Convolutional neural network (CNN) ~ A class of decp, fecd-forward neural networks
that is especially amenable 1o snalyzing natural images. The convolution is typically
spatial filter which synthesizes local (neighboring) spatial information,

& Amodel astais-
tical analysis will generaliz 10 an independent (withheld) dat set.

atix ‘ot of the state o
a particular instance i tme. These snapshots may be sequenial in time, or they may come
from an ensemble of initial condiions or experiments,

Deep learning ~ A class of machine learming algorithms that typically uses deep CNNs
for feature extaction and transformation. Decp learning can leverage supervised (c.2.
classficaion) and/or unsupervised (e.£., pattern analysis) algorths, learming multple
levels v forma
hicrarchy of conceps.

the data. These.
e iy b e s h g ance of & £ven DVID e sl 10 he
power spectrum in the FFT.

DMD cigenalue - Eigenvalues of the best-fit DMD operator A (see dynaic mode
decomposiion) representing an oscilltion frequency and a growth o decay te

MD mode (also dynamic mode) ~ An eigenvector of the be
dynamic
afixed frequency and a growth or decay rac.

DMD operator A (see.

y e leading cig abestit
linear operator A = XX that propagates the data matrix X into a future data matrix X'
“The cigenvectors of A are DMD modes and the corresponding cigenvalues determine the
time dynamics of these modes.

Dynamical system - A mathematcal model for the dynamic evolution of a system.
Typically a dynamical system is f  in terms of ordinary differenial cquations
o state-space. The resulting equations may be linear o nonlinear and may also include:
the ffect o the state.

Eigensystem realization algorithm (ERA) - A system identifcation technique tha pro-
duces balanced input-output models of a system from impulse response data. ERA has
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been shown to produce equivalent models to balanced proper orthogonal decomposition
and dynamic mode decomposition under some circumstances.

Emission - The measurement functions for & hidden Markov model

Feedback control — Closed-loop control where sensors measure the downstream cfect
of actuators, so that information is fed back to the actuators. Feedback is essential for

feedback.

Fecdforward control - Control where sensors measure the upstream disturbances 10 o

Fast (FT) - A 1 Fourier
The FFT
ignal processing, compression. and data ransmission.

tions,

- Achangef
sriesofsines and cosines.

Galerkin prajection — A process by which goverming paral diferential equtions are
reduced into ondinry differenial cquatons i terms of the dynamics of the cocficients of

Gramian — The controllbilty (resp. observabilty) Gramian determines the degree (©
i st s onlale (esp ohenabi) i sttion (p. i xtmstion) The
Gramian establishes Con the sta

Hidden Markov model (HMM) — A Markov model where ther is  hidden stae that is

Hilbert space - A generalized vector space with an inner product. When reerred to
it il e ol el o5 nncdimcnsionsl ncon s These
framework o

enable caleulus on functions.

vectors of a sparsiying transform. For instance, single pixel measurements Gic., spatial
el fucton) are ncoeret with espct 0 th sptial Foure ransorm bsis sice
Jign with

any single frequency.
Kal An the full state of
measurements of a time-serics of the sensor outputs and actuation inputs. A Kalman e

the true stae ofthe system. The Kalman ier i optimal for lncar systems with Gaussian
process and measurement noise of & known magnitude.
Koopman eigenfunction ~ An cigenfunction of the Koopan operator. These cigen-
amical
ordinates. I other words, these intinsic measurerments il evolve lngarly in
e despie he undrying syt being e
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Koopman operator — An infinite-dimensionl linear operator that propagaes measure-

L i lne.

squares of the error the data.
Linear quadratic regulator (LQR) ~ An optimal proportional feedback contollr for
full-sate feedback,
ing too much control energy. Th proportonal gain mati is etermined by soving an
algebraic Riceati equation.

Linear system ~ A system where superposition of any two inputs resuls in the super-
position of the (o cormesponding outputs. In other words, doubling the input doubles
the output. Lincar time-imariant dynamical systems are characterized by lincar operators,
which are represented as marices.

Low rank — A property of & matrx where the number of liearly independent rows and
Generally.

are sought for arge data matrices.

e with the
zoalof clustering, classification and prediction

Markov model - A probabilistc dynamical system where the sate vector contains the
 thos, always sum

ina given st

ounity. The by the Markov .
thatcach row sums to unty.

» »:
impulsive input.

Max pooling — A data down-sampling strategy whereby an input representation (image.
hidden-layer output matix, etc) is reduced in dimensionality. thus allowing for assump-
bo

Model predictive control (MPC) ~ A form of optimal control that opiimizes a control
are ypically

Moore's law ~ The observarion that transistor density, and hence processor speed.

tional power and the associated increase n the scale of problem that will be computation-
ally feasibl.

Multisealle ~ The property of having many scales in space andior time. Many systems,
such as turbulence, exhibit spatial and temporal scales that vary across many orders of
magnitude.

Observability - A system is observable f it s possible o estimate any system state with
a time-history of the available sensors. Degrees of observability are determined by the
observability Gramian.
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Observable function — A function that measures some propery of the state of  system.
Obvenvble ancions e pically clements o s ikt pace

Optimization - Generally aset of algorithms that find the “best avalable” values of some
objective function given a defined domain (or input), including a variety of different types
of objective functions and different types of domains. Mathematically, optimization aims
to maximize

lowed the function. optimization

Overdetermined system — A system Ax = b where there are more equations tha
unknowns. Usually there is no exact solution x 10 an overdetermined system, unless the
vector b i n the column space of A,

Pareto front - The all resources from which it
to make any one individual or preference crterion bette off without making at least one
individual or preference erierion wore off

~The adjoint of
operator is an infinite-dimensionl operator that advances probability density furctions
through a dynamical system.

- ourier transform of &
signal. The power eorrnw“m 10 the amount of each frequency required to reconstruct a
siven signal.

P

ipal component — A spatially correlted mode in 4 given data set, offen computed
the data after

al components analysis (PCA) — A decompositon of 4 data marix nto a hirar-

with the data. PCA is computed by taking the singula value decomposition of the data
afer subtracting the mean. In tis cas, each singular value represents the variance of the
ponding component

of data from a dynam-
el sysem o a hisachical st of orthogonal modes the singular value
decomposition. When the dta consists of velacity measurements of & system, such as an
incompressible flid. then the proper orthogonsl decomposition orders modes in terms of
the amount of energy these modes contain in the given dats.

ces, and i often used to compute the least-squares solution o a system of cquations. The
S UEV*. the

prcudosinverse is X' = VE-IU"

Recurrent neural network (RNN) = A class of neural networks where comnections
betwween unts form a dircted graph slong a sequence. This allows it o exhibit dynamic
temporal behavior for & time sequence.
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Reduced-
dimensional state. Typicall.  reduced-order model balances aceuracy with computational
cost of the model

Regression - A staistical indicator
variables. Leastsquares regression is a linear regression that finds the line of best fit to
dana;

Nonl I 1
or semaniic regression are used in sy».um dentification, model reduction, and machine.
learning

Restricted isometry property (RIP) ~ The property that a matrix scts ke a unitary
malri, or an isometry map, on sparse vectors. In other words, the distance between any
o sparse vectors is preserved if these vectors are mapped thiough a marix that satsfes
the resticted isometry property.

Robust control - A feld of controlthat penalizes worst case scenario control outcomes.
thus promoring controlers that are robust to uncertaintis, disturbances, and unmodeled
dynamics.

drawn from.
awide rangs of prohailtyditions, speally for disbtions tht st no normal
where outliers compromise predictive capabilitics.

Singular value decomposition (SVD) - Given a matrix X € €' the SVD is given
USV* where U € ©7%, F € ©7, and V & ©7°" The matrces U and V-
are unitary, so that UU V'V = L The matrix 3 has entries
along the diagonal corresponding to the singular values that are ordered from largest to
smallest,
of rank-1 matrces given by the outer product of a column vector (let singular vector)
with 4 row vector (conjugate ranspose of right singular vector). These rank- | matrces are
Franke1 cr matrix
approximation of the original matix i a least-squares sense.

Snapshot ~ A sinle ighdimesional measremnt o  sysem a  paiclas e A
cd

number o sequence of times may be vectors
ina data matix.
Sparse identification of nonlinear dynamics (SINDy) ~ A nonlinear system identifi

cai

a framework used to simultancously identfy the nonlincar sin
of a dynamical system from data, Various sparse opimization techniques may be used t
determine SINDy models.

e and parameters

Sy - A vestoris e mostof i i s s oy e, Sy e
e ottt s e VA S S S
ranormed s, s Fourir o POD b

which

Spectrogram — A short-time Fourier transform computed on & mol o
“The spectro-

ng wi

gramis useful for o
over time, as in music.
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st pace - Ofien D
uch as B, a.mmugh it may also be a smooth manifold M.
ok 1 itallows one
10 approximate the gradient with a single data point instead of all avilable data. At cach

ent — The process by which a model is consiructed for a system from
‘measurement data, possibly aftr perturbing the sysiem.

measurement atthe current ime along with a number of times in the past at fxed intervals
from the curtent time. Time delay coordinates ae often useful in reconsructing attractor
ystems that do not h

theorem
Total least squares — A least-squares regression algorithm that minimizes the error on
both the inputs and the outputs. Geometicall, this corresponds o finding the line that
minimizes the sum of squares of the total distance to all poinis, rather than the sum of
Squares of the vertical distance toall points

Uncertainty quantific 1Q) - The principled characterization and managemen of
uncertzinty in engincering systems. Uncertainty quantification ofien involves the applica-
tion of powerful ool from probabilty and statistics to dynamical systems.
Underdetermined system - A system Ax = b where there are fewer equations tha
ko, Génrally he sy o ey many soion x e b 5 ot i
column spac
Unitary matrix = A matrix whose complex conjugate transpose is alo its inverse. All
vl of iy mat e o thecomple it il and he acion f 3 iy
of as a change

between

ny two v

‘Wavelet - A generalized function, or family of functions, used to generalize the Fourier
transform to approximate more complex and multscale sgnals.
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